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CHAPTER 1 

ELECTRONS AND QUANTA 

1. The Elementary Electric Charge 

Ions in solutions. Since the time of Davy and Faraday it has 
been known that atoms and molecules (and also fragments of 
molecules—radicals) may be either electrically neutral or pos¬ 
sess electric charge, positive or negative. As far back as 1807, 
Davy came to the correct conclusion that electric charges can 
arise in the chemical interaction of molecules (in solution) or 
can be imparted to particles of matter when the latter undergoes 
chemical decomposition by electric current. In 1834 Faraday 
expressed the view that the electric conduction of solutions is 
due to the motion of these charged particles (which he called 
ions) in an electric field. Faraday distinguished between positive¬ 
ly charged ions, or cations , and negatively charged ions, anions , 

1 The laws of electrolysis discovered by Faraday provided the 
first experimental proof of the existence of an elementary electric 
charge , which was formulated most explicitly by Helmholtz in 
1881 in his Faraday address; “If we accept the existence of atoms 
of elements, we cannot avoid the further corollary that electri¬ 
city too—-both positive and negative—is divided into definite 
elementary quantities, which behave like atoms of electricity.” 

The magnitude of this elementary quantity of electricity, or 
elementary charge, could be obtained from Faraday s laws. In 
accordance with these laws, the passage of a certain quantity 
of electricity through an electrolyte always causes the deposition, 
on the electrodes, of a strictly definite amount of the given ele¬ 
ment, different elements being deposited in amounts proportional 
to their electrochemical equivalents, that is, their atomic weights 
A divided by the valence of the given element V, Thus, 1 coul 
of electricity deposits from a solution of silver nitrate q = 
1.118 mg (milligrams) of silver, from a solution of cupric salt 
0.3292 mg of copper, and from a solution of ferric salt 0.1930 mg 
of iron. The electrochemical equivalents of these metals are 
107,88, 31.77, and 18.62, respectively* Dividing the electro- 
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chemical equivalent of a given element by the appropriate value * 
of q, we obtain the Faraday constant F; this is the number of 
coulombs of electricity that deposits a quantity of grams of 
the given element which is numerically equal to its electrochemical 
equivalent: 

F = 96,500 coul. 

Since in this number of grams there are atoms of the given 

metal (N A is the Avogadro number, which is 6.02 X 10 23 atoms 
per gram atom), by dividing the Faraday constant (expressed in 

absolute electrostatic units) by the number of atoms we ob¬ 
tain the following expression for the charge of a single ion: 

<3= v £- (l.l) 

From this formula it follows that the charge of an ion is an 
integral multiple (V-multiple) of a certain minimum (elementary) 
charge: 

e = ^ = 4.82x 10-’° CGSE. 

Thus, the charge of an ion of silver Ag + is equal to e, that of 
an ion of bivalent copper Cu + + , 2e, and of an ion of trivalent 
iron Fe + + + , 3e. 

Ions in gases. Measurements of ion charges in gases have shown 
that in this case also the charge of the ion is an integral mul¬ 
tiple of the elementary charge e which has the value given above 
We shall pass over earlier attempts at an experimental deter¬ 
mination of the charge of a gaseous ion by various workers and 
touch only on the experiments of Millikan {1910-16), in which 
the procedures of earlier investigators were considerably refined. 

In his first experiments, Millikan measured the rate of fali, in 
air, of individual water droplets formed through the condensation 
of supersaturated vapour on gaseous ions The presence of an 
electric charge Q on a liquid drop could be established by the 
change in rate of fall (or by change in the sign of the velocity) 
when an electric field was switched on. By appropriate choice 
of the magnitude of the field intensity E, it was possible to stop 
the drop in its fail when the electric force QE balanced the 
force of gravity, t.e., the weight of the drop mg (m is the mass 
of the drop and g is the acceleration of gravity). 

Assuming that the Stokes law holds for a freely falling drop 
(in the absence of an electric field), we have 

mg = 6Jtr]rv (1.2) 
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where t) is the viscosity factor of air, r is the radius of the 
drop, and v is its rate of fall. In the case of a stationary drop, 

rng = QE. (1.3) 

Taking into account that m = yJir’Q (q is the density of the 

drop) and eliminating r from equations (1.2) and (1.3), we see 
that simultaneous solution of these equations gives 

3 

Q=9l/'2n > '.( ge )-v.^-. (1.4) 

Thus, by measuring the speed of a freely falling drop v and the 
Intensity of the balancing field E, 'it was possible to determine 
the charge of the drop with the aid pf t] and q, which are found 
from equation (1.4). By silch measurements Millikan found that the 
charge of the drop and, hence, the charge of a gaseous ion (just 
ns in the case of ions in solutions) is a magnitude which is a 
multiple of ascertain minimum quantity e and which came out 
equal to e = 4.70x 10~ 10 CGSE; in other words, it coincided, 
within the limits of experimental error, with the elementary 
charge of an ion in solution. 

In subsequent experiments, Millikan used droplets of oil. Be¬ 
sides, he introduced a correction for the Stokes law, which takes 
Into account the effect of Brownian motion on the frictional 
force experienced by a falling droplet. The experiments were 
conducted at different air pressure. The elementary ionic charge 
obtained in these experiments was e = 4.774x 10~ 10 CGSE. The 
presently accepted value of the elementary electric charge is 

e = (4.80217 + 0.00006)X 10“ 10 CGSE. 

We may add that, applying a method similar to Millikan's, 

I olio, in 1912, measured the charge acquired by metal dust par- 
tides (suspended in air) through irradiation with ultraviolet 
light (photoelectric effect). In this case, too, the charge of a 
dust particle is an integral multiple of the elementary charge. 


2. Specific Charge and Mass of an Electron 

Cathode rays. Numerous investigations of ions in various gases 
show that the positive ions always have a mass comparable 
wllh the mass of the atoms and molecules of the given gas. In 
nlher words, these ions are positively charged gas molecules or 
fragments of molecules. In addition to ions with masses com- 









10 


ELECTRONS AND QUANTA 


fCh. I 


? 'arable with those of molecules and atoms, at low pressures, 
here are observed negatively charged particles of mass thousands 
of times less than* that of an atom. The existence of these 
particles, called electrons f * is evident from investigations of the 
so-cailed cathode rays, which are observed in electric discharges 
in gases at low pressures. One of the features of an electric 
discharge arising in a gas at pressures of several millimetres of 
mercury or less and at potential differences of thousands and 
tens of thousands of volts is luminescence of the gas, which is 
particularly intense near the cathode (negative luminescence). 
Measurements of the distribution of potential along the path of 
the discharge show that the potential drop {and, consequently, 
the electric force) is particularly great also near the cathode 
(cathode potential drop), where it can attain many hundreds 'of 
volts per centimetre (V/crn), When the gas pressure is reduced 
to hundredths of a millimetre of mercury and less, the negative 
glow (and also the glow in the remaining part of the discharge 
tube, which is called positive) disappears; in its place there 
appears a faintly luminescent beam front the cathode along the 
axis of the discharge tube “the cathode beam. Numerous exper¬ 
iments showed that this beam is actually a stream of negative¬ 
ly charged particles* it was likewise established that these 
particles are emitted by the surface of the metallic cathode as 
2 result of its bombardment with positive ions that acquired 
high energies in the region of the cathode potential drop. 
Specific electronic charge* Many scientists measured the deflec¬ 
tion of cathode rays in electric and magnetic fields and determined 
the specific charge of the particles of the cathode beam (electrons), 
i.e*, the ratio of the charge of the electron to its mass. In the 
very first experiments, J. J. Thomson (1897) established that 
the magnitude of the specific charge is independent of the ma¬ 
terial of the cathode and of the nature of the gas in the zone 
of discharge and that, consequently, the electron is some uni¬ 
versal elementary particle which is a component of the atoms 
of all elements. In these experiments, it was also found that 
the quantity e/m {e is the absolute magnitude of the electronic 
charge, m is the electron mass) is about IQ 7 CGSE, We shall 
not dwell on the peculiarities of various methods used to deter¬ 
mine the specific electronic charge; by way of illustration, we 
take the Kaufmann method, which is the most precise. 


* The term "electron” was proposed by Stoney in 1891 to designate an ele¬ 
mentary electric charge of any sign. Later the name electron was given to a 
negatively charged particle of a definite (small) mass (see below). In 1932, the 
positively charged counterpart—positron—was discovered. 
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In Kaufmann’s experiments, the cathode beam accelerated by 
the electric field ot a discharge tube (direction x) entered 'a 
transverse magnetic field (direction y). According to the Biot- 
Savart law, each electron in the magnetic field is subjected to 
a force evH (where v is the speed of the electron and H is the 
magnetic-field intensity) which is normal to the direction of 
motion of the electrons and which deflects the cathode beam 
from its original direction (x). For small angles of deflection, 
the direction of magnetic force, may be considered perpendicular 
to x (direction z), whence it follows that 

<FZ TJ 

m dt 1 = ev ^‘ 

Taking into account that v = v 0 ='^ and integrating the fore¬ 
going equation, we get 


z =—— f dx f Hdx, 
v„m J J 


where l is the path length of the cathode beam in the magnetic 
field. On the basis of 

=Uv. ■ .. 


where V- is the potential difference that accelerates the electrons, 
we obtain from the foregoing equation the following expression 
for the specific electronic charge: 



( 2 . 1 ) 


Measuring the quantities of equation (2.1), we obtain the specific 
electronic charge —. According to Kaufmann, -^-=1.8xl0 7 CGSE. 
This value is sufficiently close to the subsequently obtained and 
more precise value 


=(1.758896 ±0.000028) x 10 7 CGSE. 

Electronic mass. From this value of the specific electronic 
charge and the quantity e (p. 9), we obtain for the mass of the 
electron: 

m = (0.910710 ± 0.000022) x 10" 27 g. 


This is the so-called rest mass, the mass of a stationary electron 
or mi electron moving with a velocity negligibly small in com- 
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panson to the velocity of light,* We denote the rest mass by* 
m and the mass of a moving electron by m; there is a definite 
relationship betweed these two masses. From the concept of an 
e ectron contracting in the direction of motion (Lorentz) and 
also from relativity theory (Einstein) we obtain the following 
expression for this relationship: - 


m = 


V I - p ! ’ 


( 2 . 2 ) 


where p = -l is the ratio of electron velocity to the velocity of 
light. 

,, The ., r , mass ° f an electron is approximately 2000 times less 
than that of an atom of hydrogen. The precise value of the ratio 
of the mass of an H atom, mn, to the rest mass of an electron 
m 0 , is obtained from the mass of the H atom, 

m H = (1.673059 + 0.000080) x 10" S1 g, 

and from the rest mass of the electron given above: 

mH:m 0 = 1837.093 + 0.044. 

To summarise, the specific charge of an atomic ion of hydrogen 
(proton) is approximately 2000 times less than the specific elec- 

on°nn 1 C i- char ^ e - T J? e s P ecific char ge of all Other ions is over 
2000 times less than the specific electronic charge. 


3. Thermionic emission 

Thermionic current as a function of applied potential difference. 
It has been pointed out above that cathode rays arise as a result 
of electron emission by metals under bombardment of the metal 
surface with fast ions. In the above-mentioned experiments car¬ 
ried out by Ioffe, metallic dust particles emitted electrons (and 
were charged positively in the process) when illuminated with 
ultraviolet light. It will be noted that the first precise measure¬ 
ments of the specific charge of photoelectrons were made in 
experiments carried out by Kaufmann who obtained e/m — 1,8 X 
xlO 7 CGSE. Kaufmann likewise found the mass of the photo- 
electron to be a function of its velocity. 

Metals are also capable of emitting electrons when heated. 
By placing two electrodes, one hot and one cold, in an evacuated 


v * Jhe velocity of light in vacuo is c = 299,790.0 ± 0.7 ktn/sec, or approximately 
3X10 cm/sec. ■ 3 
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vessel and applying a potential difference between them', it is 
inssible to measure the emission current from the heated elec- 
rude and also to convince oneself that this current is percep¬ 
tible only when the hot electrode is. at a negative potential 
(relative to the cold one), in other words, that the emission 
current is due to the ejection of negatively charged particles by 
the hot metal. A study of the emission current as a function 
of Die potential difference 
permits determining the 
specific charge of these par- 
tides, which appears to 
coincide with the specific 
electronic charge. 

An experimentally de¬ 
rived graph of the emission 
current versus applied po¬ 
tent ial difference is given 
in Fig. 1. It will be seen 
that the current at first 
Increases with the .poten¬ 
tial difference faster than 
by the law of direct pro¬ 
portionality; then, at a 
certain potential difference, it reaches saturation, i.e., it ceases 
to be a function of V. This shape of the I vs. V curve may be 
explained as follows. The initial current increase is due to the 
fact that as V increases, more and more electrons emitted by 
|he cathode reach the arrode. The : remaining electrons are returned 
to the cathode by the space charge near the cathode; and the 
lower V is, the greater the density ol the space charge. At a 
certain potential difference the space charge disappears since-ail 
the electrons emitted by the cathode reach the anode. Obviously, 
if the temperature of the cathode remains constant, further rise 
in potential difference cannot increase the current because the 
number of emitted electrons is determined by the temperature 
(see below); for a constant temperature, it determines the ob¬ 
served maximum emission current (saturation current). If the 
temperature of the cathode is increased (at a constant potential 
difference) the saturation current rises. 

For the ascending portion of the I vs. V curve in Fig. 1, the 
current I as a function of potential difference V may be given 
by a theoretical formula obtained on the basis of the foregoing 
reasoning and properly reflecting the I-V relationship. Consider¬ 
ing a one-dimensional problem, i.e., taking both electrodes to 
iic parallel planes, we shall have the following differential equa- 
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tion for a potential at a certain point at a distance x from the 
cathode, V x : - 



(Poisson equation), where q is the density of the space charge 
at point x; it is connected with the density of the emission cur¬ 
rent by the following relation: 


i = qv. 

Here, the electron velocity v at point x may be expressed in 
terms of the potential V x : 


or v= |/ 2 ~ V x (e and m are the charge and mass of the elec¬ 
tron). Substituting this expression into the differential equation 
for V x> we obtain 


d*V x 

dx* 


— 4jti 


V -- 

V 2 e 


1 m 1 


Integrating this equation for the boundary conditions V x = 0 
and ^^ = 0 at x = 0 (cathode) and V X = V at x = d (anode) and 
solving the expression obtained for i, we find 


• Vj_ ,/e_ V^* 
9ji V m d* * 


(3.1) 


In the case of a cylindrical design, when the cathode is a wire and the anode 
a cylinder of radius r (the cathode is situated on the axis of the cylinder), 
solution of the differential equation for the potential leads to the following for¬ 
mula: 

2/i,/irv^ 

9 V m rjj* * (3.2) 


where P = f(»» 1)' +( ln 7 )' 
(a is the radius of the wire). 



It will be seen that in both cases the emission current, for a 
given potential difference, is proportional to this enables 

us, by measuring the magnitude of i for various V, to determine 
the specific electronic charge As a result of measurements 
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Of this kind, Langmuir obtained the value -^=1. 775x 10’ elec¬ 
tromagnetic units (emu), which is very close to the subsequently 
obtained more precise value (see p. 11). 

Richardson’s equation. According to equations (3.1) and (OU), 
the emission current increases with the potential difference as 
V/. As has already been pointed out, this rise ceases when all 
the'electrons emitted by the hot cathode reach the anode. The 
emission current can then be computed as follows. Assuming the 
number of “free" electrons in each cubic centimetre of metal 
(conduction electrons) to be n and taking the Maxwellian distri- 
button of electron velocities for the portion of electrons the 
velocities of which along the axis x, perpendicular to the surface 
of the cathode, are contained between x and x + dx, we will 
have 


dn. 

X 

n 


mx 2 

e 2kT dx 



— 00 


mx 2 
2kT dx 


rnx a 

e 2kr dx 



2nkT * 
m 


Due to the electron-retarding field on the surface of the metal, 
only those electrons moving in the positive direction of the x 
axis will be emitted whose energies exceed a certain value eq>, 
which is the work function for the removal of an electron from the 
metal and is characterised by the contact potential of the given 
metal <p. Thus, for the density of the saturation current at a 
certain temperature T we have 

i^ejidm , 

X 0 


where x 0 is the minimum velocity at which electron emission is 
still possible; it is determined by the condition 



Substituting dn^ into the expression for i and performing inte¬ 
gration, we obtain the following expression for the density of 
the saturation current: , 

i='"/S e ' S - - <>•»> 


Equation (3.3) is called Richardson’s equation. 
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Experiments carried out by Richardson and other workers* 
showed that this equation gives a correct description of the satura¬ 
tion current as*a function of temperature. For instance, in a , 

graphical representation of In as a function of we obtain ' 

a straight line corresponding to equation (3.3); whence follows 
the constancy of cp (for the given metal)/ At the same time, 
experiments show that the values of “free”-e]ectron density in 
the metal as computed from the pre-exponential factor in equation 
(3.3) do not accord with the conventional concepts of identity 
of the number of “free” and valence electrons of a given metal. 
Thus, for example, for a tungsten cathode Richardson obtained 
n e —9.9x l0 10 electrons per cm 3 (for tungsten, Richardson found 
<p = 4.25V). Yet, when computing the number of atoms of tung¬ 
sten in one cubic centimetre of metal from the formula 

n at = N A f (3.4) 

(q is the density of tungsten equal to 19.1, A is its atomic 
weight, 184.0), we find n at = 6.24 x 10 22 atoms per cm 3 , which is 
some 60 times that of n e . Without going into the reasons for 
this discrepancy, let it be noted that it precludes any possibility 
of directly determining the electronic charge on the basis of 
Richardson's equation (3.3). 

Field-induced electron emission. The electronic charge may be 
obtained from data on the ejection of electrons from metal by 
an electric field. Sufficiently strong electric fields give rise to a 
number of phenomena (unipolar conduction of plate-point contact, 
vacuum breakdown) which are due to field-induced electron emis¬ 
sion. Increased thermionic emission is likewise observed in strong 
electric fields. As was shown by Schottky, when the electric field 
is sufficiently strong, the Richardson equation for saturation 
current (3.3), which we shall rewrite in the following simplified 
form 

I = (3-30 

converts to the following equation: 

6® — V e 3 E 

i = i u e , (3.5) 

where E is the electric-field gradient. 

From Schottky’s equation it follows that at constant tempera¬ 
ture the quantity In (i/i 0 ) must be a linear function of the square 
root of the field gradient; the slope tangent of the straight line 
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In (i/ij, VE must be equal to e^/kT. This regularity was cor¬ 
roborated by the experiments of Bruins carried out at high 
temperatures (1580° K and above) with a tungsten cathode in the 
form of a 0.02-mm-thick wire. Bruins’ data for the electronic 
charge give e = 4.84x ICT 10 CGSE, which, wiihin experimental 
error, coincides with the later obtained precise value (see p. 9). 


4. Black-Body Radiation 

The laws of thermal radiation. In 1859, Kirchhoff demonstrated 
thermodynamically that at a constant temperature the quantity 
of radiant energy within a certain dosed cavity and representing 
a spectral interval from X to X-j-dX, is independent of the walls 
of the cavity. Denoting the spectral density of this universal 
radiation, called black-body radiation, by q,, (the quantity of ra¬ 
diant energy of wavelength X in unit volume), Kirchhoff's law, 
which expresses this property of ideal black-body radiation, may 
be written as 

ex dX = F(?,,T)d?., (4.1) 

where F(?t, T) is a certain universal function of the wavelength 
and temperature. 

This function was later (1893) specified by Wien. On 4he 
basis of thermodynamics and the electromagnetic theory of light 
he obtained the following expression for the spectral density of 
ideal black-body radiation: 

Qx = X- s f(^T) (4.2) 

(Wien's law). In accordance with the experimental fact that at 
each given temperature the density of thermal radiation (which 
always, to a greater or lesser degree, approaches black-body ra¬ 
diation) has a maximum at a specific wavelength X m3x , from (4.2) 
we obtain an unambiguous relationship between and T. 

Indeed, from the condition of the maximum of &f^==°)we 
find 5f(^ max T) = X max xTf'(X max T), whence it follows that 

^max T = const. (4.3) 

Tliis relationship, which expresses Wien’s displacement law, was 
obtained independently in that same year oi 1893 by Golitsyn. 

From Wien’s law (4.2) there also follows another important 
law that expresses the dependence of the total density of 
Iduck-body radiation upon its temperature. This law was earlier 
established experimentalty by Stefan (1879) and theoretically 


2-;hi38 
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by Boltzmann (1884) and is called the Stef an-Boltzmann law. t 
Computing the total density of radiation, 

* QO 00 

u = J exM=$^ 5 f(^T)dX, 

0 0 

we obtain the Stefan-Boltzmann law in the form 

u = crT 4 (4.4) 

where 

a = j^land & = M. 

0 

The spectral density of black-body radiation inside a certain 
closed cavity may be computed in yet another way. Since in 
this case we are speaking of the energy of an electromagnetic 
field within the cavity under consideration, which field (on the 
assumption that the walls of the cavity are ideal reflectors of 
light) may be represented as a system of standing electromagnetic 
waves, the energy of this system may be computed as the prod¬ 
uct of the number of degrees of freedom of the system by the 
mean energy of one degree of freedom. Assuming the number of 
degrees of freedom (this number is equal to that of the natural 
oscillations of the system) over the range of wavelengths from 
X to A-}-dX to be proportional to the volume of the cavity V 
and to the magnitude of this range, (p(X)VdA,, we must, for 
reasons of dimensionality (in view of the fact that the number 
of degrees of freedom is a dimensionless quantity), set the 
function cp(^) proportional to ^~ 4 . Since a precise computation 

o — 

yields yX = jz » for the number of degrees of freedom we shall have 
<p(JL) VdX = 8nVX-^X. 

Further, designating the mean energy of one degree of freedom 
by e, we get 

Qx dX = " 4 ed^ (4.5) 

or, passing from X to v and noting that Q x dX =— Qd'v. v = -j- 
and dX =— (where c is the velocity of light), we find 

Q v dv = 8n^-edv. (4.6) 

Identifying each degree of freedom of the system with some 
oscillator and taking the energy distribution between the oscil- 
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lators to obey the Boltzmann law, we have, for the portion of 
Oiclllators possessing energy e, 


N (e) 
N 


= Ae 


kT 


(4.7) 


(N Is the total number of oscillators), whence, for the mean 
energy per oscillator, we obtain 


* 

J eN (e) de J 


e = ; 


ee kT de 


^ N (e) de J 


= kT. 


(4.8) 


Substituting e = kT into (4.5), we find 

q>= 8n^' 4 kT. 


<4.9> 


liquation (4.9) is called the Rayleigh-Jeans equation and is readily 
.seen to be a particular expression of Wien's law (4.2) that is 
obtained from the latter when f (XT) = SjtkAT. 

According to this equation, the dependence of the spectral 
density of black-body 
rml iation upon the wave¬ 
length should be ex¬ 
pressed by a function 
that monotonically in¬ 
creases with diminishing 
wavelength (as 1 jX 4 ) and 
tends to oo when X —► 0. 

This relationship be¬ 
tween Qx and X is in sharp 
contradiction with ex- 
>erinient (particularly 
u the region of medium 
and short wavelengths). 

Am lias been noted, in 
actuality, at a certain 
wavelength X m3X ,Q X pass- 
e* through a maximum; 
as K. decreases further, 

U, diminishes and ap¬ 
proaches zero when X 



Fig . 2. The spectral density of black-body ra¬ 
diation qX (which is proportional to y) versus 
the wavelength (which is inversely proportional 
to x). The straight line is log qA as a function 
of 1/A (after Rayleigh-Jeans) 


0. The variation of q x with wavelength 
according to Rayleigh-Jeans and the experimentally observed 
relationship between Qx and K are given in Fig. 2. where the 
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vertical axis is the logarithm of y, which is proportional to Qx, 
and the horizontal axis is the logarithm of x, which is propor- 

U Tight Quanta. A way out of the impasse of classical physics 
and tlm thermodynamics of radiation was given by Planck 
in 1900 He reasoned that the energy of each of the oscillators 
representing electromagnetic radiation can take on only discrete 
vXS that are integral multiples of some quantity c, which is 

^ Assmmng^Boltzmann energy distribution of the oscillators when 
computTng the mean energy of an oscillator, we can again take 
advantage of equation (4.7); here, however, we leplace the 
integrals 8 in expression (4.8) by summations in accordance with 
the quantum hypothesis: 


n = qd — 


nto 

kl 


h 

kT 


2fo 

kT 


= 8 0 (e kT +e kl +e 




.(4.10) 




kT 


kT 


- 1 


S.* 

Substituting (4.10) into equation (4.6), we obtain for the 
spectral dTnsftyTf black-body radiation the expression 


, = 8n 


C -0 

kT -l 


Comparing this formula with the expression of Wien’s law (4.2), 
which, when passing from K to v, may be written as 

6v = v3 x(t)’ (4-2) 

we see that both formulas can agree only on the condition that 

e 0 = hv ( 4 - 1 !) 

where the proportionality factor h is a universal constant 
?P tank's constant) with the dimensions of energy multiplied by 
Ce From (411), the. expression for assumes the form 

8a v 2 hv __ (4.12) 


e„=- 


hv 

e W -l 


PVirmula f4 12) is called the Planck radiation formula. 

t Willreadliy be seen that in the region oflow irecioenctes 
/i qttoc\ satisfy the condition hv<^kT f the FiancK 

foTmula passes into the Rayleigh-Jeans equation, which, in 
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terms of v, takes the form 


ev = 8jt^- kT. 


(4.9') 


Indeed, in this case or under the identical condition e 0 <<5kT, 

So 

expanding the function e kl = 1+£V+'-- i!1 3 series an ^ con “ 
tilling ourselves to the first two terms of the expansion, we 
Ibtaln from (4.10) e = kT, which is the result earlier established 
by means of the classical formula (4.8). This accounts for the 
flct that in the region of long wavelengths the Rayleigh-Jeans 
•quatlon is confirmed experimentally (see Fig. 2). 

In the limiting case of high frequencies that satisfy the 
SOndition hv^>kT, the Planck formula (4.12) may be written 
In the form 

_8ithv 3 “ kf (4.13) 

Vv- P 3 C » 


qr III the form 


ex = c^" 5 e' 


XT 


(4.13') 


Where c 1 = 8nch and c 2 = y. Equation 4.13) coincides with 

the equation proposed by Wien in 1896 that correctly describes 
thi variation of q x with wavelength in the range of short 
Wavelengths. 

Rewriting the Planck formula (4.12) in the form 


ex = c^' 


e >T - 1 


(4.12') 


We obtain the following equation from the condition of maximum 
density of radiation: 


*ma x 

5 


4-e-*n.a* = l, 


Where x max = 


he 


C 2 

'max J 


A graphical solution of this 


ilia A l il q A 

equation yields x maJ[ = 4.965 and, hence, 

^maxT = 4)955 ~k =COnSt - 

lubitltuting here the experimentally obtained value of X max T = 
^COllst = 0.288 cm deg and the values of the constants 
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c= 3 v 10 10 cm/sec and k= 1.38 X 10'" er ^ ’ we ob * ain * or 
the Planck constant h = 6.58 X 10 er .g see. constant 

ol Vt * obtain °the^expression 


X XT 


00 

c, f x’dx _ 8 nlA (• x’dx 

a = — 4 J e * - 1 — h’c J J e* - 1 ‘ 

* 0 0 

Evaluating the integral graphically, we find 6.494, 

Substituting this vats 

3 expression, .or 

experimental determination of the constant ■ P ? 

measurements are the most accurate. At present, the most preuse 

vaiue is h= l (6 62363± 0.00016) X 10' 27 erg sec. 

5. The Photoelectric Effect 

jsssxA riS-SSHSK 

ffott'td^'Uer.t^ latter « — d with 
light of sufficiently short wavelengths. A V irradiated 

As Hallwachs established in 1888- °P ui me * emit . 

is due to the appearance of This phenomenon 

led by the cathode as a result of illumination inis pne^ 
was subjected to a quantitative study by^toletov (1888 m 
who found that the magnitude P absorbed bv the 

M t! VSf ‘ pa^el 

rmUted^by^the ca^ode^^nide^^niurn^na^tio n ^are^e/ccfrorts^(1899)^ 

'r n om1he°metaf"s possible only at 

pxceeds a certain minimal value v 0 , ana me cllc, &r Aifiprence 

" ™X« W« 
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iCCord with the law established by Stoletov) determines only 
tH« number of photoelectrons (the magnitude of the photoelectric 
current), 

Interpretation of these regularities on the basis of the wave 
llitrtiry of light encounters insuperable difficulties. Indeed, if we 
<1 insider the photoelectric effect as the result of the effect of the elec- 
Immngnetic field of the wave on the electrons in the metal, it is 
llimossiblelo account either for the existence of a threshold frequency 
hi for the fact that the energy of the photoelectrons is independent of 
I he light intensity. All the regularities involved in the photo¬ 
metric effect were interpreted quantitatively on the basis of 
lilt 1 quantum theory formulated by Einstein in 1905. 

Quantum theory of the photoelectric effect. Einstein, in a certain 
revived the corpuscular theory of light and proceeded from 
I lie concept of light as a stream of light quanta , or photons t each 
id which has an energy hv* When light is absorbed by a metal, 
rHcli quantum interacts with one electron only. On the basis of 
Mils reasoning, the law of conservation of energy, as applied to 
ii tingle elementary photoelectric event, is expressed as follows: 

hv = hv 0 + ^, “ (5.1) 

where v 0 is the limiting (minimum) photon energy that cor¬ 
responds to the threshold of the photoeffect and is the work done 

III ejecting an electron from the metal, and r ^- is the kinetic 

energy of a photoelectron. Equation (5.1) expresses Einstein's 
photoelectric law. 

It will readily be seen that all the foregoing regularities of 
Hie photoelectric effect follow directly from theory. Indeed, since 
llir Intensity of monochromatic light (light of a certain frequency) 
hi proportional to the number of light quanta, and the number 
>4 mum la absorbed by the metal is equal to the number of 
plluloek'clrons (when v>v 0 ), the latter must be proportional 
(h Die Intensity of the absorbed light, as was verified by experi¬ 
ment Eurther, from Einstein's law it follows that electron 
tMlll*«loii is possible only under the condition that v>v 0 , when 
ill? photon energy is equal to or greater than the electronic 
Will It function, which is the energy needed to remove an electron 
hum Hie metal. Finally, from (5.1) and also in accord with 
i Muihuelil, the energy of the photoelectrons increases with the 
ihlnnniKT v — and is independent of the light intensity, or of 
tin number of absorbed quanta. 

MlinleiiFs law was subjected to a comprehensive quantitative 
IIIVvnlluiitiuii- Millikan (1916), measuring the maximum energy 
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of the pholoelectrons of lithium, sodium, and potassium at various 
wavelengths by' the retarding-field method, found that the 
quantity — is a linear function of the frequency difference 
v _ v jn accord with the Einstein law (5.1). From the slope 
of the’straight lines obtained for the Planck constant .he found 
?' v 25 erg sec. This value is in good agreement with 

the" precise vaiue^see p. 22) and is indicative of lire high degree 
0 r accuracy of the Einstein law. Lukirsky and f nlezhayev 1926) 
car?Sd out particularly detailed and extremely accurate quanti- 
Stive studies of the photoelectric effect in the case of alumin um, 

§&srs rs .s~-r 

^Moreover, The "intersect ion ol the ^ ' 

TiThThe frequency 5 axis the magnitude of the work needed 

i°tfodiced a [Sr e thi'S." tLTT n <J i (ISre’itcTf 'oT potentTafT 0 F°T eTatnple 

M°n'kan threshold frequencles ^hus ^ermined an «» 

77 

toelectfic and thermionic processes occor (low and high tern- 

SSS"Si. tsshr .E/a--= 

noting that el corresponds to the worn n jeueu 
electron from the metal hv 0 , we rewrite formula (5.1) as 

, T 1 mv 2 

hv =el -7 ~ 2 ~ • 


(5.2) 
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1 mill (5.2) it follows that, like the long-wavelength threshold of 
llir photoelectric effect ^ X = V~)‘ ^ ere should be a long-wave- 
litngth threshold of photoionisation defined by the equality 

hv=hv 0 = el. (^-3) 

The photoionisation.of gases (and vapours) is detected by the 
ippearance of photoelectrons due to irradiation: 

hv + A = A + +e (5-4) 

(where A is an atom or molecule, A + is a positive ion formed 
by photoionisation, and e is a photoelectron), and also by the 
presence of a continuous absorption spectrum* associated with 
I ie (5,4) process. Such a spectrum was, for example, observed 
by Kuhn (1932) in sodium vapour at wavelengths A A 0 = 24L2 A. 
The wavelength A 0 , which corresponds to_ the long-wavelength 
boundary of the continuous absorption of light by sodium va¬ 
pour, obviously corresponds likewise to the long-wavelength 
threshold of photoionisation as N determined by formula (5.3). 
Substituting into this formula the frequency v 0 that corresponds 
In tills wavelength, we find 1 — 5.138 V for the ionisation po¬ 
tential of sodium. 

Continuous spectra associated with the photoiomsation ot atoms 
HIV also observed in the case of X-rays (see below, p. 142). 

It may further be noted that, recently, cases have been re- 
ijnrtnl of the photodetachment of an electron from a negative 
loll, that is, processes of the type 

hv + X- = X+e. (5.5) 

A determination of the long-wavelength boundary of the (5.5) 
process enables one to find the electron affinity of an atom (or 
molecule) X, E = hv 0 , which is the energy released in the for¬ 
mation of an X" ion from a neutral particle X and an electron. 


6. Compton Effect 

One of the most convincing proofs of the existence of light 
quail la was given by Compton in 1923. Studying the scattering 
n| X rays by graphite, Compton found that in addition to the 
ordinary scattering known as far back as the time of Roentgen 
Mtlil occurring without any change in the wavelength, there is a 

i Coniiniious spectra are those containing all possible wavelengths (in a 
liniinl npi'ctral interval). 
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type of scattering in which the wavelength of the scattered 
rays is increased #s compared with the initial wavelength. This 
phenomenon became known as Compton scattering or the Compton 

The theory of this effect was given by Compton and also 
Debye on the basis of the Einstein theory of photons. In photon 
scattering, the observed decrease in photon energy (which cor¬ 
responds to an increase in wavelength) indicated a certain loss 
of energy; this was naturally associated with the interaction of 
a photon with one of the electrons in the atoms of the scat- 
tering substance. Denoting the frequency of the photons under¬ 
going scattering (prior to scattering by v and after scattering 
through a certain angle <p, by vj, the law of conservation of 
energy as applied to the process of Compton scattering may be 
written as 

hv = hv 9 4~el -f- K, (6-1) 

where el is the work performed to remove an electron from an atom of 

the scattering substance and K is the kinetic energy of the “Compton 
electron”. However, since the X-ray quanta are usually three 
orders of magnitude in excess of the ionisation energy of the 
atom,* el in equation (6.1) may be disregarded, as if the scat¬ 
tering electron were free. Thus, considering Compton scattering 
of a photon as its interaction with a free electron, whose veloc¬ 
ity prior to collision is negligibly small compared with that 
after, the equation of conservation of energy may be rewritten as 


hv = hv -f K. 


( 6 . 2 ) 


In the Compton and Debye theory, photon scattering on a 
free electron is interpreted as the collision of elastic spheres, l.c., 
it is taken that both energy and momenta are exchanged m the 
scattering process. Taking advantage of the relation of equivalence 
of mass and energy, 

E =Mc (b-o) 

we obtain M ph = ^ for the mass of the photon M ph and, con- 
sequently, 

gp k = h y < 6 - 4 > 

for its momentum. 

* In Compton’s experiments on the scattering of X-rays on graphite, use 
was made of rays with wavelength X = 0.712 605 A, to which there corresponds 
a quantum energy hv = 17,395 eV. Since the ionisation energy of a carbon 

atom is ef = 11.217 eV, in this case we have — T = 1550. 
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TIicmi, assuming that the velocity of the Compton electron may 
he riilher high and taking into account, in this connection, the 
dependence of electron mass on the velocity of the particle, we* 
huve, for the kinetic energy and momentum of the electron, 


mid 


K = nW-=L=-— 1.) 
l/i -P 2 / 

_ mv _ meft 

ge ~~ yT - p 2 ' 


(6.5) 

( 6 . 6 ) 


Hero, P = — and m is the electron rest mass. 

To every photon scattered through an angle <p there cor¬ 
responds a Compton electron (recoil electron) flying at a certain 





ftiigle to the incident photon (Fig. 3). Substituting (6.5) into 
(d.^) and writing the law of conservation for projections of the 
momenta of photon and electron on the initial direction of the 
photon and on that perpendicular to it, we get 

hv = hv, + mc*(^===-l). M 

hv_ _rncg_ rns ft I ^ CQS p, (6.8) 

c V\ - p 2 ' c 

0 = s in tt 4-— + sin <p. (6-9) 

yi-p 2 _ c 1 

Considering the angle ip given, we have three unknown quanti- 
||es, v,, and p, which may be evaluated from the three equa- 
I Inn's ('(’».7), (6.8) and (6.9). 

Eliminating tt and p, we find 

V,_ 1 1 

, (p * 

1 -|- 2a sin 2 -y 


v 1 “I - a (1 — cos cp) 
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where 


hv 


" me X- 


Passing from v to X, we rewrite the latter expression in the form 

y = 1 + 2a sin 2 y 

and, substituting the value of a, as 


X, f -X = AX = ^sm^ 


<P 


( 6 . 10 ) 


As mav be seen from expression (6.10), which is called Comp¬ 
ton’s formula , the change in wavelength in Compton scattering 
through a given angle <p is independent of the original wave¬ 
length. Numerous experiments both by Compton and by oll e 
investigators confirmed the correctness of this result and also the 
dependence, which follows from the Compton formula of the 
magnitude of AX upon the scattering anglt?. It will be noted 
that in accordance with formula (6.10) the wavelength of rays 
scattered in the direction of original propagation (q>==0) remains 
constant, The change in wavelength is a maximum for qj- loU , 

when it is AX = |£-= 6.0485 Angstrom units. 

Simultaneous solution of equations (6.7), (6.8), and (6.9) leads 
to the foilowdng relationship between the scattering angles 
and 0 for the photons and Compton electrons: 


tan 0 = — 

» 


1 l 


1 +a 



( 6 . 11 ) 


From equation (6.11) it follows that the Compton electrons 
flv only forwards. Let us show this for the case of small a (a<^ 1), 
that is, for quanta, the energy of which hv is small compared 
with the energy me 2 , which is equivalent to the e ectronic rest 
mass (me 2 = 0.51 MeV). In this case, equation (6. il) takes tne 

form tan § = — coty, whence we find 9 = y— 90 °- From the 

latter relation it follows that the values of angle cp 0°, 90°, 180°, 
270 e and 360° correspond to the values of angle 9 — 99 40 , 

0 °, 45°, and 90 5 ; that is, angle ft lies in the fourth and first 

^ Let us also compute the kinetic energy of the recoil elec- 
trons K (6.5) as a function of the scattering angle. Taking advan- 


See. 6] 


COMPTON EFFECT 


2 $ 


tage of (6.10), we obtain from (6.7) 


K_ 

hv 


2a sin 2 -y 
1 -F 2a sin 2 5L 


( 6 . 12 ) 


From (6.12) it follows that when cp = 0°, K = 0. K increases with 
the angle cp, and at <p= 180° reaches a maximum: 


K_2a 

hv \-\-2a' 


(6.13) 


It will be noted that ■&— 0° corresponds to 180° (see above). 
Consequently, recoil electrons moving in the direction of the 
incident photon have maximum energy, which is small for small a, 
increases with a, that is, with the energy of initial quanta and 
at sufficiently large values of hv it becomes practically equal to 

hvf* . 

\ hv j - 

The Compton effect is observed in the scattering not only 
of X-rays, but gamma rays as well. The first investigations of this 
ellect were likewise carried out by Compton, who studied the 
scattering of the y-rays oJ R a C on aluminium and paraffin 
(k = 0.022A, hv = 0.563 MeV). 

These and subsequent experiments with various wavelengths 
and various scattering substances likewise confirmed the validity 
of the Compton formula in the case of y-rays. 

Important for investigations of the energy of recoil electrons 
resulting from the scattering of y-rays is a method due to Sko- 
beltsyn, which consists in measuring the radius of curvature of 
the electron tracks observed in a Wilson cloud chamber situated 
In a magnetic field. 

The distinguishing feature of the Compton effect in the case 
oi y-rays is that the spectrum of y-rays scattered by light ele¬ 
ments exhibits only a displaced line (^), whereas the spectrum 
of scattered X-rays exhibits, as a rule, both displaced and ini- 
llul (k) lines. According to Compton, this is due to the fact that 
nloms have strongly bound electrons, which cannot be considered 
us free, and, moreover, can be torn out of the atom only by 
y-ruys, which are harder (of shorter wavelengths) than X-rays. 
For this reason, the scattering of X-rays on these electrons is 
ordinary (non-Compton) scattering that occurs without any change 
In wavelength. 

For this same reason, visible light, the quanta of which have 
energies less than the ionisation potential of any atom, does not 
exhibit the Compton effect. 
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It may be added that a refined theory of the Compton effect 
was subsequently developed. It corroborated the results of the 
elementary Compton-Debye theory and also permitted evaluating 
the probability of the scattering process (for various v and q>). 
which cannot be done within the framework of the elementary 
theory. 


7. Wave-Particle Duality 

Wave and corpuscular optics. The history of modern optics is 
in large measure a history of the struggle of two theories. e 
corpuscular and wave theories of light. The corpuscular theory, 
wh irh presents light as a stream of particles (corpuscles), is 
usually attributed to Newton, although Newton himself made use 
of both the corpuscular view (which he frequently preferred) an 
the wave concept.* Almost at the same t,me that Newton for¬ 
mulated the corpuscular theory (1672), Muy^^ 0^78)’ >" U j| 

"Traite de la lumiere”, formulated the wave theory of light. 
According to Huygens’ views, which held their ground in physics 
for 140 years, light consists of longitudinal oscillations of an 
“ethereal matter" undergoing propagation in space with a certain 
finite velocity. Using a principle (Huygens principle) which he 
formulated for the construction of the front of a propagating 
light wave, Huygens gave a clear explanation of the Jaws of 
reflection and refraction of light. However, Huygens wave theory 

did not consider either the phenomenon of diffraction of light then 

known or the Newton rings; also absent was the concept of wave¬ 
length Thus, this theory was actually confined to geometrical 
optics and did not deal with the phenomena of physical optics. 
The fact that the corpuscular theory of light prevailed through¬ 
out the eighteenth century is to be explained by the incomplete¬ 
ness of the Huygens theory and also by the absence of any 
significant discoveries in physical optics. 

The first blow to the corpuscular theory was dealt in 1801 by 
Young, who introduced the concept of the interference of ig . 
which is alien to this theory, and explained the Newton rm b s 
on the basis of this concept. At the same time Young found a 
way of determining the length of light waves (by means of the 
Newton rings) In 1809 Malus discovered the polarisation of Ugh . 
this led Young to the idea of the transversality of light oscil- 


* Descartes (1630) was one of Newton’s most immediate predecessors who 

*■"£%£ tcT Huygensl’wavtTconcepts on th, nature ol light were developed 
by Hooke (1665). 
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lations (1817), which was further developed in the experiments 
of Fresnel and Arago (1819), who showed that rays polarised at 
right angles do not interfere. An important role in establishing 
the wave theory of light was played by the diffraction theory of 
Fresnel (1818) based on the Huygens principle and the interfe¬ 
rence of light waves. The wave theory was brought to completion 
by Maxwell’s electromagnetic theory of light (1865), which became 
generally recognised through the experiments of Hertz (1888) with 
electromagnetic waves. Due to the successes of the wave theory, 
by the start of the twentieth century the corpuscular theory of 
light was practically abandoned. 

However, in this century it was revived on the basis of new 
discoveries in physics; First among them is the discovery of the 
photoelectric effect and of quanta of radiant energy. We have 
already pointed out (Sec. 5) that all the experimentally established 
regularities of the photoelectric effect could not be accounted 
[nr on the basis of the wave theory of light and were fully inter¬ 
preted only by means of the photon theory (Einstein, 1905). Lat¬ 
er (1923), this same theory made possible a brilliant interpreta¬ 
tion of the Compton effect (Sec. 6). 

As has already been pointed out (pp. 20 and 23), the photon theory 
did not confine itself to recognising Planck’s postulate of the 
quantum nature of absorption and emission of light by advanc¬ 
ing the concept of light quanta, the quantum nature of light; 
in the photon theory, light quanta (or photons) are endowed 
with corpuscular properties: a definite energy (hv), velocity (c), 

mass , and momentum ) ■ 

The photon theory, or the corpuscular theory of light, which 
described such phenomena as the photoelectric effect and the 
Compton effect that could not he accounted for on the basis of 
(he wave theory of light, proved (in turn) to be helpless in 
explaining a broad range of optical phenomena, first of all the 
interference and diffraction of light, which are readily understood 
in terms of wave concepts. Thus, the wave theory concepts should 
by no means be rejected as a consequence ol the successes of the 
photon theory. The bulk of information concerning the properties 
ni light compels us to recognise that light possesses both corpus¬ 
cular and wave properties, but in certain phenomena corpuscular 
properties predominate, in others, wave properties. Furthermore, 
manifestation of the properties is frequently dependent upon the 
conditions under which the given optica! phenomenon occurs. 
For example, the wave properties of light are most evident when 
the waves are propagated in a confined space having dimensions 
commensurable with the wavelength. To illustrate, a beam ol 
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parallel rays passing through a slit, the width of which s large 
compared to the wavelength, obeys the laws of geometrical optics 
(rectilinear propagation of light), and in this case the propaga¬ 
tion of light in space is equally well described on the basis of 
wave and corpuscular concepts. When a beam of Pf J'j' 
passes through a narrow slit, we have diffraction of light (Frau - 
hofer diffraction), which is characteristic of wave optics. For this 

reason, to observe the interference of X-rays, one has to make 
use of a diffraction grating with a constant of the order ot 1A 
that is of the order of wavelength of X-rays. Such gratings, it 
will be’ recalled, are crystals characterised by crystal -lattice pa¬ 
rameters (the distances between crystal planes) precisely ot this 

order of magnitude. +h(3 Hnal 

One of the expressions of wave-particle duality, i.e., the dual¬ 
ity of properties underlying the nature of light, is the existence 
of a direct relationship between the corpuscular and wave char¬ 
acteristics of light. Thus, according to Planck s relation (4.11) 
the photon energy hv, which is a corpuscular characteristic ol 
light is associated with its wave characteristic (the Irequency 
of light oscillations). In the same way, the momentum ol the 

photon g P h = — (6-4) turns out to be connected with the length 
of the light waves ^ = by the relation 

(7.1) 

g 

(here, the subscript "pin” is omitted). 

Waye properties of particles. In 1924, de Broglie extended the 
wave-particle parallelism of optics to electrons, atoms, and mo¬ 
lecules, correlating with the motion of each particle a certain 
wave that characterises ite wave properties. De Broglie connected 
this wavelength with the momentum of the particle g = mv (where 
v is the velocity and m the mass of the particle) establishing a 
relation similar”to formula (7.1): 



This formula became known as the de Broglie relation. 

Proceeding from the de Broglie theory, Elsasser (1925) con¬ 
cluded that when electrons pass through a crystal they should, 
like X-rays, exhibit the phenomena of interference and diffraction. 
Expressing ’ the kinetic energy of the electron in terms of the 
potential difference V that accelerates the electron beam, 
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mv = l/2meV , 

we obtain, from known values of charge and mass of the electron 
und on the basis of the de Broglie relation (7.2), 

K = -j/^p A (V in volts). 

From, this expression it follows that an electron of energy 
|fit) eV is characterised by a wavelength of 1A. Consequently, such 
electrons should exhibit properties similar to the properties of 



fig. 4. Diffraction patterns obtained in the scat¬ 
tering, by silver, ot a) X-rays ol wavelength 0,71 A 
and b) electrons of energy corresponding to the 
de Broglie wavelength, 0.645 A (after Wierl) 

light waves of wavelength %=IA. The diffraction of electrons 
ns predicted by Elsasser is one of the manifestations of these 
W ave properties. Electron diffraction was detected in the experi¬ 
ments of Davisson and Germer (1927) and in the later experi¬ 
ments of Thomson, Wierl, Shalnikov, and others. 

Stern (1929) and Johnson (1931) p also established the diffraction 
(l | toms of helium and hydrogen and molecules of hydrogen. 

Electron diffraction is similar to the diffraction of X-rays, 
When a beam of X-rays passes through a layer oi some substance, 
mu' can observe, on a screen placed in the path of the rays scat¬ 
tered by this substance, a peculiar pattern due to interference of 
the scattered ravs. When the scattering substance has a micro- 
crystal line structure, this pattern represents a system of concen¬ 
tric rings. An X-ray photograph obtained by Wierl for the scatter¬ 
ing tit X-rays of wavelength X=0.71 A by silver foil is shown 
In Vig. 4 a. Fig. 4b is an electron diffraction pattern obtained by 
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Wierl in the scattering of a 36 keV electron beam by the same i 
substance. Computing the momentum of the electron from the 
formula 4 

mcp 71 . e 2 V 2 

gz= yr=j> = V 2meV + ^- 

which follows from equations (6.5) and (6.6) for K = eV, and 
substituting g into formula (7.2). we find A, = 0.064o A for the 
de Broglie wavelength. The close resemblance of both diffraction 
patterns shown in Fig. 4a and b indicates that both the scatter¬ 
ing of electrons and" the scattering of X-rays obey the laws of 
wave optics. In other words, electrons must possess both corpus¬ 
cular and wave properties. 

We may add that in 1925 Goudsmit and Lhlenbeck demon¬ 
strated that the electron should have, in addition to an electric 
charge, an angular momentum and a magnetic moment. In connection 
with an attempt (which was unsuccessful) to interpret this electron 
property as due to rotation about its axis, the angular momentum 
of the electron came to be known as spin. Spin proved to be an 
extremely important property of the electron, one of prime sig¬ 
nificance for the physical interp r etation of Mendeleyev’s Peri¬ 
odic Law, and also” for explaining many physical (magnetic, 
optic, etc.) and chemical properties of matter as well as for the 
theory of the structure of atoms and molecules and for solid-state 
theory. 

The development of our concepts of the electron, beginning 
with its discovery at the end of last century, is a brilliant illu¬ 
stration of the thesis of dialectical materialism that the universe is 
inexhaustible. Indeed, at first the electron was conceived of as a par¬ 
ticle (corpuscle) with a definite electric charge and mass. Lei us 
provisionally attribute to the electron the shape of a sphere of 
radius a with an electric charge distributed uniformly over its 
volume and let us compute the electrostatic energy of this sphere 

E = —. Now, on the basis of the equivalence of mass and 

energy (6.3), we obtain an expression for the radius of the 
electron: 


From this expression it follows that a=2X10 - ’ 8 cm. 

It seemed that this picture of the electron was exhaustive and 
final. But new discoveries showed that the particle concept of the 
electron did not by far exhaust all its properties and, conse- 
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quently, was one-sided. The electron was discovered to have wave 
properties; then the spin was discovered. The properties of the 
electron proved to be immeasurably richer than the properties of 
ii corpuscle. In the light of these data, Lenin s words on the inex¬ 
haustibility of the electron (1908) are truly prophetic; “.. .dialectical 
materialism insists on the transient, relative, and approximate 
character of all these stages in the cognition of nature by man’s 
progressing science. The electron is just as inexhaustible as the 
Horn.” 
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ATOMIC NUCLEUS 


8. Nuclear Charge 

Scattering of a-particies. The universality of the electron, 
whose properties are reflected in diverse properties of matter, leaves 
no doubt that electrons are fundamental structural elements of 
atoms and molecules. As for the positive charge of the atom, it 
was assumed in one of the first atomic models * proposed by 
J "j Thomson in 1903 that it is distributed throughout the body 
oi the atom. On ibis model, the atom is a positively charged 
sphere with a radius equal to that of the atom, Le., of size oi 
the order of 10“ a cm = lA.** The electrons are retained within 
the atom by the attraction of the positive space charge 

This model, however, did not face up to the facts. A correct 
picture of the positive charge of the atom was obtained in ex pe¬ 
ri m ents carried out by Rutherford and his colleagues on the 
scattering of a-particies by various substances (1911). These 
experiments demonstrated that Fast a-particies produced in radio¬ 
active disintegration pass through matter and readily penetrate 
into atoms. The regularities observed are simply and effectively 
accounted for on the basis of the following model* When ct-par¬ 
ticles approach an atom they experience a repulsive force which 
i* inversely proportional the square of the distance (Coulomb s 
law) arid is the cause of the scattering of the a-particles. The 
ease with which a-particles penetrate deep into the atom indi¬ 
cates that the bulk of the atomic mass is concentrated in its 
central part, or nucleus, the dimensions of which are negligible 

"T The first electrical model of the atom was proposed by Ampere (1825b 
who considered that the periphery oi the atom had a charge opposite that 
of its central part. According to Ampere, the hydrogen atom had a positive 
charge and its peripheral part, a negative charge. 

** An idea of the size oi' an atom may be obtained by computing the 
volume V per atom of a solid body. Thus, from the density of solid sodium, 
q — o.97l g/cm* and its atomic weight. A =23.00. we find the number of 

atoms per cm' of the metal: n=™ . where N A is Avogadro’s number 

equal to (6.02402 n: 0.0G017IX 10 13 and, consequently, the volume V =(2n 3 = 
=39*4XlO~* 4 cm 3 , whence we obtain the radius of a sodium atom: r— l.IX 

Xl0~ 8 cm. 
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(see below) when compared with those of the atom. Now from 
the presence of a Coulomb repulsive force it follows that the 
atomic nucleus, like the a-particle, * has a positive electric 
charge. Assuming the nuclear charge of the scattering atom equal 
to Ze, where e is the elementary charge (the absolute magnitude 
of the electron charge), we obtain for the force of mutual repul¬ 
sion of the nucleus and a-particle 



where r is the distance between the centres of the a-particle 
and the atom (nucleus). 

A simple calculation shows that given this law of interaction 
of the nucleus and an a-particle, the portion of a-particles-^- 

scattered through an angle Oft)’ is the angle between the direction 
of the scattered a-particles and their original direction) within 
the solid angle dli = 2xi sin OdO is expressed by the formula 




2 dQ 

. , 0 ’ 
sm 4 T 


( 8 . 1 ) 


which was first derived by Rutherford and is called the Ruther¬ 
ford formula. Here, n denotes the number of atoms in unit volume 
of the scattering material, d is the thickness of the scattering 
layer, m, the mass, and v, the velocity of the a-particles. 

In the experiments of Rutherford and his colleagues, Ruther¬ 
ford’s formula was quantitatively verified by counting the scin¬ 
tillations produced when each a-particle impinged on a fluorescent 
screen placed behind the scalterer (metallic foil) at a certain 
distance R from it. It is convenient to alter equation (8.1) as 
applied to this experimental set-up. The area of the screen oil 
which the a-particles that are scatiered at angles lying between 
fl and 0-)-d0 impinge is, obviously, dS = R 2 dR. Denoting the 
number of a-pariicles scattered through an angle 0 and impinging 
on 1 cnr of screen surface in 1 sec by N, (0), we will have 

N,=^ = ^ ^ and, consequently, 


N 



( 8 . 2 ) 


* As early as I9D3 t in experiments with a-particle deflection in a magnetic 
Ib id, Rutherford found that the ratio of charge to mass in a-particles cor¬ 
ns ponds to doubly charged positive tons of helium He + + . Somewhat later 
(Mint)), Rutherford and Royds obtained spectroscopic evidence for the com- 
pi Hu identity of the a-particle and He*-*-. 
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Verification of the Rutherford formula with respect to depend-, 
ence of the number of scattered a-particles on the scattering 
antxle and also on the velocity (energy) of the a-particles and 
the thickness of the scatterer showed that in the case of elements 
heavier than copper (Z = 29) it yields quantitative agreement 
with experiment for all a-particle velocities right up to maximum, 

equal to ~c, and for all scattering angles (see below, Sec. 9). 

Whence it followed that in the case of heavy elements the inter¬ 
action of an a-particle with a nucleus obeys Coulomb s law. 

The principal significance of this formula lies in the tact 
that, on the basis of a-particle scattering experiments, it permits 
determining the charge of the atomic nuclei of the scattering 
material, the first experiments carried out by Chadwick yielded 
the following nuclear charge Z: 29.3 (Cu), 43.3 (Ag), and 77.4 
<Pt) which, within measurement error, coincides with the num¬ 
bers of these elements in the Periodic Table, namely, 29, 
and 78, respectively. From these and also the latest experiments, 
it followed that the nuclear charge Z is always equa to the 
number of the element N in the Periodic Table. Since the posi¬ 
tive charges are ordinarily associated with a mass equal to or 
greater than that of the hydrogen atom, and insofar as the 
absence of such masses in the atom outside its nucleus followed 
from a-parlicle scattering experiments, one can conclude rom 
the equality Z = N that the positive charge of the atom is totally 
concentrated in its nucleus and is equal to Ne Since under ordi¬ 
nary conditions atoms are electrically neutral, it follows that 
the number of electrons in any atom is likewise equal to the 
number of the given element in the Periodic Table. 

Scattering of X-rays, The same result is obtained also m 
X-ray scattering experiments. If we denote the energy of lie 
primary rays by P, the energy of the rays scattered by unit 
volume of the scattering material, by S, then jje scattering 
factor that characterises the scattering ability of the given ma- 
teri al may be defined as 

s 

s — p 

or, referring scattering to unit mass, as 


Q 

where o is the density of the scattering material equal to 
o = m„ An (n is the number of atoms in unit volume, m„ is he 
mass of the hydrogen atom, and A is the atomic weight of the 
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scattering material). From classical electrodynamics the following 
expression is obtained for the specific scattering factor s': 


8rt e 'N A 


3 m 2 c 4 A 


=0.40- 


(8.3)- 


Thus, an experimental determination of the scattering factor 
s' enables us, on the basis of equation (8.3), to find the ratio 

A and, hence, the charge of the nucleus Z. The measurements 

of Barkla and others demonstrated that for all the elements they 
studied (with A<27) s' is close to 0.2, whence it follows that 


Z_ m2 _l_. 

A — 0.4 2 ’ 


that is, in the case of light elements the nuclear charge is equal 
to one-half thq atomic weight. And since the atomic number 
and the atomic weight of these elements are, approximately, in 
the same ratio, the result obtained may be considered a corro¬ 
boration of the foregoing conclusion that the nuclear charge and, 
hence, the number of electrons in the atom is equal to the num¬ 
ber of the element in the Periodic Table. 

Thus, the hydrogen atom (first in the Periodic Table) has one 
electron, the helium atom, two, lithium, three, etc. The atom 
of the ninety-second element-—uranium—has 92 electrons. It 
may be added that the a-particle, which has a positive charge 
of 2, is identical with the nucleus of the helium atom; this was 
established experimentally by Rutherford (seep. 37). In the same 
way, the proton, with its charge + 1 aml mass close to lhe 
mass of the hydrogen atom, turns out to be .the nucleus of this 
atom. 


9. Size of the Nucleus 


When a-particles traverse a substance, they are both scattered 
(Ihe characteristic sharp break in their trajectories) and slowed 
down without any change in direction of motion, as a result of 
which their path length in matter is finite. This difference in 
tlic type of a-particle trajectories is very clearly shown in cloud- 
chuniber photographs (Fig. 5). In large measure, a-particles lose 
speed due to ionisation of the atoms which they encounter. This 
Ionisation is evident from the increase in electrical conductivity 
mid by the appearance of visible tracks of a-particles in a cloud 
Chamber due to condensation of water vapour on the ions along 
the path of the a-particle. Cloud-chamber photographs show that 
In most cases the a-particle trajectories are straight-line, while 
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those with a sharp break (which occur when an a-particle inter- 
acts with an atomic nucleus) are very rare. This fact in itself - 
is sufficient for one*to conclude that the size of the nucleus is 
small compared with that of the atom. 



Fig. 5. Alpha-particle paths in helium (ste¬ 
reoscopic photo). Among the many rectili¬ 
near tracks, there is one which ends in a 
double fork caused by the flight of a deflect¬ 
ed a-particle and a helium atom that un¬ 
derwent impact (after Rutherford and 
Chadwick) 


The same conclusion is also drawn from the fact that 
Coulomb’s law (which assumes point charges) is very well ful¬ 
filled in the scattering of a-particles at sufficiently large angles, 
when the distances between the a-particles and the nucleus are 
considerably less than the’size of the atom. 

Let us calculate the minimum distance between an a-particle 
and a nucleus (r min ) that corresponds to a certain impact para¬ 
meter p (Fig. 6). In polar coordinates (r, cp), the laws of con¬ 
servation of energy and angular momentum for an a-particle- 
nucleus system are written as 



9p 2 7 

+ rV)+-r i = 


mv 2 
~~2~ ’ 


mr 2 q) = mvp, 


where r = J, <p = g5 and ^ is the energy of an a-particle at 
an infinite distance from the nucleus. From these equations we 
obtain 

m f;-».L. v ' p "\ i 2e2Z _ mv2 

T V r r — 2 ' 
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When T- ^min’ 
ten as 


r — 0, and 
m v 2 p 2 

T r 2 . 

1 min 


the preceding 

| 2e 2 Z_ mv 2 

r min ^ 


equation is rewrit- 


Solving this equation for r min , we find 

+ (9I) 

Whence it is seen that for given Z and —, r mjn diminishes 

with decreasing impact parameter p, and for p — 0 (central 
impact) it assumes the least possible value 


_4e^Z 

Lnin m V 2 ' 

Rewriting this expression in the form 

2e 2 Z _ mv 2 

^min ^ 


(9.1a) 


(9.2) 


we see that in the case of a central impact at a distance of 
closest approach of the a-particle to the'nucleus, the potential 



energy of their Coulomb repulsion is equal to the original kinetic 
riiergy of the a-particle. 

When p — 0 the scattering angle 0 (see Fig. 6> is, obviously, 
IK) , Since for sufficiently large p the scattering angle may be 
arbitrarily small, it is clear that there should be a direct rela- 
I iotiship between the scattering angle and the impact parameter 
and, consequently, between £f and r mir . Indeed, in polar coordi¬ 
nates the equation of an a-particle trajectory in the nuclear 
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field is of the form 

p * 

Y = sin <p 


2e 2 Z 

mv 2 p 


(1 -[-COS (p). 


Since at r — oo the angle cp should equal the scattering angle 
(see Fig. 6 ), from this equation we obtain 


2e 2 Z , ft 
p = —r COt -x- 
r mv 2 2 


(9.3) 


Which is the relationship between p and '0' that is needed. 

Substituting (9.3) into (9.1), we obtain the following relation 
between r min and fh 


I* min 


2e s Z 1 + Si " 2 



(9.4) 


From (9.4) .it is seen that r mIn has the smallest value for a scat¬ 
tering angle d=180°; this value satisfies relation (9.2). 

The distance of closest approach of the a-particle to a nu¬ 
cleus is, obviously, the upper limit of the nuclear radius (more 
precisely, the sum of the radii of the nucleus and the a-particle). 
To compute r min we can take advantage of (9.4). Since, on the 
basis of experiments in the scattering of the a-particles of RaC 
by gold, formula ( 8 . 2 ) is fulfilled even for scattering angles as 
large as 150°, whence follows the validity of (9.4), let us com¬ 
pute, by means of this formula, the value of r m] that corresponds 
to ft=150°. Substituting into (9.4) d=150 a , Z = 79, and the 
velocity of RaC a-particles v = 1.992 X 10 * cm/sec, we find 
r, ]lin = 2.8 X 10 -12 cm, the atomic radius being 1 . 8 X 10 '* cm. 
Thus, it may be concluded ’that the size of the nucleus of an 
atom of gold should be less than the size of the atom by a factor 
exceeding 6000. 

We can also obtain an approximate picture of the dimensions 
of the atomic nuclei of heavy elements from the fol lowing reason¬ 
ing. From experiment it is known that only the nuclei of rela¬ 
tively light elements can be artificially decomposed through 
bombardment by a-particles (see below). This may be attributed 
to the strong Coulomb repulsion between the nucleus of a heavy 
atom (large Z) and the a-particle, as a result of which the latter 
cannot approach the nucleus to a distance at which a nuclear 
reaction could occur. Having in view a central impact, we find, 
by means of formula (9.1) for the a-particles of RaC, 
r inin = 0.3T X 10” ” Z cm, which for lead (Z = 82) yields 
r'"." = 2.9X 10'"cm. Consequently, as in the case of gold, we 
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may state that the radius of an atom of lead must be less than 
3 X 10~ 12 cm. 

More exact data on the dimensions of the atomic nucleus are 
given by investigations of the so-called anomalous scattering of 
a-particles. As has been pointed out (p. 37), the Rutherford for¬ 
mula ( 8 . 2 ) is strictly fulfilled only in the case of heavy elements, 
whence we concluded that in this case the field of the nucleus 
does not differ from a Coulomb field at the minimal distances 
of a-particle approach to the nucleus. But in the case of light 
nuclei (Z<29) at large scattering angles we observe anomalous 
scattering of a-particles, which is evident from the discrepancy 
between the measured number of scattered a-particles and the 
number computed from equation (8.2). This discrepancy is parti¬ 
cularly great in the case of hydrogen and helium where the 
observed number of scattered a-particles is 10 to 20 times that 
calculated from the Rutherford formula. The reason for anoma 
lous scattering should be sought in the deviation of the nuclear 
field from a Coulomb field; this becomes perceptible at small 
values of r min that correspond to small Z and large scattering 
angles. Recent investigations have shown that the deviation is 
due to superimposition of forces of attraction on the Coulomb 
force of repulsion, the action of the attractive forces being in¬ 
dependent of the charge of the particles and rapidly falling oil 
with distance between the particles (see below). Identifying the 
range of these forces with the radius of the nucleus a, we can 
determine the magnitude of a as the distance between an a-par- 
ticle and the nucleus at which normal a-particle scattering passes 
into anomalous scattering. Accordingly, r mln = a is obtained from 
equation (9.4). 

Studies of anomalous scattering show that the magnitude of 
a increases with Z and may be expressed approximately \>l the 
empirical formula 

a = 2 X 10" 1S ]/Z. (9.3) 

Thus, the radius of an atomic nucleus is of the order of 
10 - 1S —10 -12 cm. Another empirical formula for the nuclear 
radius is 

a = 1.45X 10 ' 1S (9.6)' 

where A is the atomic weight (mass number) of the given ele- 
merit. 

It may be noted that the distribution of electricity and mass 
itt the atom, as established on the basis of a-particle experi¬ 
ments, led to the planetary model of the atom with the nucleus 
as the "sun” situated at the centre, and the electrons as 
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“planets” revolving round the nucleus. This model was proposed 
by Rutherford (1911) and subsequently utilised by Bohr as the basis 
of his atomic theory. # 

10. Radioactive Transformations of the Elements 

Radioactive families. Radioactivity was discovered by Becque- 
re I in 1896. The existence of radioactive elements, that is, of 
elements that convert into other, lighter, elements with the 
emission of coparticies (a-active elements) and of elements that 
convert into adjacent elements with the ejection of p-particies 
(R.active elements) is irrefutable proof of the complex structure 
of atomic nuclei. This tendency to spontaneous disintegration 
is especially characteristic of heavy elements and accounts for 
the relative instability of their nuclei. The degree of stability 
of the nucleus of a given element is characterised by its half - 
life T, , which is the time during which one-hal of the initial 

quantity of the element disintegrates (decays). Measurements of the 
magnitude of T, are based on an analysis of activity curves of 

radioactive substances. These are curves that give the radiation 
intensity as a function of time. The difficulties of this analysis lie 
in the fact that, ordinarily, one has to deal not with a single 
radioactive element, but with a more or less complex mixture 
consisting of the original element and its decay products. 

The decay of each element (and, hence, its activity) obeys 
a “monomolecular” law 

-£ = *« ( 10 . 1 ) 

at 

where n is the number of atbms (concentration) of the element 
at a time t, and K is the decay constant of the element. Inte¬ 
grating equation (10.1), we obtain 

n = n 0 e _Xt (10.2) 

where n denotes the concentration of the element at time t = 0 
For the case of a chain of radioactive transformations 

n, —*■ n 2 —* n, —* ... —* n i * * • • 

we have a system of differential equations 

dn. 
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dn_3 

dt 


=-K n z 


^ 8^3 » 


drij _ 

dt 


— Vi. 


The overall activity 1 measured by some instrument (for example, 
an ionisation chamber) is in this case expressed by the equation 

I — kAi n i +k 2 ^2 n 2+ • • • +k i X i n,+ .. 

where the coefficients k f account for the susceptibility of the 
instrument to the radiation of the element. By integrating the 
foregoing system of equations it can be shown that I as a func¬ 
tion of time is a sum of terms, each of which is proportional 
to the respective function e~M*. 

Thus, in the simplest case of a chain of two elements, 
n 1 —^n 2 , integration of the two differential equations yields 


I = k^n? 



We see that already in the very simplest case the activity I is 
a composite function of time. However, over definite time inter¬ 
vals, namely, when the conditions t^> \jX z and \t ^ 1, or t^>l I% 1 
and ^ 2 t^l are fulfilled, the magnitude of I will be proportion¬ 
al to e _) ^ and, accordingly, to e~ 1 ^. Within*these time inter¬ 
vals we will have lnl as a linear function of time. It is from 
the slopes of the corresponding straight-line sections of the curve 
lnl, t (one for small t and the other for large t) that the decay 
constants and X 2 can be determined. It is thus possible-to 
find the values of the decay constants also for chains involving 
more than two elements. In the case of long chains or close 
values of X, the complex mixture of elements should be separat¬ 
ed into simpler mixtures. 

The decay constant of every element is connected with its 
half-life by the following relation: 



2 


As a result of the painstaking work of scientists, the half-lives 
of practically all the known radioactive elements have been 
determined. 

To illustrate, we give the half-lives of a chain of radioactive 
transformations beginning with the a-decay of radium and ending 
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in the formation of nonradioactive lead RaC (as a result of 
he a-decay of polonium Po 210 and also the B-decay of the. 
thallium isotope RaE 200 ). Notice the branching of the chain, for 
example w£ RaJ passes into RaD. It is due to the fact that 
RaC Fs capable both of a- and p-decay (of the RaC nude, under¬ 
going transformation, only 0.04% undergo a-decay and 99.96/a 
experience (^-transformation). 


Transformation scheme of radium and its decay 

products 

Ra 8B Fr e , Rn 89 At 65 Po 84 Bi 8S Pb 8S Tl 81 

Pa^^Rn 222 a ^ RaA 216 _^_yRaB 214 

1620 yrs 3.825 days p/ 3.05 min P/ 26.8 min 

At 218 a > RaC 214 a > RaC" 210 
3 sec P/19.7 min P/1.32 min 

RaC' 214 a > RaD 210 

1.5X 10 ~ 4 £ec P/ 22 yrS 

RaE 210 a ,, RaE" 204 
P/ 5 days p/ 4.23 min 
p& 10 a > RaG 200 
138.4 days (stable) 

The elements Of this chain of transformations form part of 
a series, or family, of radioactive substances called the 

ra/oa 4 cUe 2 eSSs, 

two^ther^analogousAeries h/ve been ert.bl.jhjd: the = 
wries described by mass numbers A = 4n and the act [ t } iun } { se ^:} i 
S A-4n4-3 Later, it was shown that the artificially obtained 
new radioactive elements (see below) form a fourth, missing 
series which is sometimes called the neptunium senes characte 

rharaes its ejection causes the charge of the nucleus oi me 
Sl. diminish by two units. The.resulting_new element is 
shifted two columns to the left in the Penod.c Table _relative to 
the original element. A new element produced by a s ng , y 

is shTfted one column to the eight of the /'ZT 'conse 

corresponding to an increase in the nuclear charge and, conse 
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quently, in the atomic number by unity. This is the essence of 
the radioactive displacement law of Fajans and Soddy - (1911-13/. 

From this law it follows that an element which has lost one 
a- and two ^-particles in succession returns to its original place 
in the Periodic Table. Such, for example, is lead RaG *° 6 in the 
foregoing scheme of radioactive transformations. It is obtained 
from RaD^° as a result of the emission, by the latter, of two 
P- and one a-particle.* We thus have two elements, RaG ^ 8 and 
RaD”*, occupying one and the same place in the Periodic Table; 
consequently, they are chemically identical but have different 
atomic weights, since the ejection of a single a-particle involves 
a decrease in atomic weight by 4. 

Isotopes. Elements with the same atomic number and, for 
this reason, with identical nuclear charge and number of electrons 

but with different atomic weights are called isotopes . This term 

was introduced in 1910 by Soddy, who, in order to account for 
the fact that even at that time the number of known radioactive 
elements exceeded the number of places in the Periodic Table, 
presumed the existence of varieties of radioactive elements that 
differ in atomic weight (mass number) and in radioactivity, but 
have identical chemical properties ** and, consequently, occupy 
the same place in the Periodic Table. Soddy called these varieties 
isotopes, which is in full accord with later concepts of chemical 

elements (that the atomic number and not the atomic weight is 

the chief characteristic of an element). 

Scientists at first inclined to the view that isotopism is found 
only in radioactive elements and is associated with radioactive 
transformations. However, already in 1912, J. J. Thomson, while 
studying the deflection of a beam of neon ions in electric and 
magnetic fields parallel to each other and perpendicular to the 
direction of flight of the ions, demonstrated that there are two 
varieties or two isotopes of this element possessing mass numbers 
20 and 22 . *** The fundamental significance of this discovery was 
that it proved that stable elements too could have isotopes. 

The method of measuring the masses of gaseous ions in an ion 
beam (first used by J. J. Thomson) was considerably refined by 


* Here, as in the foregoing scheme of radioactive transformations, the 
superscript of the symbol of the chemical element denotes the mass number 
(A), the subscript, the atomic number (Z). 

** Earlier still, Butlerov (1881) and Crookes (1886) believed in the 
existence of varieties of a chemical element differing by mass. 

*** Later, a third stable isotope of neon with mass number 21 was discov¬ 
ered. The percentage content of isotopes 20, 21, and 22 in natural neon is 
00.00%, 0.27%, 9.73%, respectively. Neon’s atomic weight is 20.18. 
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Aston who in 1919 devised an instrument known as the mass 
soectroeraph. In Aston's mass spectrograph, the ion beam first 
enters an electric field perpendicular to it and is dispersed im 
'i snectrum the slower ions being deflected more than those with 
Sc ties. The ions then enter a magnetic held perpend., 
cular to the electric field and to the direction of motion of the 
ions This field deflects them in a direction opposite 
a ,, cef s h v (he electric field* Besides, the magnetic held Focu.e 

nnes 0r The a moi”pecL’m is Tho'ogra^heTby'placing a photo- 

^Talon’s'mast" ‘was subsequently refined consider- 

abhr Then came masf spectrometers with electrical and not 
nhotoeranhic recording. Most common at present is the mass 

the condition of equality of the magneto force evH acting on 
ttu=> ion (e and V are charge and velocity of the ion, h is t e 
magnetic field intensity) and the centrifugal force mv ,r, bx- 
£ ^ciro the kinetic energy of the ion in terms of the lon-accelt,- 
rating potential dillerence. mv-/2=eV (where m is the OTm«M 
and V the potential difference), we obtain, from the preced g 

formula, 


m 1 Hh 2 
. e — 2 V • 


(10.4) 


Thus given H and V, a definite radius of the circular path cor¬ 
respond to ions characterised by a definite m/e value In mass 

spectrometers with r fixed and determined by the position of the 
speciromeiei t> w varied and ions of one kind or 

aSe^are 1 VirSted into the slit’of the receiver. The mass 
spectrum thus obtained is usually registered by means of a self- 

rccording instru ^ mas s spectrometer that utilises mono- 

- Vs y ot?pT P co^ r p^? t \?n nl y e p t : 

als by Massing positive ions emitted by the heated salts of 


* This principle was still earlier utilised by Classen to devise an instru- 
jnent JhlchT u&d to measure the specific electronic charge (1907). 
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these elements. In 1924, a mass spectrometer of the same design 
was used by Kondratyev and Semyonov to study the action- of 
electrons on the molecules of alkali-halogen salts. 

The principal significance of the mass-spectrographic investi¬ 
gations carried out by Aston and later by Dempster, Bainbridge 
and others lies in the fact that the isotopes of a large number 
of elements were discovered. This was proof of the universality 
of isotopism. Some of the isotopes were discovered spectroscopic 
cally. Finally, a large number of radioactive isotopes were dis¬ 
covered by radiochemical methods. The number of isotopes dis¬ 
covered every year increased especially after 1939 with the dis¬ 
covery of the fission of atomic 
nuclei (see below). Whereas in 
1938 the number of known iso¬ 
topes of all the elements was 260, 
in 1946 it was 630, and in 1957, 
over 1300. Which gives an aver¬ 
age of 13 isotopes per element. 

Fig. 7 is a mass spectrum of 
germanium (obtained by Bain¬ 
bridge) containing five lines, which 
correspond to isotopes 70, 72, 

73, 74, and 76. The different intensity of the lines is due 
to different isotope abundances, which may be determined by 
measuring ion currents that correspond to ions of different masses. 
The following percentages of abundance were thus obtained 
for the five isotopes of germanium: 21.2 (70); 27.3 (72); 7.9 (73); 
37.1 (74); and 6.5 (76). All these isotopes, like the majority of 
isotopes detected by mass-spectrometric methods, are stable. In 
addition, there are eight radioactive isotopes of germanium with 
masses 66, 67, 68, 69, 71, 75, 77 and 78. 

In connection with the isotopic composition of elements, we 
note the following very essential circumstance. The atomic 
weights of many elements in the Periodic Table differ greatly 
from whole numbers. For instance, the atomic weight of chlorin * 
is 35.456. With the discovery of chlorine isotopes it became 
clear that its fractional atomic weight is due to the simple fact 
that this element is a mixture of two stable isotopes with atom¬ 
ic weights 35 (Cl 35 ) and 37 (Cl 37 ), and the measured atomic 
weight of chlorine is, therefore, a mean value of these two. At 
one time it was thought possible to explain the deviations of 
atomic weights from whole numbers in this manner, and it was 
believed that the atomic weights of the pure isotopes are in all 
cases strict integers. However, accurate measurements of the 
atomic masses showed that the deviations of atomic weights from 



Fig. 7. Mass spectrum of germanium 
(after Bainbridge) 
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integral values represent very specific quantities. To illustrate, . 
the atomic weights ,of the above-mentioned stable isotopes of 
chlorine turned out equal to 34,98004 + 0.00005 and 36.97766 + 
+ 0.00005. As we shall see later on (Sec. 13), these deviations 
play a very significant role in the theory of the atomic nucleus. 

At present the atomic weights of over 600 isotopes have been 
measured with great accuracy. Naturally, the atomic weights of 
the light isotopes have been measured with particularly high ab¬ 
solute accuracy. The atomic weights of all known isotopes of 
elements from hydrogen to neon are given in Table l. 


Table 1 

Atomic weights (masses) of the isotopes of light elements 


tsotope 

Mass 

Isotope 

Mass 

'isotope 

Mass 

Isotope 

Mass 

H 1 

1,008146 

Be 7 

7.019153 

C 14 

14.007698 

O 18 

18.004888 

H 2 

2.014741 

Be 8 

8.007849 

C 15 

15.0141 

O 19 

19.0092 

H 3 

3.017003 

Be 9 

9.015042 

N 12 

12.02280 

F 17 

17.007496 

He 3 

3.016983 

Be 10 

10.016717 

N 15 

13.009877 

piB 

18.006683 

He 4 

4.003877 

B 9 

9.016192 

N 14 

14.007531 

pi 9 

19.004454 

He 3 

5.01390 

B 10 

10.016118 

N 15 

15.004877 

p20 

20.00635 

He 6 

6.02083 

| B 11 

11.012796 

N 19 

16.01124 

Ne 19 

19.007951 

Li 5 

5.01379 

B 12 

12.018172 

N” 

17.01632 

Ne 20 

19.998798 

1 Li fl 

6.017028 

C 10 

10.02034 

0 14 

14.01305 

Ne 21 

21.000525 

Li 7 

7.018225 

C 11 

11.014931 

O' 5 

15.007782 

Ne 22 

21.998336 

Li 8 

8.025026 

C 12 

12,003817 

o 19 

16.000000 

Ne 23 

23.001722 

Li 9 

9.03007 

C 13 

13.007488 

O' 7 

17.004536 




It will be noted that in Table 1 the unit of atomic weight 
is 1/16 the atomic weight of the oxygen isotope O' 6 . This unit 
is called the physical unit of atomic weight in contrast to the 
chemical unit, which is equal to 1/16 the atomic weight of oxy¬ 
gen. Since the abundance of oxygen isotopes corresponds to the 
following percentage content: 99.76(0”), 0.04 (0 17 ), and 0.20 (0 IS ), 
it is easy to show that the physical unit of atomic weight is 
0.0273 % less than the chemical unit. 

The mass values given in Table 1 are the relative masses 
(atomic weights) of isotopes M and are connected with the ab¬ 
solute masses of the. corresponding atoms m (expressed in grams) 
by the relation 

m = {}- (10.5) 

Na 

where Na is Avogadro's number, which corresponds to the phy¬ 
sical unit of atomic weight, and Na = (6.02566 ± 0.00016) 

(the value of N^ that corresponds to the chemical unit of atom¬ 
ic weight is (6.02402 ±0.00017) X 10 23 ). 
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11. Artificial Nuclear Disintegration 


Nuclear reactions. Exceedingly fruitful investigations into tho 
artificial splitting of nuclei that opened a new era in nuclear 
physics began with the experiments of Rutherford (1919), who 
succeeded in demonstrating that the bombardment of nitrogen 
(and also a number of other elements) with RaC-emitted a-par¬ 
ticles gives rise to fast H-particles (protons) which result from 
interaction of the a-particle with the target nucleus. That this 
is precisely the origin of H-particles is obvious from the follow¬ 
ing. First of all, measurements show that the velocities of 
these H-particles considerably exceed those that can be acquired 
by an H-atom nucleus in an .elastic collision with an a-par¬ 
ticle. What is more, the kinetic energy of the H-particles pro¬ 
duced in the bombardment of aluminium turns out greater than 
that of the bombarding a-particles. Finally, the detection of 
H-particles flying in a direction opposite to that of the a-par¬ 
ticles is cogent proof that there can be no other source of H-par¬ 
ticles except the interaction of 
the a-particle with the target nu¬ 
cleus. All these observations may 
be interpreted as follows: under 
the influence of the perturbing ac¬ 
tion of the a-particle there is a 
rearrangement of the nucleus ac¬ 
companied by the ejection of a 
proton. A more detailed picture 
of the mechanism of this process 
is given by the experiments of 
Blackett (1925), who studied the 
process of disintegration of a ni¬ 
trogen nucleus by means of a cloud 
chamber. In addition to the 
straight a-particle tracks, Blackett 
photographed forked tracks that 
represented the path of an a-par¬ 
ticle prior to its collision with a 
nitrogen nucleus and the paths 
of the products of interaction be¬ 
tween an a-particle and an N 14 
nucleus. Fig. 8 shows one of the 

photographs obtained by Blackett. It will be seen that one of 
the paths ends in a double fork . The left-hand (long) branch of 
• lie fork is the path of an H-particle that has formed. The fact 
that there are only two (and not three) branches shows that 



Fig ?. Paths of a-particles in 
nitrogen (after Blackett). The fork 
represents the tracks of an H-par¬ 
ticle (fine line on the left) and an 0 17 
nucleus (heavy line to the right) 
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the a-particle and the nucleus, which has lost an H-partic e 
cease to exist as independent nuclei after the collision and 
merge to form the nucleus of a new element, which originates 
simultaneously with the ejection of the H-particle. In Fig_ 8 
the second, shorter branch of the fork is precisely the path of 
the nucleus of this new element. Thus, the process under exa¬ 
mination may be represented by the following equation, similar 
to conventional chemical equations: 

Here it is taken that the oxygen isotope O 17 is the product of 
this nuclear reaction along with the H-particle. This conclusion 
fullows of necessity from the laws of conservation of mass (mass 

number) and nuclear charge. . 

Later, Rutherford and Chadwick discovered similar reactions 

of ct-particles with the nuclei of B, F, Na, Mg, Al. Si, P, S, 
Cl and K. All these reactions result in the production of a 
proton and a new element which in the Periodic Table follows 
the bombarded element. Subsequently, the list of reactions of 
this type was considerably extended. The general formula for 
these reactions may be written as 

Het+X^Y^J + Hj. 

The conservation of mass and nuclear charge in such transfor¬ 
mations is ensured by equality of the sums of the subscripts 
and superscripts on the left side of the equation (4 + A and 
2 —j— Z) to the corresponding ones on the right side (A + d-j-l 

reactions of this type are customarily denoted 
by the symbol Z A (a, p)(Z + l) A + \ or. more simply still, (a, p) 
^Neutron. A study of the reactions of a-particles with the nuc ei 
of light elements led Chadwick to the discovery oi the ^utrrn 
(1932), which is a particle with mass close to that of the proton 
and with zero charge. Neutrons were found to be produced by 
a-particle bombardment of Li, Be, B, F, Ne, and other elements 
Characteristic of neutron radiation is its great penetr t g 
power due to the low absorption coefficient of neutrons in mat¬ 
ter. Since neutrons cannot ionise atoms and molecules vanou 
indirect methods are used to detect them. One is based on 
observation of recoil nuclei, which are fast atoms pro L , 
elastic collisions of a neutron with the nucleus of some atom. 
Recoil nuclei are readily detected by the ionisation they pro 
duce in an ionisation chamber or cloud chamber or else by ac¬ 
tivation of nuclear emulsion due to recoil nuclei, after the 
emulsion is developed, there appears a chain of grains (track) 


See, I 1J 


ARTIFICIAL NUCLEAR DISINTEGRATION 


53 


which can be seen under a microscope and represents the path of 
the recoil nucleus. This is similar to the chain of droplets that 
makes the path of a fast ion visible in the Wilson cloud chamber. 

As follows from the theory of collision of elastic spheres, 
the energy conveyed from one sphere to another during a colli¬ 
sion is particularly great when they have the same mass. When 
a moving sphere collides head-on with a stationary one of the 
same mass, the entire energy of the former is transmitted to 
the latter. For this reason, fast recoil atoms are especially read¬ 
ily formed in the passage of neutrons through hydrogen-contain¬ 
ing substances (for example, paraffin), the atoms of which, as 
has been pointed out, have mass close to that of the neutron. 
This accounts, in particular, for the sharp increase in current 
when paraffin is introduced into an ionisation chamber that has 
been neutron-irradiated. The current increase was discovered by 
Curie and Joliot and correctly interpreted by them as due to 
the appearance of fast protons (recoil protons). 

The general formula of a neutron-producing nuclear reaction 
with an a-particle may be written as 

«;+x^=«=Y^:+ni 

where n is the neutron. This reaction may also be written as 
Z A (a, n)(Z-\-2) A+3 or as (a, n). 

The interaction between an a-particle and a nucleus is not 
the only source of neutrons. Neutrons are produced in the bom¬ 
bardment of various nuclei by protons and deuterons (the nuc¬ 
lei of heavy hydrogen H 2 , or deuterium, D), and also in a num¬ 
ber of other reactions (see below). The use of particles which 
possess less charge and are lighter than the a-particle has cer¬ 
tain advantages. First of all, the smaller the charge of the bom¬ 
barding particle, the closer it approaches the nucleus for a giv¬ 
en kinetic energy (see Eq. (9.1a)) and, consequently, the more 
readily it interacts with the nucleus. Further, as follows from 
the theory of a-decay (Sec. 15), the probability of penetration 
of fast particles into a nucleus increases radically with decreas¬ 
ing mass of the particles. Finally, of no small importance is 
the possibility of obtaining powerful beams of protons and deute¬ 
rons artificially in modern high-voltage ion accelerators. 

One of the common “natural” sources of neutrons is a radi¬ 
um-beryllium source* in which the neutrons are obtained in the 
reaction 

oc: + Be: = C 1 fl 2 + n 1 0 . 


* A mixture of radium-salt powders (usually RaBr a ) and metallic beryllium 
sealed in a copper or glass ampoule. 
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The neutron yield of a source with 1 gram of radium is 10 
neutrons per second. This is practically the limit for naturffi 
neutron sources insthich the a-particles are produced by radium de- 
cav because of the comparatively low activity as well as the high 

cost of this element. In contrast to the natural sources of a- 
radiation, the possibilities of obtaining powerful ion beams arti¬ 
ficially are almost unlimited. o .. f - ; 

The first nuclear reaction investigated by means of artitici- 
ally obtained fast particles was that of a proton with a Li 
nucleus, 

Hi+ 1^ = 2 He*, 

discovered by Cockroft and Walton (1932). This reaction is pe¬ 
culiar in that it can be accomplished at comparatively low pro¬ 
ton-energies because of the ease with which a proton can pene¬ 
trate a lithium nucleus (see above). In the first Cockroft-Walton 
experiments, the proton energy was 600 keV; however, it was la¬ 
ter found that the reaction is observed even at 10 keV. 

Two a-particles are also produced in a deuteron reaction 
with a light lithium isotope: 

D ; + Li: = 2He*. 

We may add that, as shown by special cloud-chamber experi¬ 
ments, 'both a-particles fly apart in accord with the law of con¬ 
servation of momentum. , 

In addition to these and similar reactions of the (p, a) and 
(d a) types, other proton and deuteron -reactions were discov¬ 
ered, for instance, (p, n) and (d, n). The following is an illus¬ 
tration of the (p, n) type: 

pi Li l = Bel nj, 

which is analogous to the a-particle reaction that had been ob¬ 
served: 

0 J + Li; = B , I # + nl. 

The following can serve to illustrate the (d, n) type reaction: 

d^ + D? = He’ 2 + nJ 

and 

df + T| = He* -f- nj, 

which have found application in sources of monoenergetic neu- 
trons. 
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Further, it is well to note that neutrons can also originate 
in the interaction of a Y“photon and a nucleus.. Reactions of 
this type, called photonuclear reactions are symbolised as (y, n); 
one of numerous cases of this type is the reaction 

Be: + y = Be! + n; 

established by the appearance of neutrons when beryllium is ir¬ 
radiated with gamma rays. It has been shown that the mini¬ 
mum y-photon energy required for this reaction is 1.662 ±0.003 
MeV. Obviously, this energy may be interpreted as the binding 
energy (strength) of the neutron in the Be 9 nucleus. Another 
case of this type of reaction is 

D! + y = H! + n ;. 

The protons produced in this reaction were detected directly in 
a cloud chamber. The neutron-proton binding energy in a deu¬ 
terium nucleus, which is equal to the minimum energy of the 
y-photon that caused the reaction, is 2.227 ±0.003 MeV, Both 
the (y, n) reactions and also certain other reactions of this type 
are used to produce monoenergetic neutrorls. 

Finally, it should be pointed out that neutrons are likewise 
obtained in nuclear fission reactions, which are considered below 
(Sec. 17). 

A large number of neutron-induced reactions are known at 
present. These reactions are characterised by a high probability 
of occurrence, in particular at negligibly low neutron energies, 
for example, when induced by thermal neutrons, that is, by neu¬ 
trons of energy equal to the mean thermal energy of the trans¬ 
lational motion of molecules at a given temperature 3/2 kT, 
where k is the Boltzmann constant equal to (L38020 ±0,00007) X 
X 10’ 1,1 erg deg -1 (T is absolute temperature). The comparative 
ease with which neutron reactions develop stems from the ad¬ 
vantage that neutrons have over charged particles in that there 
is no nuclear repulsion arid the neutrons readily penetrate into 
1 lie nuclei. The following are examples of neutron nuclear reac- 
tions: 

n ;+Br=Li 7 s +c4, 
nJ + B;° = Be: + d^, 
n ;+s”=p;*+p!, 
ni + Mn:: = Mni: + y. 

These reactions correspond to types (n, a), (n, d), (n, p), and 
(n, y), respectively, and are the reverse reactions of the above- 
considered types (a, n), (d, n), (p, n), and (y, n). 
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„ will be noted,that some of these pairs jl 
studied independently, for example, n 0 +B* — Li 3 + a 2 a 2 -f- 

Lij = Bl° + nJ. Also studied was the capture reaction 

n' 0 + H;=D? + y, 

! r o°„1 aSt^XETW ?&£5tS aTf'Ajd 

that for the capture cross-section (o c ) a \amu a 
dd 0' 325 yio-* 1 cm 1 was obtained from measurements of the 
ZJ Sme Of thermal neutrons in water; this time is deter- 

_ilH)=au(H) (n), where u is the mean velocity of relative 
motion of the neutron and proton and (n) and <H) are their 

C E'3 a 2X lo-'f S.W1S. & VTifoc.i ve" ‘Sit o’i ’ the 

proton and'neutron a,+ a - considering the radr^of th^ pam 

h d „d a ',rr^t “loseTo f o, a as 
computed from equation (9.6), from which for A=1 it to tows 
that a = 1 45V 10“ u cm. Whence it may be concluded that the 
capture of* a neutron by *a proton occurs practically m every 

C °Positron Artificially produced nuclear reactions (like natural 
radio active YranSormations) very often lead to the formation of 
new radioactive elements or new radioactive isotopes of be 
tial element. Before considering the question of the nature 
artivitv of artificial radioactive elements we must examine c 
extremely important discovery, the discovery of ^ positron 

made by Andirson (1932) when studying cosmic rays with a cloud 

S^id^nSet^T,^ SESTflS!. t posi. 

before the discovery of the positron its existence had been pre¬ 
dicted by Dirac (1928) on the basis of an equation of motion 
of superfast electrons which he derived (Dirac equation). 
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In the same year of 1932, Blackett and Gcchialmi showed 
that when cosmic rays traverse matter they frequently give rise to 
showers t which are streams of particles that consist half of elec¬ 
trons and half of positrons, both having roughly the same speeds. 

Further, Blackett and Occhialini (1933) and other investiga¬ 
tors found that positrons could also originate from y-photons on 
the condition that the energy of 
the latter exceeds 1.02 MeV. In 
this case, the electron and posi¬ 
tron (pair) are produced simulta¬ 
neously. For example, an electron- 
positron pair was produced by the 
y-photons of RaC of energy F8 
MeV, while in the case of the 
y-photons of Po of energy 0.8 MeV 
this phenomenon was not observed. 

The existence of a limiting 
energy for y-photons (1.02 MeV) 
follows directly from the law of 
conservation of energy. Indeed, 
computing the energy of an elec¬ 
tron on the basis of the relation of 
equivalence of mass and energy 
(6.5), 


= K + mc2 


e V 1 - 

(K is the kinetic energy of the 
electron, m its rest mass and 
p = v/c, where v is the velocity 
of the electron), we find E e = 

= K + 0.51 MeV, or in the lim¬ 
iting case of sufficiently slow 
electrons (P 2 <^1 and, conse¬ 
quently, K^O) E e = 0.51 MeV.* 

Assuming the energy of the posi¬ 
tron to be equal to that of the 
electron (in view of the equality 

of their masses) E p =E e , for the limiting energy of a y-photon 
capable of converting into an electron-positron pair we find 
K, fUm = E e -J-E p = 1.02 MeV. Fig. 9 shows the generation of an 
electron-positron pair in a cloud-chamber photograph. 


Fig. 9 Electron-positron pair pro¬ 
duction in the gas of a cloud 
chamber under irradiation with 
hard y-radiation. The magnetic field 
deflects the two particles in differ¬ 
ent directions, thus indicating un¬ 
like charges 


* The exact energy corresponding to the rest mass of an electron is 
0.510969 ±0.000009 MeV. 
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is, in a state with enhanced internal energy. This energy is ra¬ 
diated in the form of X-rays (see Sec. 21), which indicate 
whether the case is one of electron capture or not. Electron 
capture may be represented by the scheme 

Z A + e- = (Z — 1) A . 

Symbolically, this process is designated as Z A (K) (Z—1) A . 

Both processes—positron decay and electron capture — are 
sometimes observed for one and the same nucleus. To illustrate, 
the radioactive isotope of manganese Mn^ (half-life, 6.5 days) 
in five cases out of one hundred undergoes positron decay and 
in 95 cases, electron capture, converting into a stable isotope 
of chromium, Cr^. This dual transformation into the same final 
nucleus has likewise been established for V 48 , Cu 61 , Zn 85, anda 
number of other nuclei. . 

It is interesting to note that there are cases of triple conver¬ 
sion. The radioactive isotope of copper Culj 4 (half-life, 12.8 hours) 
is converted into tile nickel isotope Ni* 4 via positron decay or 
electron capture and then; by means of electron decay, into 
the zinc isotope Zn“ Similarly, the isotope C f " is converted in 
llie following reactions: CI(£ + )S, Cl (K) S and Cl (fJ _ )Ar. 

It should, however, be noted that cases where a nucleus is 
inclined both to positron (or electron capture) and to electron 
decay are rather rare; usually, each given unstable nucleus is 
subject to one characteristic type of spontaneous transformation. 
The following variation in activity is observed for the isotopes 
of an element as the ratio of the mass number A to the nuclear 
charge Z increases: p + active isotopes, stable isotopes, -active 
isotopes. Obviously related to this regularity is the following: 
nuclear reactions consisting in the addition of a neutron 
lo the nucleus of the initial element, for example, the reaction 
n’-j- p’ a = Fr + Y or dj-j- LiJ = US-|- pi yield the P“-active iso¬ 
lopes Fj" and Li 8 , whereas reactions involving loss of a neutron 
by the initial nucleus, for example, ni-j-Fi , = Fj 8 -]-2nJ or d“-j- 
-j- Bl* = C" + n'„ yield p + -active isotopes (Fl 8 and C"). These 
and similar regularities are very important for the problem of 
Hie structure of atomic nuclei (see Secs. 12, 13, 14), 

12. Structure of the Atomic Nucleus 

Proton-neutron theory of the nucleus. The foregoing facts are ob¬ 
vious indications of the great complexity of the structure cf 
ulomic nuclei. This raises the question of the nature of the 
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particles that make up the nucleus. Before the discovery of the 
neutron, the nuclei « all elements were generally considered to 
consist of protons and electrons (the proton-electron theory ot 

^TMs^view was based primarily on the fact that atomic 
weights are, practically, integers; this had become obvious after 
the discovery of isotopes and had made it possible, due to t e 
smallness of the electron mass as compared with the proton 
mass, to express the mass of any nucleus as a multiple of the 
proton mass. The proton-electron hypothesis goes back to the 
views of Prout (1815), who, in view of the integrality of atomic 
weights, considered that the atoms of all elements consisted ot 

hy The ge pres t ence of protons in atomic nuclei likewise followed 
directly from experiments in the artificial splitting of nuclei. 
The emission of protons (H-particles) by nuclei subjected to 
a-particle bombardment was established in these experiments, 
p-radioactivity — electron emission by the nude, of radioactive 
elements—likewise appeared to be irrefutable proof of the exist 

ence of electrons in the nucleus. , nn 

Moreover, electrons were needed in the nucleus to strengthen 
it since positively charged particles alone (protons) could not 
ensure the high stability of the atomic nucleus. 

The cc-particles emitted by a-active elements were regarded as 
secondary structural elements of the nucleus consisting of the 
basic primary units— tour protons and two electrons. The non- 
elementary nature of the a-particie is obvious from a number of 
nuclear reactions that indicate the possibility of destruction 
and creation of an a-particle, for instance, 

pi -f- Lil = 2at 
or 

d? + T; = a* + nJ. 

However, the assumption of electrons in the nucleus encountered 
unsurmountable difficulties in explaining certain things and 

was dropped as not being true lo fact. * tit ; n 

One of the chief objections to the presence of electrons in 
the atomic nucleus is the following. As will be shown in t e 
next chapter, the electron (irrespective of whether it is in the 
free state or is bound in an atom) possesses a specific angular 
momentum— spin —and a magnetic moment proportional to it. 
in electron interactions, both the magnetic moments and angular 

momenta combine according to a definite law and .iTJntfan^uUr 
total (resultant) magnetic moment and a total (resultant) angular 
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momentum of the system. And, according to the law of addition 
of momenta, the resultant spin of a system consisting of N 
electrons will have one of the following values (in units of h = 

= h/2n): 1/2 N, 1/2 N— 1, 1/2 N — 2.1/2 or 0, depending 

on whether the number N is odd or even. 

From this it follows, in particular, that when the number of 
electrons is odd, the resultant spin cannot be less than the spin 
of one electron (equal to 1/2 in the accepted system of units). 
Obviously, the same is true for the magnetic moment of the 
system. 

Like the electron, the proton also has angular momentum (spin) 
and magnetic moment, and the spin of the proton is equal to 
that of the electron, while its magnetic moment is three orders 
of magnitude less than the magnetic moment of the electron. 
For this reason, if we assume that the nucleus is built up of 
protons and electrons, we would have to expect that nuclei 
with an odd number of electrons and an odd total number of 
particles should have odd spin and a magnetic moment not less 
than of the order of the magnetic moment of the electron. 

Such are all nuclei of even mass number A and odd atomic 
number (nuclear charge), for example, the nuclei of Lij and N, , 
since for them the number of electrons, equal to A — Z, will 
always be odd. Thus, for Li', the number of electrons is A — Z = 3 
and the number of protons and electrons 2A — Z — 9. Conse¬ 
quently, the total spin of the nucleus in this case should be 9/2, 
7/2, 3/2 or 1/2, whereas experiment yields a spin of 1. For an 
N} 4 nucleus, we have, respectively, A — Z = 7 and 2A— Z=2\, 
which again gives a half-integral total spin (21/2, 19/2, 17/2, 
15/2, 13/2, 11/2, 9/2, 7/2, 5/2, 3/2, and 1/2). But in this case, 
too, experiment gives a whole number, 1. The same discrepancy 
is observed in respect to the magnetic moments of Li^ and N’, 4 . 
Due to the odd number of electrons (3 and 7), these should have 
values of the order of the magnetic moment of the electron. In 
actuality, however, the magnetic moments of the nuclei are in 
all cases, including those of Li' and N 14 , several orders of mag¬ 
nitude less than the electronic moment. 

These facts in themselves are sufficient for rejecting the hy¬ 
pothesis of nuclear electrons, which is contradicted by a series 
of other facts as well. 

All these difficulties disappear if we assume that nuclei are 
built up of protons and neutrons instead of protons and electrons. 
This idea, first expressed by Chadwick in 1932, was developed in 
the works of Heisenberg, Tamm, and Ivanenko that appeared in 
the same year. A detailed study of the new model of the nucleus 
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showed that it is in excellent agreement with experiment and, 
apparently, is the only correct one. 

On the proton-neutron theory, the nucleus with mass number 
A and charge Z contains Z protons, which determine its charge, 
and A —Z neutrons. Thus, the deuterium nucleus D\ contains 
one proton and one neutron, the helium nucleus He£, two pro¬ 
tons and two neutrons, the lithium nucleus Li s , three protons 
and three neutrons, the flourine nucleus F^, 9 protons and 10 neu¬ 
trons etc. The presence of neutrons in the nucleus follows directly 
in part from the foregoing reactions and also from an enormous 
number of other nuclear reactions that have been studied for 
instance, from neutron capture reactions and the corresponding 
reverse photonuclear reactions, and also from reactions (n, 2n), 
which involve capture and emission of neutrons by nuclei. Since 

by independent experiments 
it was established that neu¬ 
trons, like protons, have spins 
of 1/2 (in units of h), the 
coincidence of one of the cal¬ 
culated values of spin with 
the measured value can like¬ 
wise be regarded as experi¬ 
mental proof of the presence 
of neutrons in atomic nuclei. 
For example, from the rule of 
addition of spins we obtain 
integral values 1 and 0 for 
the spin of a deuteron (D), 
the first of which coincides 
with the experimental value 
(1); for the spin of a triton 
(T), the values 3/2 and 1/2 
(experimental, 1/2), for He 4 , 
2, 1, and 0 (experimental, 0), 
for Li 9 , 3, 2, 1 and 0 (expe¬ 
rimental, 1), for Li 7 , 7/2, 
5/2, 3/2, and 1/2 (experimen¬ 
tal, 3/2), etc. 

Experiments in the splitf ing of atomic nuclei with fast cosmic 
particles give one of the most vivid proofs of the correctness of 
the proton-neutron theory of the nucleus. Due to their very high 
energies, which run into thousands of millions of electron-volts 
(GeV, or BeV) f cosmic-ray particles are capable of breaking up 
an atomic nucleus into all its component particles. 



. b) ♦ | 


Fig. 10. Splitting of a carbon nucleus (a) 
and a silver nucleus (b) by cosmic par¬ 
ticles (after Zhdanov). C yields 6 proton 
tracks, Ag, 47 
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Fig. 10a and b shows two pictures of such a break-up of carbon 
and silver nuclei. The pictures were obtained with nuclear 
emulsions. Only proton tracks are recorded since only protons 
possess ionising power and, hence, display photographic action. 
The first photograph (Fig. 10a) reveals six proton tracks, and 
according to the proton-neutron theory, the carbon nucleus C ia 
actually contains six protons (and six neutrons). 

Fig. 10b (the disintegration of an nucleus, which con¬ 
tains 47 protons) shows 47 such tracks. It will be noted that if 
the proton-electron hypotheses were valid, 12 tracks would be 
expected in the first case and 107-109 tracks in the second. 

Nuclear transformations accompanied by the emission of 
a-particles show that two protons and two neutrons tend, to form 
a stable complex —Het nuclei, which are readily formed in the 
process of nuclear transformation and, possibly, even exist as 
a "whole” in certain nuclei. In the latter case, the a-particles 
should exist in the nucleus as independent structural units. 
This point of view, which finds expression in the so-called 
a-model of the nucleus (in this model, the nucleus, at least for 
all light elements with A a multiple of 4, consists of ce-par- 
ticles), is somewhat corroborated in investigations of the photo- 
disintegration of C 12 and 0“ nuclei by hard y-photons. The 
"photographs” obtained by the photoemulsion technique occa¬ 
sionally reveal a-particle tracks emanating from a single point 
("stars”), which point to a single- source of all the a-particles 
forming the star. For example, when C 1S is irradiated with 
y-photons of energy of tens of MeV, we observe three-pronged 
stars whose origin must be associated with the reaction 

Y 4-C = 3at 

The irradiation of O 18 nuclei reveals four-pronged stars (the 
process is y-\-Q™ — Aat). 

It may be that phenomenon of a-decay, which is so widespread 
among the heavy elements,* and also observed cases of a-par- 
ticle emission in nuclear fission** should likewise be regarded 

as an indication of a more or less separate existence of He* groups 
in nuclei. 

The foregoing data, of course, do not in any way affect 
the conclusion (p. 60) concerning the nonelementary nature of 


* For the lighter elements, a-activity has been established in samarium 
Sm’g 8 , which has a half-life of 1.4X10 11 years. 

** It has been found, in the fission of U 235 , that an a-particle is ejected 
in one out of 220 cases, a proton, in one out of 5000. 

























64 


ATOMIC NUCLEUS 


[Ch. 2 


a-particles. To the foregoing tacts that demonstrate the possibil¬ 
ity of creation and destruction of a-particles, we may add the 
following. The detection of protons (by means of photoemulsion 
techniques) in the irradiation of helium with hard y-photons 
testifies to the possibility of the photo-dissociation of He nuclei. 
In exactly the same way, observations of two-pronged stars 
produced by 90-MeV-neutron irradiation revealed the following 
processes of destruction of He* nuclei: in 47 cases out of 90, 
He 4 nuclei decayed into p-f-t, in 18, into d + t, in 14, into 
p_Ud (4-n), in 10, into d -pd, and in one case, into p + p ( + 2n )- 
The relatively low probability of the latter type of decay is 
undoubtedly due to the fact that it requires the greatest 

^Theory of (1-decay. After eliminating the difficulties from the 
hypothesis of nuclear electrons, the proton-neutron theory of the 
nucleus encountered new difficulties. The chief one was the nec¬ 
essity" of interpreting the fl-decay of nuclei, that is to say, the 
emission of electrons by nuclei which do not contain electrons. 
!t must be stressed here that in fl-decay the electrons are emit¬ 
ted by the nuclei. This follows directly from the attendant 
increase in the nuclear charge (displacement law). It should also 
be noted that the hypothesis of nuclear electrons does not eli¬ 
minate the difficulties involved in the discovery of positron 

Overcoming the difficulties of the theory of fl-decay involves 
the problem of the nature of the proton and the neutron. Accord¬ 
ing to the theory of Heisenberg and Majorana (Sec, 14), the 
interaction of protons and neutrons (which ensures the stability 
of the atomic nucleus) presumes that an exchange of electric 
charge is possible between these particles. IE the proton is consid¬ 
ered the elementary particle, and the neutron is regarded as 
a complex particle consisting of a proton and an electron, then 
the electron will be the exchanged charge. But if the neutron 
is considered the elementary particle and the proton is regarded 
as consisting of a neutron and a positron, then the positron 

will be this charge. . . , 

A proper solution to the problem of the elementary nature 
of the proton and the neutron proceeds from the concept that 
both the proton and the neutron designate two different states 
of one and the same particle, which we shall call the nucleon, or 
heavy particle (to distinguish it from the light particles, electron 
and positron). This is the underlying concept of the present 
theory of p-decay (Fermi, 1934). On this theory, p-decay is re¬ 
garded as the transition of a nucleon from one state into anoth¬ 
er accompanied by the emission of an electron (P“-decay) or 
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a positron (P + -decay), just like the transition of an atom from 
one energy state to another is attended by the emission of a light 
quantum, or photon. Obviously, an electron is ejected in the 
transition of a nucleon from the neutron to the proton state 
(n —*p), while a positron is ejected in the reverse transition 
(p—► n). In other words, p-decay of a nucleus may be regarded 
as some sort of generation of a light particle in the same sense 
as we speak of the production of a photon when it is emitted 
by an atom. 

The production of an electron or positron in p-decay is the 
result of a change in the internal energy of the nucleus. Earlier 
(p. 57) we learned of another case of the production of light par¬ 
ticles at the expense of the energy of y-radiation. In this case, 
an electron-positron pair is always produced, for otherwise the 
law of conservation of electricity would be violated and also the 
law of conservation of angular momentum. A more detailed 
consideration of the process of production of a p-particle in the 
P-decay of an atomic nucleus shows that in this case, too, 
there must be a simultaneous generation of a pair of light 
particles. 

Above all, we are led to this conclusion by general theoreti¬ 
cal reasoning based on the conservation laws. Indeed, the law of 
conservation of electricity is fulfilled here, because when a p-part- 
icle is ejected by the nucleus, the charge of the latter changes 
by a corresponding magnitude. However, a p particle has angular 
momentum (spin) in addition to charge. For this reason, accord¬ 
ing to the law of conservation of angular momentum, simulta¬ 
neously with the ejection of a p-particle together with its spin, 
there must arise, in the nucleus, an angular momentum equal 
in magnitude to the spin of the p-particle (but opposite in 
direction). But, as has already been pointed out, the angular 
momentum of the nucleus is determined by the mass number, 
and since the mass number in p-decay remains unchanged, it 
likewise must remain constant. The only way out of this diffi¬ 
culty is to assume that a second light particle (with spin equal 
but opposite in direction to that of the p-particle) is emitted by 
the nucleus together with the p-particle. 

This second particle should not have any electric charge, 
otherwise the radioactive displacement law will not hold. Such 
a particle—the neutrino —was introduced by Pauli in 1933 tn 
connection with yet another grave difficulty that was encountered 
in the theory of p-decay. This difficulty is connected with the 
energy or the spectrum of p-radiation. While the nuclei-ejected 
a-particles always have a strictly definite kinetic energy (or, to 
be more precise, a set of several discrete values of energy) 











66 


ATOMIC NUCLEUS 


[Ch 2 


characteristic ol each given nucleus, the electrons and positrons 
produced in B“- or 6 + -decay of the nucleus have all kinds of 
velocities ranging from zero to a certain maximum value char¬ 
acteristic of the given nucleus v maI (a continuous spectrum of 
velocities) On the assumption that in (5-decay the nu:leus ejects 
only one light particle (electron or positron), the existence of 
a continuous spectrum of p-radiation appears as an unresolvable 
riddle. Indeed, since in this process the energy of the nucleus 
varies by a strictly definite discrete magnitude, all the B-particles 
that it ejects should have identical velocities; but this is not 

borne out by experiment. . iU . , ,. 

The introduction of the neutrino eliminates this contradiction, 
since the energy liberated in p-decay is now distributed between 
two particles: a p-particle and the neutrino. Thus, the Pauli 
hypothesis at one stroke eliminates both of the above difficulties 
in the theoretical interpretation of the phenomenon of p-decay. 

Repeated attempts were made to detect the neutrino and obtain 
more information about its nature. Most of these attempts were 
aimed at detecting the neutrino when it was formed in p-decay 
or electron capture. One of the trends in this research is to 
measure the energy of the recoil nuclei that appear in electron 
capture. The first measurements of this kind were made by Allen 
(1942) who showed that the energy of a Li 7 nucleus produced 
in the process Be 7 + e = Li 7 + v (where v is a neutrino), is close 
to the computed value if it is assumed that the rest mass of. the 
neutrino is zero. Later, on the basis of measurements of the 
energy distribution of electrons in the p-spectrum of tritium (the 
reaction T s = He 3 -f e-f v), a value of the order of 0.001 of the 
electron mass was obtained for the upper limit of the rest mass 
of the neutrino. Attempts were also made to detect free neutri¬ 
nos. For instance, positron*radiation was recorded and attributed 
to the interaction of neutrinos (emerging from an atomic reactor) 
with protons; the process is v p = n -\- P + . The magnitude of 
the observed effect also yielded the effective cross-section for 
this process which (in agreement with theoretical calculations) 
proved to be of the order of 10-“ cm 1 . Comparing this value 
with the one above (p. 56) for the effective cross-section of the proc¬ 
ess n4-p = d-Rv we see that the probability of a neutrino- 
proton reaction is 3X1°' 8 times less than that of the neutron - 

Pr Summarising! we find that the principal structural elements 
ot atomic nuclei are exclusively heavy particles—protons and 
neutrons (nucleons). There is also the question of the forces that 
bind nucleons together and ensure the great strength of nuclei. 
If will be considered in Sec. 14. 
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13. Dynamics of the Atomic Nucleus 

Energetics of nuclear transformations. Up till now, when con H 
sidering various transformations of atomic nuclei, both sponta" 
neous (a- and p-decay, electron capture) and those produced by 
some form of radiation (nuclear reactions produced by a-particles, 
protons, deuterons. neutrons, photonuclear reactions), we hardly 
at all touched on the energy aspect of these phenomena. This 
aspect comes to the fore when we deal with the forces that bind 
the separate components of the nucleus into a whole. Without 
speaking of the nature of these forces, we nevertheless have no 
doubt that they are forces of attraction. Consequently, in the 
formation of a nucleus of protons and neutrons, a definite energy 
(the binding energy of the nucleus) must be released, like the 
heat of atomisation of molecules, that is, the energy released 
in the formation of a molecule out of its component atoms. 
Obviously, the released energy corresponds to the decrease in the 
energy of the system; in other words, it is equal to the difference 
between the energy of the isolated protons and neutrons and the 
energy of the nucleus. According to the relationship of the 
equivalence of energy and mass, 

E = mc ! , 

a decrease in the energy of the nucleus should be attended by 
a decrease in its mass as compared with the mass of the sepa¬ 
rate protons and neutrons. Therefore, as the measure of the 
energy (thermal) effect of the reaction of formation of a nucleus 
out of its components, or as the measure of the binding energy 
of the nucleus, we can take the difference between the mass of 
the separately taken component protons and neutrons of the 
nucleus and the mass of the nucleus (Am). Denoting the mass 
of a nucleus consisting of Z protons and A—Z neutrons by m, 
and the masses of the proton and neutron, by m p and m n , re¬ 
spectively, we obtain 

Am = Zm p + (A. — Z) m n — m. (13.1) 

The binding energy of the nucleus will, accordingly, be 

AE = Amc s . (13.2) 

Since the binding energy of a nucleus, like the energy effects 
of nuclear reactions, is usually expressed in MeV, we must de¬ 
termine the energy equivalent of unit mass. Taking 1/16 of the 

m Q i 

mass of an oxygen atom for the unit of mass. Am l = -jg-=-^— 
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^inasmuch as an ^ substituting this quantity into 

equation (13.2), we have 



Numerical substitution gives AE, = 1.4915 X 10~' erg or, since 
1 eV= 1.602 X 10" 12 erg, 

AE, = 931.16 MeV. 

The possibility of expressing energy effects in terms of the 
mass of the nucleus and its component particles shows how 
important are measurements of atomic masses in determining 
the degree of stability of nuclei and, in the final analysis, in 

clarifying the nature of the interaction forces of the component 

parts of the nucleus. On the basis of known atomic masses we 
can compute both the energy effects of various nuclear reactions 
and the binding energies of the nuclei. As we have seen, to do 
this we must know the mass of the neutron. 

One of the methods of determining the mass o the neutron 

is to compute the balance of energy in certain nuclear reactions 

involving nuclear disintegration. This method was first applied 
by Chadwick and Goldhaber, and also by Feather For y-fission 
of a deuterium nucleus (deuteron). These authors have shown 

that when deuterium is irradiated with y-rays of ThC (the quanta 
have an energy of 2.616 MeV), the deuterons disintegrate into 
protons and neutrons. The energy balance of this reaction is 
written as 

y = (m p + m n — m d )c* + K, 

where m„ is the mass of the deuteron and K is the total kinetic 
energy of the proton and neutron. By measuring the kinetic 
energy of the proton and considering it equal to the neutron 
energy (as the masses of the two particles are nearly the same), 
one can determine from this equality the binding energy of the 
proton and the neutron in the deuteron, i.e., the quantity 
Am = m 4-m„ — m,. It turns out equal to 2.2 MeV, or 0.0024 
unit of mass. Substituting into the expression for Am the 
values m = 1.0081 and m d = 2.0147 (see Table I), we find 
m = 0.0024 + 2.0147-1.0081 = 1.0090. The latest and more 
accurate measurements of the neutron mass give 

m n = 1.008985 + 0.000002. 

We shall use this value of neutron mass in our subsequent 
computations. 
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By computing the magnitude of Am (13.1)—which charac- # 
terises the nuclear binding energy—from known values of mass 
of the given nucleus m, m p , and m n and dividing this value by 
the number of nucleons A, we obtain the binding energy (in 
units of atomic mass) per nucleon. This quantity may be called 
the specific binding energy of the nucleus 6m. These quantities 
(multiplied by 1000 for convenience) for the stable isotopes of 
light elements (from deuterium to neon) are represented graphically 
in Fig. 11.* It will be seen that the curve of specific binding 



A 

Fig . 11. Specific binding energy of light nuclei 

energies has maxima for isotopes with values of A that are 
multiples of 4 and, in addition, that contain equal quantities of 
protons and neutrons. From this it may be concluded that the 
nuclei of such isotopes are extremely stable. It may be noted 
that this was one of the reasons for supposing that such nuclei 
are built up of a-particles (the a-model of the nucleus). 

Energies of nuclear reactions. Both the binding energy and the 
specific binding energy characterise the stability of the nucleus 
against disintegration into protons and neutrons. These quantities 
could also be used to compute the energies of nuclear reactions. 
But in this case it is more convenient to use a quantity called 
the mass defect ; it is equal to the difference between the mass 
of the nucleus and the mass number A, 

A= m — A, (13.3) 


* Here, only one nonstable isotope was used—beryllium Be 8 , which 
disintegrates into two a-particles (see below). 
























or a quantity obtained from It, fl = A/A, called the coefficient 
of nuclear packing. For convenience sake, the quantities A and 
6 may be multiplied by 1000. 

Let us consider the reaction of 0-decay. The energy of 
•electron decay, i.e., that of the reaction 

ZA = ( Z +l)A + p- +v 

{where v is a neutrino^, is expressed by the’ formula 

Q — c * (m z — m z+1 ), (13.4) 

where m z is the mass of the initial nucleus and m z+] that of 
the final nucleus. Substituting into (13.4) the mass defects (13.3) 
in place of the respective nuclear masses, we obtain 

Q = c*(A z —A z+l ). (13.5) 

Thus, we see that the energy of 0”-decay may be expressed as 
the difference between the mass defects of the initial and final 
nuclei.* 

For positron decay, i.e., for the reaction 
Z A =(Z— 1)A -j-p+_|—v, 

we get 

Q —c* (m z — m z _,) 2c z m e (13.6) 

where m e is the rest mass of the electron. The term 2c 2 m e is 
introduced because in positron decay one electron is lost simul¬ 
taneously with a positron, since the atom of the new element 
no longer contains Z electrons but Z—1 electrons.** Thus, on 
the whole, we have a loss of mass equal to 2m e . Expressing 
Q(13.6) in terms of the mass defects, we obtain 

Q = c 2 (A z — A Z _,) 2c 2 m e . (13.7) 

We note that the quantity 2c 2 m e is equal to 1.02194 AleV, or 
0.0010975 atomic mass (physical units of atomic weight). 

Stable and unstable isobaric nuclei. From the point of view 
of nuclear stability, which is extremely important for the 
theory of the atomic nucleus and for the periodic system of 

* It is easy to show that the quantity Q is expressed in terms of the binding 
energy AE Z and AE Z _|_ 1 by the following formula 

Q — (AE z _^j — AE Z ) -(- c 2 (m n — m p ). 

It will be noted that to the quantity m* — m 0 = 0.0008389 there corresponds 
an energy 0.782 MeV, 

** We must remember that the quantities m are the masses (atomic 
weights) of the atoms, and not of the nuclei, which means they include the 
masses of the electrons as well. 


T/7! V s internes ting to consider the so-called isobaric 
nuclei {isobars) which are nuclei with different charges but the 
same mass numbers. Table 2 gives some of the isobaric nuclei 
found among the light elements. The fifth column gives the 
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column, differences in the mass defects of active and stable' 
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, !. n , T ? ble 2 note the positron activity (p J )'of all nuclei 
(wi h the exception of He 1 ) containing a' surplus number of 
protons as compared with the number of neutrons. This indi¬ 
cates instability of such nuclei. Some authors associate this with 
the mutual repulsion of protons. The F^ nucleus is unstable 

S'fnr th M eq n al nuariber 1 of protons and neutrons; and this 
goes for all subsequent nuclei containing an equal number of 

protons^and neutrons, with the exception of Sif 4 , Sj* Ar ifl 

and Cato 0 , which have even Z. Ca“ is the last' stable isotope 

nnfn+ h f ?u P + °/ nucle ‘ under consideration. It is important to 
p int out that for nuclei with the same ,number of protons and 
neutrons but with odd Z, the series of stable nuclei comes to 
an end with the Nj 4 nucleus. Now nuclei with Z>7 are either 
rad'oactive or are simply undetectable due to their low stabi- 
ilty V? e ^ U f !ei y 1 . 1 * 1 sufficiently large even Z. Whence we mav 

even U 7 6 Th* nUC 61 , w . lth odd Z are less stable than nuclei with 
rh . ls conclusion likewise follows from the curve of 
specific binding energy of light nuclei shown in Fig. 1H the 

o'"'™?* ° f this curve corr espond to nuclei with odd Z: Li, 8 , 

In accordance with the reduced stability of nuclei with excess 

fh.t m h e ma$S ° P + - active nuclei comes out greater than 
that of the corresponding isobaric stable nuclei. Here the 
greater the mass difference (and, hence, the difference in’mass 
defects) the shorter the half-life (Table 2) and, hence the 
greater the probability of radioactive transformation of an 
unstable nucleus. On the Fermi theory, the radioactive trans- 

naM^le 0 ^ 0 +n heSe r l uclei ' s yarded as a transition of a heavy 
S r Pt ( he nucleus from the proton to the neutron stated 
' Inch results in a nucleus of an appropriate stable isobar: 
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-B ] 1 

F"- 


N "—c;*, n;* —c, o; 4 ->nj 4 , o; 

-Or,F: a ->or, NeJo’ — Fi*. 


n; 5 , 


t n ^ ?u b !u 1SObarS Wlth two surplus neutrons (see 
Table 2) with the exception of Ol 9 and Ne“ and tritium which 
is unstable even with the single surplus neutron. From the 
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sixth column of Table 2 it is seen that the nuclei of all these 
isobars have an appreciable excess of energy over the corre¬ 
sponding stable isobar, and, via electron emission (P'activity; 
one nucleon converts from the neutron to the proton state), 
they are transformed into the nucleus of the stable partner: 


HeJ— >L\$, 
Cg 5 —►N 1 7 B i 


LiJ—► Be*, Bel 0 — Bi°, Bl* —C 1 , 1 , C->N“ 

n; 6 — o i a , n; t — o i\ ft —Nej;. 


We note that both in the case of and (Inactive nuclei the 
half-life is directly (but in the inverse sense) dependent on the 
mass difference of isobaric nuclei. 

Whereas nuclei with even Z and an excess of two (or more) 
neutrons are stable beginning with 0\* nuclei .(see above), in 
the case of odd Z the first stable nucleus with excess neutrons 
(in this case, three neutrons) is that of Cl". Again there is a 
greater stability of nuclei with even Z over those with odd Z. 

From data on the masses of isobaric elements it follows that 
the masses of isobars for each mass number A fie on a smooth 
curve with a pronounced minimum, * depending on the differ¬ 
ence between the number of neutrons and the number of pro¬ 
tons in the nucleus. A stable isobar is one with least mass; 
obviously, the values of the numbers of protons and neutrons 
corresponding to a minimum in the curve are those “optimum” 
values which, for a given number .of nucleons A, ensure greatest 
stability of the nucleus. Electron-active nuclei result from an 
excess of neutrons over those with optimum values, positron* 
active nuclei result from a neutron deficiency. 

As Z increases, the number of neutrons both in stable nuclei 
and in the nuclei of radioactive isotopes more and more exceeds 
the number of protons. Towards the end of the Periodic Table, 
the nuclei of heavy elements contain approximately two protons 
to three neutrons. For the nucleus of gold Au™ 7 we have 

(A ~ , for the nucleus of bismuth BiJJ®, etc. From 

the point of view of Coulomb interaction of protons, the stabi¬ 
lising action of such “diluting” with neutrons may be accounted 
for by the increasing size of the nucleus and, consequently, the 
greater mean distance between protons, in other words, by the 
decreasing forces of mutual repulsion of the protons. 

It will readily be seen that such an explanation does not 
contradict the fact of the existence of a stability threshold of an 

* In the case of isobars with an even number of protons and neutrons 
(even-even nuclei) and with an odd number of both (odd-odd nuclei), we 
have two such curves: for even-even and odd-odd isobars. 
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or a quantity obtained from it, 8— A(A, called th q coefficient 
of nuclear packing. Fo& convenience sake, the quantities A and 
8 may be multiplied by 1000. 

Let us consider the reaction of (5-decay. The energy of 
electron decay, i.e., that of the reaction 

Z A = (Z +l)A+p-+ v 

{where v is a neutrino), is expressed by the formula 

Q = c 2 (m z — m z+1 ), (13.4) 

where m is the mass of the initial nucleus and mz+i that of 
the final ^nucleus. Substituting into (13.4) the mass defects (13.3) 
in place of the respective nuclear masses, we obtain 

Q = c 2 (A z -A z+1 ). (13.5) 

Thus, we see that the energy of (5"-decay may be expressed as 
the difference between the mass defects of the initial and final 
nuclei.* 

For positron decay, i.e., for the reaction 
Z A =(Z — 1) A +P + + v, 

btt Q = c 2 (m 7 — m z _ 1 ) + 2c 2 m e (13.6) 

“where m e is the rest mass of the electron. The term 2c m e is 
introduced because in positron decay one electron is lost simul¬ 
taneously with a positron, since the atom of the new element 
no longer contains Z electrons but Z—1 electrons.** Thus, on 
the whole, we have a loss of mass equal to 2m e . Expressing 
Q(13.6) in terms of the mass defects, we obtain 

Q = c 2 (Az Az—i) + 2c 2 m e . (13.7) 

We note that the quantity 2c 2 m e is equal to 1.02194 MeV, or 
0.0010975 atomic mass (physical units of atomic weight). 

Stable and unstable isobaric nuclei. From the point of view 
of nuclear stability, which is extremely important for the 
theory of the atomic nucleus and for the periodic system of 


* It is easy to show that the quantity Q is expressed in terms of the binding 
energy AE Z and AE Z+1 by the following formula 

Q — (AE z _|_i AE Z ) -f- c 2 (m n mp). 

It will be noted that to the quantity m„ — m p = 0.0008389 there corresponds 
an energy 0.782 MeV. 

** We must remember that the quantities m are the masses (atomic 
weights) of the atoms, and not of the'nuclei, which means they include the 
masses of the electrons as well. 
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isotopes, it is interesting to consider the so-cailed isobaric 
nuclei (isobars), which are nuclei with different charges but the 
same mass numbers. Table 2 gives some of the isobaric nuclei 
found among the light elements. The fifth column gives the * 
activity of the unstable nuclei and their half-lives, the sixth 
column, differences in the mass defects of active and stable 
isobars (in mass units multiplied by 1C00) A*—A. 

In Table 2 we note the positron activity (p + ) of all nuclei 
(with the exception of He ! ) containing a surplus number of 
protons as compared with the number of neutrons. Phis indi¬ 
cates instability of such nuclei. Some authors associate this with 
the mutual repulsion of protons. The Fl 8 nucleus is unstable 
despite the equal number of protons and neutrons; and this 
goes for all subsequent nuclei containing an equal number of 
protons and neutrons, with the exception of Mg“, Si?*, Sj 2 , Ar“' 
and Cal 2 , which have even Z. Ca*j is the last stable isotope 
in the group of nuclei under consideration. It is important to 
point out that for nuclei with the same number of protons and 
neutrons but with odd Z, the series of stable nuclei comes to 
an end with the N 1 , 1 nucleus. Now nuclei with Z>7 are either 
radioactive or are simply undetectable due to their low stabi¬ 
lity, like nuclei with sufficiently large even Z. Whence we may 
conclude that nuclei with odd Z are less stable than nuclei with 
even Z. This conclusion likewise follows from the curve of 
specific binding energy of light nuclei shown in Fig. IT: the 
minima of this curve correspond to nuclei with odd Z: LiJ, 

b’°, n;\ 

In accordance with the reduced stability of nuclei with excess 
protons, the mass of p + -active nuclei comes out greater than 
that of the corresponding isobaric stable nuclei. Here, the 
greater the mass difference (and, hence, the difference in mass 
defects), the shorter the half-life (Table 2) and, hence, the 
greater the probability of radioactive transformation of an 
unstable nucleus. On "the Fermi theory, the radioactive trans¬ 
formation of these nuclei is regarded as a transition of a heavy 
particle of the nucleus from the proton to the neutron state, 
which results in a nucleus of an appropriate stable isobar: 


c : # —b 
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Nl' — Ci*. 
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■n;\ o; 


n; 5 , 


Also unstable are isobars with two surplus neutrons (see 
Table 2), with the exception of Ol* and Ne? 2 and tritium, which 
is unstable even with the single surplus neutron. From the 
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element, which finds expression in the fact that all heavy ele¬ 
ments beginning with Dolonium (Z = 84) are radioactive, i.e., 
they have unstable nuclei. Indeed, since in this case it is a ques¬ 
tion of the a-activity of heavy nuclei, one should expect that 
nuclear stability should significantly involve other factors in 
addition to the stabilising action of “neutron dilution”. Here, 
one of these factors is undoubtedly the energy of the reaction: 

Xz = Yz-j 4 -\- Hej 

where X is the initial and Y the final nucleus. The influence 
of this factor is clearly seen when considering Fig. 12, which 

gives the energy of a-decay 
computed from the formula 

Q = (mx—m y —m He ) c 2 (13.8) 

from the masses of atoms X, 
Y and He 1 for the following 
isotopes: stable — Hg!o 0 ’ 

H g r, tc , pb a 8 r, Pbii\ ' 

Pb™ , Pb 2 ° 8 , Bi 2 r, and a-ac. 
tive— Bit" (AcC), P<C, Rn 222 , 
Ra 22 \ Th 2 ", U: 2S . From Fig. 
12 it is seen that near the 
stability threshold (element 
83, bismuth, is the last stable 
element), when passing to 
heavy elements there is a 
sharp increase in the energy 
Fig- 12. Reaction energy of a-decay in of a-decay; this increase points 
heavy elements * to a direct relationship bet¬ 

ween the stability of the 
nucleus with respect to a-decay (or the probability of a-decay) 
and the energy effect of this reaction. 



14. Nuclear Forces 

Properties of nuclear forces. In connection with the question 
of the size of atomic nuclei we have already (p. 43) spoken of the 
existence of special nuclear forces of attraction operating be¬ 
tween the nuclear particles at distances close to the sum of the 
radii of these particles and falling off rapidly with distance. The 
magnitude of these forces may be judged by the binding energy 
of nuclei, which is many orders of magnitude greater than the energy 
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of the chemical bonds in molecules. Indeed, comparing the 
binding energy of the proton and neutron in a deuteron, which is 
2.23 MeV, with the energy of chemical coupling of a proton 
and H atom in a molecular ion of hydrogen which is 

2.65 eV, we see that the former quantity exceeds the latter by 
six orders of magnitude. At distances of the order of nuclear 
dimensions, nuclear forces also exceed the electrical forces of 
Coulomb interaction of charged particles. For example, assuming 
that the difference in the binding energies of two isobaric nuclei, 
tritium Tl and the light isotope of heiium HeL 8.49 — 7.73 = 0.76 
MeV, is due to the energy of mutual repulsion of protons in 
the He 2 nucleus, on the basis of the Coulomb law we have 

.1 = 0.76 MeV, 

whence we get r = 1.9X10"“ cm f° r the distance between pro¬ 
tons in the He’ nucleus. Since this number practically coincides 
with the deuteron radius a=1.8X 10'“ cm computed from for¬ 
mula (9.6), which should be dose to the distance between pro¬ 
ton and neutron and, hence, also between two protons in the 
nucleus, we can compare directly the above obtained value of 
the energy of Coulomb interaction between two protons with 
the energy of nuclear interaction of proton and neutron in a 
deuteron. From this comparison it follows that at a distance 
equal to the radius of the deuteron, the force of nuclear attrac¬ 
tion is ~ = 3 times that of Coulomb attraction. 

0*76 

From this calculation it also follows that the forces of 
nuclear attraction between proton and neutron should be the 
same as between proton and proton or between neutron and 
neutron, that is to say, these forces are independent of the 
electric charge of the nucleon. This extremely important conclu¬ 
sion is also supported by other data, for instance, the results 
of studies in the scattering of protons and neutrons by protons. 

Further, from the conclusion of the small range of nuclear forces 
it follows that the nucleons should interact only with their 
immediate neighbours in the nucleus. This conclusion is corroborat¬ 
ed by the following data that refer to nuclear binding energy. 
Let us first consider the nuclei D?, Tj, He 2 , and He£, for which 
we may assume direct contact between all nucleons. In this 
case, the number of bonds between each pair of nucleons in the 
nucleus is expressed by the formula 1/2 A (A —1), from which 
we have 1 for D 2 , 3 for T 2 and He 2 , and 6 for He 4 . Consider¬ 
ing all bonds equivalent and disregarding Coulomb repulsion of 
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protons we must conclude that the separate binding energies 
in the’above nuclei should approximately be in the ratio of 
1:2:2:3. Computing frtyn the nuclear masses the corresponding 
values of specific binding energy, we obtain C1J ; 2.83; 2,58, 
and 7.08 MeV; these figures are in the ratio 0.8:2.0:1.9:5-0, 
which approximately corresponds to that obtained •‘theoreti¬ 
cally" It must be pointed out that one cannot expect complete 
coincidence because, for one thing, the dependence of nuclear 
forces on nucleon spin is disregarded (see below). We note that 
one of the consequences of this dependence is the particularly 
great strength of the two proton-two neutron system (the He 
nucleus), which is manifested in its high binding energy. * 



Fig. 13. Specific nucleus binding energy as a function of mass number A 


Associated with the short range of nuclear forces is also the 
approximate constancy of the specific binding energy observed 
in all stable isotopes, with the exception of the first ten iso¬ 
topes of the lightest elements* as may be seen from the curve 
of specific binding energy (expressed in MeV) versus mass num¬ 
ber given in Fig. 13. Near A=10, 6E attains 7.0 MeV, then 
passes through a flat maximum at A = 50 —60 which corre¬ 
sponds to 6E —8.8 and with further increase in A it begins to 
decline slowly approaching 7.6 MeV near A = 240. The approx¬ 
imate constancy of the specific binding energy finds a simple 
explanation in the fact that given a sufficiently large number 
of nucleons in the nucleus, each nucleon will be in direct con- 


* A manifestation of the great stability of the a-particle may also be 
found in the instability of the He, nucleus against (a + n)-decay, the Li, 5 nu¬ 
cleus against (a + p)-decay, Be*, against 2oc-decay, and BJ, against 
(2a -f- p)-decay. 
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tact only with a limited number of surrounding nucleons; as 
a result, the expression 1/2 A(A —1) for the binding energy of 
a nucleus, whicn expression presupposes the interaction of each 
nucleon with all the other nucleons in the nucleus, cannot be 
valid even approximately. From the approximate constancy of the 
specific binding energy it follows that the binding energy of the 
nucleus must be proportional to the number of nucleons A in 
the given nucleus. On the other hand, according to equation 
(9.6), we have A — a\ whence it follows that the binding energy 
AE must be approximately proportional to the volume of the 
nucleus 4/3 ita 5 . 

Ft will be noted that similar relations occur in the case of 
a liquid drop, the energy of which is also proportional to its 
volume; this is due to the rapid decrease in the forces of mu¬ 
tual attraction of molecules with distance, as a result of which 
each molecule interacts only with its immediate neighbours. 
This analogy led to the iiquid-drop model of the atomic nucleus, 
which was developed by Frenkel and Niels Bohr and which proved 
extremely fruitful in the interpretation of a variety of nuclear 
properties, and above all the fission of heavy nuclei (see below). 

The liquid-drop model of the nucleus was utilised by Weizsack- 
er for computing the binding energy of atomic nuclei. The 

formula he derived for the specific binding energy is* 

% 

6E = a — p (N ~ Z)! — yA— xZ 2 A(14.1) 

where a, fi, y, and x are constants. The first two terms in 
(14.1) express the portion of energy due to nuclear forces and 
reflect the experimental fact that in the case of light nuclei, 
when Coulomb repulsion of protons plays a comparatively slight 
lore, the stablest nuclei are those containing an equal number 
of protons and neutrons. The quantity a is the energy of nu¬ 
clear interaction when N = Z. The symmetrical shape of the 

function (N T. Z) - is in accord with the fact that the nuclear 
A* 

forces are independent of the nucleon charge. 

The term yA~~ in formula (14.1) corresponds to the surface 
energy of a liquid drop and expresses the simple fact that the 


* The binding energy is usually normalised so that the energy of a nu¬ 
cleus divided into nucleons at infinite recession is assumed equal to zero. 
Given this normalisation, the energy of the nucleus, being (in absolute mag¬ 
nitude) equal to the binding energy, will obviously be negative and equal to 
—AE due to the fact that energy is liberated when a nucleus is formed out 
of nucleons. 
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nucleons on the surtace of the nucleus are more weakly bound 
than those inside the nucleus; this leads to a reduction in ^ 
mean binding energy*of the nucleons in the nucleus. The surface 
energy of the nucleus, considered as a liquid drop, is, obviously, 
proportional to the magnitude of the surface, tha ls q to th i ^ 
of the radius of the nucleus. Whence, because of tin’ 

for the portion of specific binding energy due to surface ten- 

fct/l 

sion”, a quantity proportional to^-^A" 1 ' 1 . 

Finally the last term in (14.1) expresses the energy o 

Coulomb 'repulsion ol protons. Considering the nucleus as a nnn 
formly charged sphere of radius a, possessing a charge ie, 
will have for the energy of Coulomb repulsion of protons, 

or, using expression (9.6) and putting the numerical factor equal 
to a we get - (Ze| _ 2 A _! f or the specific energy. From this 

expression it follows” that the constant x, which is equal to 

IS, mm be computed directly, since the quantities e and a 0 

a Ho kn ™ “^^h: 

•nuation (14 1) by means of the following empirical constants 
q l a ° ( B = 20 S v= 15.4 and the earlier obtained constant 

“ = 0.6. As may be \een Irom ibis plot, , ,h ? ?S2Sl ™ugh on 
of the specific binding energy (open circles) fal H 
curve with the exception of the initial portion 
where the liquid drop model of the nucleus, which presumes 
a sufficiently large number of nucleons in the nucleus, map 

Pl Nature of nuclear forces. From the foregoing, very incomplete 
consideration of experimental Lets we ob amed some . ea o 
the properties of nuclear forces without co^derm^wture 
of these forces. The present approach to th *X es °rf sml- 
problem of nuclear forces starts from certain features ^ sim 
lnritv between the properties of nuclear and che { * 

2 BoTh rapidly fall off with distance are ‘"dependent o 
the charge of the interacting particles, but depend “ p “"ltv i 
spin, and are capable of saturation. The saturation f act P 1hat an 
chemical forces is exhibited, for example, in , . c 

atom of oxygen is capable of adding only one o . 

hydrogen to form the stable molecules HO and H,0 .there being 
no such molecules as H.O, H.O, etc. In exactly the same way, one 
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proton can bind only one or two neutrons (in the nuclei of D\ 
and T-i), and a neutron can bind not more than two protons 
(in a He* nucleus). This similarity of chemical and nuclear 
forces suggested the solution of the latter problem to be sought 
along the same lines that led to the solution of the problem of 
chemical forces. 

The latter problem was solved by means of quantum mechan¬ 
ics. This will be considered in the necessary detail in Chap¬ 
ter 7. Here we shall confine ourselves only to concepts under¬ 
lying one of the approximate quantum mechanical methods of 
molecule analysis and used in broad outline for a quantum- 
mechanical interpretation of nucleon interaction. 

Within the framework of these concepts, the approximate 
solution of a chemical problem can start from a consideration 
of two (or several) conceivable states of the molecule (that occur 
at large distances between nuclei). We take a molecular ion of 
hydrogen H^ as the- simplest molecule; when evaluating its 
energy, account is taken of the states that correspond to the 
following two configurations of the H 2 + molecule: 

H + —H and H — H + . 

Transition from a state corresponding to one configuration to 
a state corresponding to the second configuration is obviously 
possible as transition of an electron from the nucleus with 
which it is bound in the H atom to the other, bare, nucleus. 
Since the electron changes its positive partner, this and similar 
processes are generally called exchange processes. As a result of 
continual exchange, which symbolically may be represented as 
H^=H + or H^rtp (p stands for proton), there arises a state of 
the H 2 + ion which may be regarded as the result of the super¬ 
position of two states that correspond to the foregoing configu¬ 
rations. Computation of the energy of this state shows that 
electric forces of attraction develop between the particles that 
make up the molecule. These forces are called exchange forces . 

The interaction of neutral particles, for example, atoms of H 
in the H 2 molecule, may likewise be regarded from the view¬ 
point of superposition of states. In this case, too, the exchange 
forces ensure the molecule a high stability. These forces fall off 
rapidly with distance, in the simplest case approximately in 

accord with the law e r (where C is a constant). One of the 
distinguishing features of exchange forces is their dependence 
upon the mutual orientation of the electron spins. In particular, 
it turns out that for anti-parallel orientation of spins, H atoms 
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attract to form a stable H, molecule, while for parallel orienta¬ 
tion they repulse and no molecule is formed (see Ch. 7). 

According to th^ Heisenberg-Majorana theory, a superposition 
of states similar to that which occurs in the chemical interaction 
of atoms may also be invoked to describe particle interaction 
in a system consisting of protons and neutrons, that is to say, 
in an atomic nucleus. For instance, by analogy with the H 2 + 
ion, the state of a deuteron may be symbolically represented 
as n^p. Continuing the analogy, we may assume that exchange 
interaction occurs also between two protons or two neutrons 
(in the latter case, the H 2 molecule is the chemical analogy); 
this, to some extent, accounts for the fact that nuclear forces 
are independent of the nature of the interacting nucleons. It 
may also be noted that this analogy goes still further in that 
the nuclear forces, like chemical exchange forces, depend upon 
the direction of spin. A cogent experimental proof of the depend¬ 
ence of nuclear forces on orientation of spins is the observed 
difference in cross-sections for slow-neutron scattering on two 
modifications of hydrogen — ortho- and parahydrogen (see Sec. 36); 
it was found that at 20° K the cross-section for neutrons 
scattering on molecules of parahydrogen (the spins of both 
protons are anti-parallel) is approximately 30 times the cross- 
section for scattering on molecules of orthohydrogen (proton 
spins are parallel). 

It was originally supposed that underlying the exchange 
interaction of nucleons is the emission of a p-particle and a 
neutrino by a single nucleon and absorption of these particles 
by another one, similar to the exchange interaction of an H 
atom with a proton, where one may speak of the emission of 
an electron by an H atom and of its absorption by a proton 
(with the formation of a fieutral H atom). However, a quanti¬ 
tative evaluation of the forces arising in the exchange of a 
P-particle and a neutrino carried out by Tamm and others 
showed that these forces are many orders of magnitude weaker 
than nuclear forces. 

As far as quantitative agreement between theory and experi¬ 
ment is concerned, we may also, apparently, consider a second 
attempt to reveal the nature of nuclear forces that was made 
by Yukawa (1935) to be just as groundless. He started from the 
premise that the exchange interaction of nucleons is effected by 
means of particles heavier than electrons but lighter than pro¬ 
tons. Particles of this kind with mass about 200 electron ma.sses 
were discovered in 1937 with the Wilson cloud chamber in 
cosmic radiation by Anderson, who called them mesons. Later 
it was shown (Williams, 1940) that mesons have a short life- 
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time and decay (depending on the sign of their charge) with 
the emission of an electron or positron (and, obviously, a neu¬ 
trino). Subsequently, Powell (1947) succeeded in proving that 
the source of these mesons, called p-mesons (\x+- and jjT-mesons), 
are particles with mass about 300 electron masses, or n-mesons, 
which are also present in cosmic radiation and which decay 
with the emission of a p-meson and a neutrino: -|^v 

and jt"—+ Later, jt-mesons were likewise obtained in 
the laboratory. Also discovered were neutral ji- me so ns (jt°) that 
arise in collisions of fast protons with nuclei; later, they were 
discovered in cosmic radiation as well. 

In contrast to p-mesons, which interact very weakly with 
nuclei jwnesons are strongly absorbed by the latter, whence 
it follows that the forces acting between mesons and nucleons 
are particularly great in the case of sr-mesons. This suggested 
that exchange interaction between nucleons is accomplished by 
means of ji-mesons, and the underlying principle of this inter¬ 
action is the emission and absorption of n-mesons. However, 
as has been pointed out above, all attempts at a quantitative 
interpretation of nuclear forces from the point of view of meson 
theory have failed. For this reason, the meson theory concept 
of nuclear forces cannot, at present, be considered substantiated 
to any extent. 

Yet there can hardly be any doubt about the exchange nature 
of nucleon interaction. For one thing, exchange interaction of 
neutrons and protons readily explains the results of experiments 
in the scattering of fast neutrons (energy of the order of 100 MeV) 
by protons, where a large number of fast protons was detected 
moving in the direction of motion of the neutrons. It was shown 
that the appearance of so many fast neutrons cannot be due to 
simple elastic scattering of neutrons and that these protons are 
due to an exchange of charge, i.e., the transformation, into a 
proton, of a neutron moving past a proton at a sufficiently small 
distance, and of this proton into a neutron. 

We may add that the p-activity of nuclei is interpreted as 
the decay of a meson, at the instant of its emission by a nuclear 
nucleon, into an electron or positron and a neutrino. Insofar as 
the conversion of a proton into a neutron (with the emission of 
a positron and neutrino) requires energy, this process is accom¬ 
plished only in the nucleus, accounting for the p + -activity of 
nuclei. Now the transformation of a neutron into a proton, which 
takes place with release of energy, can also occur in the free 
state. In the latter case, the process n—►p-bP“-b' v * s accom¬ 
panied by the release of 0.782 MeV of energy in the form of the 
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maximum energy of emitted electrons; and the neutron is char¬ 
acterised by a half-life of 12.8 minutes. 

Subatomic particles. The problem of the nature of nuclear forces 
is closely connected with that of the nature and interaction 
of subatomic particles that have been discovered in recent years 
during cosmic-ray investigations and in part obtained artificially 
by bombardment of various targets with protons of several BeV 
accelerated in proton synchrotrons. There is now hardly any 
doubt left that the solution of the problem of the nature of 
vouu or . ces *, s be sought in studies of subatomic particles, 
without going into details we will confine ourselves to an enu¬ 
meration of presently known particles and some of their prop¬ 
erties. * 1 

First of all we note that these particles include also the cor¬ 
responding anti pari ides: positron {antielectron), antiproton, anti- 
neutron, etc. Some of these anti particles were first predicted 
theoretically and only later discovered experimentally. Thus, on 
the Dirac theory of the electron there exists a particle with’the 
same mass as that of the electron but with opposite (positive) 
electric charge. The positron turned out to be just such a par- 
tide. In exactly the same wav, on the Dirac theory, the proton 
and neutron should likewise have antiparticles. The antiproton 
(with proton mass but negative charge) was first discovered in 
the laboratory by Chamberlain, Segre, Wiegand, and Ypsilantis 
in 19oo through an analysis of the masses of negative particles 
produced in the bombardment of a copper target with fast pro¬ 
tons (fC p >4 BeV). The antineutron, which differs from the 
neutron by the sign of its spin, was discovered in 1956. 

All presently known subatomic particles may be divided into 
the following four groups. Group one includes heavy particles of 
mass equal to or greater than that of the nucleon (proton, neu¬ 
tron) and also the corresponding antiparticles. The heaviest known 
subatomic particle is the particle with a rest mass of 2585 
electron masses (m e ). The S-particle has a lifetime r~ 10“‘°— 1Q“ S 
sec, after which it decays into a A-particle (see below) and a 
negative pion (jr-meson). Then there is the 2-particle, which is 
known in the form of a positive particle (2 + ) of mass 2325 m e 
and t — 7X)0~ 10 sec that decays into a proton and a neutral 
pion (n") or into a neutron and positive pion (ji+); in the form 
of a negative particle (2 ") of mass 2341 m e and T = 1.5 X 10 -, ° sec 
that decays into a neutron and a negative pion (it - ); and in the 
form of a neutral particle (2°) of mass 2324 m c that decays into 
a A-particle and a photon. 

Finally, the group of heavy subatomic particles includes the 
proton, the neutron, and the A-particle (the latter is known only 
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ifl {he 1°™ ° f 3 neu , tral P artic!e - A°). The A°-particle has a 

mass of 2182 m e , a lifetime * = 2.7X10-*° sec and decays into 

a proton and a negative pion or into a neutron and a neutral 
pion. 

The next group is composed of particles with mass less than 
that of a nucleon but greater than that of a muon (u-meson) 

These include the K-meson and pion. The K-rneson is known in 
the form of a positive (K+) and negative (K“) particles of mass 
.66.5 m, and x~~ 1.2X10 sec, and a neutral particle (K°) of 
mass 965 in and T = 1 X 10 " 1 • sec (anti-K° has a lifetime be- 
tueen 3>< 10 and 10 sec). The K-meson undergoes many i 

ypes of decay: into a muon and neutrino (or antineidrino), into j 

two or three pions, into a muon, pion and neutrino (antineutrino^ 1 

and into an electron (positron), antineutrino (neutrino) and picn’ , 

Pions existing in the form of a positive (it + ), negative fif) and 

"“*«* (I*™ niass 273.2 m, („ * and and 

to n ^ a <.? d T[ etlm ? 2 - 6 X10' 8 sec (jt+and n~) and 10" 11 ( 

,X° n , ec The ™ -particle decays into a positive muon <1 

intin 311 ?- 3 neut ^ in °’ lflto a negative muon (pi ) and an j 

antineutrmo, and n , into two photons, ^ y ; 

The third group of subatomic particles includes the muon , 

mass of’206 7 ! and 3nt *particles. The muon has a '! 

mass ol 206 7 m e ; after a lifetime of 2.2X10-° sec it decays 'i 

into an electron (positron), neutrino, and antineutrino. i f 

Pinally, ihe last, fourth, group is the photon with its rest 
^stable 26 ™' ThC ph ° ton ’ like fhe P rolon > electron and neutrino, i ; 

15. The a-Decay of Nuclei 1 

Potential barrier of a nucleus. Due to the raoid decline !; 

nuclear forces with distance, a positively charged particle (for ( 

^perienc. ^diminishing 

the a f f f Ce oI the 11 uc ^us when recedi up from ! 

the latter and at a certain distance a the forces of attraction 

will be balanced by the Coulomb force of repulsion which will : 

Srnllffntr' at / >a ' From this » follows that the 
internal part ol the nucleus is separated from ihe outer SDace if 

>y a certain potential barrier. The curve of nuclear potential I 

. (r) for an a-particle as a function of its distance from the 
centre of the nucleus is given schematically in Fig. 14. 

must be noted that if something in the nature of separate i 

groups consisting of two protons and two neutrons do exist in 

th ei ’ii th f Se + gr0Ups ’ by virtue of the interaction of each nucleon 1 

with all of its immediate neighbours in the nucleus (due to the j t 
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close packing of nuclei)* may be identified with a-particles only 
in a very approximate manner* It is in this sense that in fu¬ 
ture we shall speak pf the penetration of a-particles into a 
nucleus* of their existence there* and their ejection from the 
nucleus. According to Frenkel, isolation of a group of two pro¬ 
tons and two neutrons, i.e., the formation of an a-particle tn 
nuclear a*decay occurs in the course of decay, just as the forma¬ 
tion of NaCl molecules takes place during their evaporation 



from the crystal or from a melt of sodium chloride in which 
the sodium and chlorine are present in the form of Na + and Cl 

The potential barrier is the barrier that prevents penetration 
of a charged particle into the nucleus. By measuring the min¬ 
imum charged-particle velocities at which interaction with the 
nucleus (and* hence, penetration) is possible, we can form some 
idea of the height of the potential barrier of the nucleus under¬ 
going bombardment. This height is measured by the distance of 
the top point of the barrier from the energy level that corre¬ 
sponds to infinite recession of the bombarding particle from^the 
nucleus. For example* from the [act that the reaction Hea4-N 1 7 4 = 
= Oj 7 + Hl is accomplished for any values of energy of the 
a-par tides exceeding 4.0 MeV* it may be concluded that the 
height of the potential barrier of a nitrogen nucleus for an 
a-particle is approximately 4.0 MeV* Analogously* we obtain the 
height of the potential barrier of an aluminium nucleus at 

It is also possible to evaluate the height of the potential bar¬ 
rier as follows. As has already been pointed out (p. 43)* from 
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experiments in the anomalous scattering of a-particles by various 
nuclei we obtain for the radius of the nucleus a the expression 

a = a o' \/ r Z 


where a — 2 X 10~ 1S cm. Since the quantity a determines the 
distance from the centre of the nucleus at which the nuclear 
field differs perceptibly from the Coulomb field (according to 
Fig. 14, this can occur only close to the top point of the po¬ 
tential barrier), the height of the barrier (for this nucleus) may 
be found as 


U 


max 


2e a Z 
a * 


(15.1) 


whence, on the basis of equation (9.5), we obtain 

U max = 1.44Z 2/ » MeV. (15.2) 


However, the height of the potential barrier is far from being 
the only criterion that determines the possibility of nuclear 
transformation involving charged particles. The following exam¬ 
ples will elucidate this. Earlier, from the possibility of a reaction 
of the nuclei of nitrogen and aluminium with a-particles having 
energy in excess of a certain limiting value* we concluded that 
the height of the potential barrier of these nuclei approximately 
corresponds to the appropriate limiting values of energy of the 
a-partides (4.0 and 6.8 MeV). These values of barrier heights 
also turn out close to those computed from formula (15,2)* 5.3 
and 8.0 MeV, whence it may be concluded that in this case we 
are not far from the truth. It would, therefore, seem that the 
penetration of an a-particle into the nucleus (which is a prereq¬ 
uisite to a nuclear reaction) at a-particle energies less than the 
height of the potential barrier of the given nucleus should be 
absolutely excluded. However, experiment shows that in a num¬ 
ber of cases the reaction nevertheless takes place, even though 
this condition is not fulfilled, as long as the energies of the 
a-particles have strictly definite values (though lower barrier 
heights). For example* in the case of aluminium (Ai”), which, 
as we have seen, has a potential barrier of 6.8 MeV, in addi¬ 
tion to a-partides with energies that satisfy the condition 
mv z /2>6.8 MeV* there have been found discrete groups of a-par- 
1 ides with energies 4,GO* 4.49* 4.86, 5.25, 5.75, and 6.61 MeV 
that are capable of entering into the reaction He£4"Alis = 
= Siu + Hj. For a reason which will be given below, these and 
analogous cases are called resonance penetration of a-particles 
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into the nucleus. It follows from the existence of resonance 
penetration that a-particles can enter the nucleus not only by * 
passing over the potential barrier, but also by penetrating through 

the barrier. , , ,, 

In classical mechanics, processes of this kind are out ot tne 
question because they are associated with passage through a field 
of negative kinetic energies (imaginary velocities). On the con- 
trary, wave mechanics, which describes the motion of a particle 
as a certain wave process, permits such processes and attributes 
to them a probability different from zero. According to the 
wave theory, a-particles with kinetic energy less than the height 
of the potential barrier are reflected from the barrier when col¬ 
liding with the nucleus, though a small 
portion of them have a chance of pen¬ 
etrating the nucleus through the bar¬ 
rier. In wave mechanics, such processes 
are known as tunnel processes. 

An analogy may be found in op¬ 
tics. We know that in the case of 

total internal reflection, in addition 
to the reflected wave (which carries 
fig. 15 . Path of ray in off most of the energy of the incident 

total internal reflection. light) there is a wave of low inten¬ 

sity, which is refracted at the inter¬ 
face and penetrates into the second medium. This analogy will 
be still more complete if we consider reflection and refraction 
of waves in a system of two rectangular prisms as shown in 

Fig. 15. Denoting the distance between the adjacent planes of 
the two prisms by d f we can consider the following two limit¬ 
ing cases: the case when d is great in comparison to the wave¬ 
length X, and the case which corresponds to prac¬ 
tically complete contact of the prisms. In the former case, the 

intensity of the refracted wave passing from the first prism into 
the second will be practically zero, that is, we will observe 
total internal reflection. But in the latter case, due to the prac¬ 
tical absence of a reflecting surface, the wave will pass unim¬ 
peded from the first into the second prism. Whence it is seen 
that for d ^ X there will be an intermediate case, when the 
intensities of both waves (reflected and refracted — the latter 
passing into the second prism) will be finite. The finite probabil¬ 
ity of penetration of a-particles into the nucleus at an energy 
less than the height of the potential barrier corresponds precisely 
to this case, the role of d being played by the width of the 

potential barrier, which is measured by the distance between 

two points of the potential curve, these two points corresponding 
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to the same energy and being situated on opposite sides of the 
top point of the barrier. 

The necessity of assuming tunnel penetration of a-particles 
through the potential barrier becomes particularly obvious if we 
turn to a detailed consideration of the phenomenon of natural 
a-decay. Indeed, we saw that the height of the potential barrier 
may be expressed by formula (15.1) to a rather high degree of 
accuracy. For uranium (Z = 92), this formula gives U max = 29MeV. 
Therefore, if a-particles left the uranium nucleus by surmounting 
the potential barrier, their kinetic energy after ejection from 
the nucleus, determined in this case by 


m v 2 
“ 2 “ 


J^dr=^(=U), 


should come to about 29 MeV. Yet experiment shows that the 
energy of the uranium-emitted a-particles is only 4.21 MeV, 
i.e., considerably less than the height of the potential barrier. 
The situation is similar for all other a-active elements. Thus 
the only path of a-particles in a-decay of nuclei is tunnel pene¬ 
tration through the potential barrier of the nucleus. 

This conclusion follows also from general reasoning about 
nuclear stability. Indeed, if only particles of sufficiently high 
energy can leave the nucleus over the barrier, the nuclei of 
a-active elements should be absolutely unstable; but this contra¬ 
dicts the finite and, frequently, very small probability of a-decay. 
This reasoning, therefore, leads to the conclusion that a specific 
energy level (or levels) below the top point of the potential bar¬ 
rier should correspond to a-particles in the nucleus. Due to the 
possibility of tunnel penetration through the barrier, an a-par- 
ticle will always have a certain probability X of leaving the 
nucleus without inducement by any external force, in particular, 
without energy being supplied. In this process, the number of 
nuclei decaying in unit time will, obviously, be equal to 



where n is the concentration of radioactive matter at time t; 
thus we obtain an empirical law of radioactive decay (10.1). The 
character of this law expresses the basic fact that radioactive 
decay follows the laws of probability, the decay constant X being 
interpreted as the probability of decay. 

Theory of a-decay of nuclei. The theory of radioactive decay 
of atomic nuclei was given by Gamow (1928) and Gurney and 
Condon (1928). Fundamental to this theory are the above-described 
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concepts concerning tunnel penetration through the energy 
barrier This penetration is one of the manifestations of the wave 
properties of matter. As we have seen, the occurrence of tunnel 
processes logically follows from the entire assemblage of experi¬ 
mental data that refer to a-decay of atomic nuclei. 

When computing the constant of a-deeay, Gamow proceeded 
from a simplified view of the shape of the potential barrier 
assuming the potential energy of the a-particle to be constant 
(U ) when r a and expressed by the formula 


U(r) = 


2 (Z — 2) e 3 

r 


which corresponds to Coulomb interaction of the residual nucleus 
and the a-particle when r^a. Here, U(a) = 2 (Z —* 2) e/a>U ( . 
The expression Gamow obtained for the decay constant A is ol 

the form 


2 V 2m 


ma z 




(Z -2) e a 


Edr 


(15.3) 


where E is the a-particle energy (equal to mv*/2) and 

_« ? (Z - 2) e 1 

‘- E 


is the distance separating the centre of the nucleus from the point 
on the outer portion of the potential-energy curve that corresponds 
to U = E. In corpuscular interpretation, expression (15.3) is me 
product of the' frequency of oscillations of an a-particle m tie 
nucleus, or the number of its impacts per second against the 
barrier, by the probability, of penetrating through the barrier. 

Integrating the expression obtained and expanding it in a se¬ 
ries of powers of the small quantity a/r*. we obtain from (15.3) 


K = 


8nh 

ma 2 


4 e Fm 

e h 


V{Z - 2 )a 


4ite 2 (Z - 2 ) 
hv 


(15.4) 


This expression, rewritten in the form 

In % = A-, 


A = ln 


8nh 

ma* 


1^2-l/(Z — 2) a 


where 


(15.5) 
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corresponds to the empirical relation between the constant of 
a-decay and the a-particle 
path length, 

lnR = aln& + p, (15.6) 

established by Geiger and 
Nuttall as early as 1912. 

This relationship, or the 
Geiger-Nuttall law, may, with 
the aid of the empirical for¬ 
mula- 

R =Cv s (15.7) 

found by Geiger and connect¬ 
ing the path length of the 
a-particles with their veloc¬ 
ity,* also be written as 

lnX = A' + B'lnv. (15.8) 

The values of In h for the na¬ 
turally radioactive elements 
of the uranium series are giv¬ 
en in Fig. 16 as a function of 
the logarithm of energy of 
a-particles E, which is a lin¬ 
ear function of lnv (crosses) 
and also of which is 

proportional to 1/v (open cir¬ 
cles). We see that, to a suffi¬ 
cient degree of approximation, 
both cases yield a straight line and that the empirical formula 
(15.8) and the Gamow formula (15.5) both convey very well the 
dependence of "K on v over the entire range of values of Z and v. 
The Geiper-Nuttall law is thus theoretically substantiated. 
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Fig. 16. Relationship between the constant 
of a-decay of nuclei and the energy of 
a-particles 


* Formula (15:7), which underlies one of the important methods of deter¬ 
mining a-particle energy {from their path length R) is derivable also theoret¬ 
ically from the following simple reasoning. Taking the energy lost by an 
a-particle per unit length of its path in a stopping medium to be propor¬ 
tional to the time the a-particle is near the molecules encountered on its 
way, and, consequently, inversely proportional to the velocity of the a- 
particle, we can put 

dv* JL _J_ 

dx 3C v 


Integrating this equation, we obtain Cv 3 \ v 0 = x 1^, i. e., R—Cv 3 . 
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It should, however, be pointed out that when utilising data 
for artificially obtained a-active isotopes even within the limits 
of a single radioactive series, there is a considerable spread of 
dots, though the general tendency towards a concentration of 
dots near the Geiger-Nuttall line is retained. Particularly great 
are the deviations from this straight line in the case of the 
transuranium elements, i.e., elements with nuclear charge great¬ 
er than that of uranium (Z = 92), which was the last element* 
in the Periodic Table prior to the discovery of the artificial 
transformation of elements. For example, on the basis of the 
measured values of a-particle energies E of two isotopes of the 
96th element curium Cm 2 ” and Cm” 2 , from the straight line in 
Fig. 16 we obtain values of half-lives that are less than the observed 
half-lives by five orders of magnitude. In exactly the same way, 
the isotopes of the 98th element californium Cf 288 and Cf 280 show 
half-lives that are less than the observed ones by 7 to 8 orders 
of magnitude. 

From the point of view of the theory of a-decay, these and 
other deviations from simple monotonic dependence of k upon 
v may in part be explained by the fact that the quantities 
A and B in (15.5) are not constants, due to their dependence 
on the radius and charge of the nucleus. According to Gamow, 
deviations from a monotonic relationship should be observed in 
cases when the smooth variation of a and v in the given radio¬ 
active series is disrupted. 

One reason for relation (15.5) not being fulfilled may possibly be 
its insufficient accuracy due to the approximate character both of 
its theoretical calculation and of the theory itself, which assumes 
the existence of individual a-particles in the nucleus, whereas 
in reality these .particles arq, apparently, formed in the nucleus 
(from protons and neutrons) only in the course of a-decay. 


* The transuranium elements are ordinarily obtained by bombardment of 
heavy elements with multiply charged ions of high energy needed to over¬ 
come the Coulomb barrier. Thus, lor example, isotopes of the 99th element 
einsteinium Es 2 ” and Es 2 " were obtained by bombarding uranium-238 with 
ions of nitrogen N++++++ of energy about 100 MeV in the reactions 
C 288 (Nj 4 , 6n) F.s” 8 and U 288 (Nj 1 , 5n) Es 247 . Element 101, mendelevium, was 
obtained in the bombardment of einsteinium-253 by 41-MeV a-particles in 
the reaction Es 283 (a, n)Mv 288 . Mendelevium-256 has a half-life of about 
30 min and converts into element 100, fermium, by electron capture. Element 
102, nobelium, was obtained by bombarding curium (Z = 96) by C 13 ions. 
Element 103, lawrencium, was recently obtained by bombarding californium 
(Z = 98) with B 10 and B" ions. 
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16. Nuclear Energy Levels 


Nuclear energy levels and the spectra of a-, B-, and 
The presence of definite discrete energy levels of the atomic nu¬ 
cleus (p. 87) postulated in the theory of a-decay follows directly 
from the fact that a-rays are monoenergetic. Measurements of the 
velocities.of a-particles emitted by a given nucleus show that all 
a-particles fall into separate groups, each of which is characterised 
by a certain velocity that is constant for the given group. In 
such cases, one usually speaks of the fine structure of a-spectra. 
For example, in the a-spectrum of ThC, which converts into 
ThC" with the emission of an a-particle, are observed five groups 
of a-particles with energies 6.0930, 6.0537, 5.7709, 5.6283, and 
5.6095 MeV.* The existence of these discrete groups of a-particles 
indicates that the nuclei in a-decay are in various discrete energy 
states. Denoting the energy of the initial and final nuclei by 
e? and e f respectively, on the basis of the law of conservation 

of energy, we will have 


mvf[ MVf, m + Mmv? f 
e i _ 8 f ~2 r 2 M 2 


(16.1) 


where mv? f /2 is the energy of an a-particle belonging to a given 

group of a-particles, and MV? f /2 is the energy of the final nucleus 
(recoil nucleus). The quantity ej — e f is called the energy of a- 
decay. Substituting into equality (16.1), in place of mv? f /2, the 
foregoing values of a-particle energy and m/M=l/52, we obtain 
[or the decay energy the following values: 6.2103, 6.1703, 5.8819, 
5,7366, and 5.7175 MeV. Since, with rare exceptions (see below), 
in the a-decay of atomic nuclei the disintegrating nucleus is in 
a state with least energy (we shall call it the ground or normal 
state), which is the case also in the a-decay of a ThC nucleus, 
we can put E 8 = B° = const. Thus, the existence of various discrete 
groups in the a-spectrum in this and similar cases is due to the 
fact that the final nucleus (ThC") appears in different energy 
states. Putting the energy of the ground state of the ThC' nucleus 
e o = 0, w : e obtain from the differences of the foregoing decay 
energies for the remaining four levels: s 1 = 0.0400, e 2 = 0.3284, 
h =0.4737, and = 0.4928 MeV. . 

This energy-level diagram- of the ThC" nucleus is shown in 
Fig. 17. The correctness of this scheme is confirmed by the 


* If resolution is weak, these five groups of a-particles are recorded as 
a single monoenergetic group with a certain mean (weighted) energy. 
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7 -spectrum observed in the decay of ThC, The discrete character * 
of this spectrum, which consists of separate lines, shows that 
here the y-radiation is due to transitions of the excited nucleus 
from one set of discrete energy states to another set. Identifying 
these states with the energy levels obtained above of the ThC" 
nucleus, one should expect that the energy of the observed 
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Fig . 17. Energy levels of ThC" nucleus (in MeV) 


y-photons (y = hv) will be equal to the energy differences of 
the corresponding levels, because from the law of conservation 
of energy we have* 

6f — 6f/ =Yff' = hvfi'. (16.2) 

In Table 3 the differences — e-v computed from the above- 
obtained values of e f are compared with the y-photon energy. 
It is seen that six out of ten differences (within measurement 
error, which in the case of y-rays comes to T/*) coincides^ with 
the corresponding y-quanta energies. As we shall see below (Ch. 5), 
by virtue of the so-called selection rules the number of possible 
transitions between different energy levels always proves to be 
greater than the number of actually observed transitions, i.e., 
than the number of lines in the spectrum of the given element. 


* A type (16.2) relation was first used by J. J. Thomson in 1912 to explain 
the structure of the characteristic spectrum of X-rays (see below, p. 143). 
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Energy levels and y-spectra of THC" nucleus 


Energy difference, 

MeV 

Y-quanta, 

MeV 

e 4 — e 3 = 0.0191 

_ ^ 

e 4 — e 2 —0.1644 

— 

e 4 — = 0.4528 

0.4511 

e 4 — e 0 = 0.4928 

— 

e s — e 2 = 0.1453 

— 

e a — e 4 — 0.4337 

0,4317 

e a — 8 0 — 0.4737 

0.4709 

e 2 — Bj = 0.2884 

0.2869 

e 2 — e 0 = 0.3284 

0.3267 

e t — e 0 = 0.0400 

0.03995 


Thus, from the foregoing it follows that excited ThC" nuclei 
which appear in the a-decay of ThC pass into the ground state 
with the emission of y-photons. The pattern is practically the 
same in all other cases of y-decay. Such is the origin of y-ra- 
diation attending the a-decay of nuclei. 

Sometimes cases are observed in a-decay when a part (usually 
insignificant) of the initial nuclei is also in one of the excited 
states. In such cases, in addition to a-particles of energy ordi¬ 
narily between 4 and 8 MeV, there are observed so-called long- 
range a-particles with energy exceeding 8 MeV. For instance, in 
the a-spectrum of ThC, in addition to an intense basic group of 
a-particles we find three exceedingly weak groups with energies 
K = 8.776, 9.491, and 10.542 MeV. Computing from these values 
the appropriate decay energies, e°— e ( = 8.942, 9.670, and 

10.741 MeV and attributing the least of the values obtained 
to transition from the ground level of the ThC nucleus, we 
have for the levels of this nucleus: e„ = 0, e, = 0.728, and 
e = 1.799 MeV. The reliability of these values follows from the 
fact that the differences e, — e 0 mid e 2 — e 0 practically coincide 
with the energies of ThC y-photons, 0.726 and 1.802 MeV. The 

general scheme of the transformation, ThC—► ThC'—-ThD (Pb), 
is given in Fig. 18, in which the transitions accompanied by 
y-radiation (y-transitions) are shown by wavy arrows. 

Excited nuclei also appear in p-decay and electron capture, 
in the bombardment of nuclei with fast neutrons, protons, a- and 
other charged particles (inelastic collisions), and also in various 
nuclear reactions. By way of illustration, Fig. 19 gives the 
p-decay scheme of MnJJ. Here, we see three p-spectra with maxi. 
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mum energies 0.75, -1 -04, and 2.81 MeV, whence it follows that 
the electron decay of Mn S6 yields at least three different energy 
•states of the final nucleus Fe“. A parallel investigation of the 
^-spectrum, which contains three lines with quantum energies 
0*822, I <77, and 2.06 MeV, leads to the decay scheme given in 
Fig. 19. Similar schemes have been established for nearly all 
p-active nuclei, Finally, Fig* 20 gives the energy levels of an 
0 lfi nucleus as obtained in various reactions* 


ThC 



Mean lifetime of excited naclei. To various excited states of 
the nucleus there correspond different mean lifetimes (t), which 
determine the probability of p- or y-transition into a state with 
less energy* and which are reflected in the intensity of the cor¬ 
responding spectrum. ** Without touching on the question of the 
nature of the internal factors that determine the probability of 
the various nuclear transitions, we note here only the extremely 


* The mean lifetime is usually determined as a reciprocal to the transi¬ 
tion probability or the decay constant a:t = 1 jX, The half-life Ts/ a and t are 
connected by the Following obvious relation: Tv a = tln2. 

** In the vast majority of cases, the probability of transition of an excit¬ 
ed nucleus to a lower state with a-par tide emission is appreciably lesB than 
the probability of y-transition to the same state. For this reason, excited 
nuclei, the lifetimes of which are determined by the probability of ot-transi¬ 
tion, are extremely rare. These include the emission of long-range a-partides 
by certain nuclei. 
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Fig. 20. Energy levels of 0 lfl nucleus obtained from various reactions 
(after Hornyak, Lauritsen, Morrison and Fowler) 
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broad range covered by the quantity x, which varies from 
1G" 11 sec to values exceeding minutes and tens of minutes* in 
the case of y-transityons, and from 10^ 8 sec to 10* years and 
more** in the case of p-transitions. Obviously, when both y- 
and p-transitions are possible from a given level of an excited 
nucleus, the mean lifetime will be determined by the sum of 
the probabilities of both transitions X = X T -|-Jy 

T=-i. (16.3) 

When the probability of one of the transitions is considerably 
greater than that of the other, the mean lifetime will, obviously, 
be determined by the greater probability* Thus, when X^>7^ 
we will have T=l/\ f = t T and, accordingly, when <<: X ;i , 

T = 1 jXp = Tp 

Nuclear isomerism. In the case of a sufficiently long lifetime 
we will have excited metastable nuclei that behave like ordinary 
active nuclei in the ground energy state. The excited nuclei 
will (like the nucleus of the given element in the ground state) 
have the same number of protons and neutrons but will differ 
in its radioactive properties. These nuclei have been called 
isomeric nuclei. Nuclear isomerism was first discovered by Hahn 
(1921) in uranium Z, which turned out to be an isomer of ura¬ 
nium X 2 . With one and the same number of protons and neu¬ 
trons, UZ and UX 3 have different half-lives (6,69 hours and i.22 
minutes, respectively) and different jJ- and y-spectra* It turned 
out that UZ corresponds to the ground state of the protactinium 
isotope Pa“ 4 , while UX t , to the excited (metastable) state of 
this isotope; in 99.85 cases out of 100, UX 2 converts into 
UII (US 4 ) by electron decay, and, in 0.15 case, with the emission 
of a y-photon (y = 0.394 MeV) it passes into the ground state, 
i.e., it “converts” into UZ. 

Nuclear isomerism is particularly widespread among the arti¬ 
ficially radioactive isotopes. Here, the existence of isomeric 
nuclei was first established by I. V. Kurchatov, B. V. Kurcha¬ 
tov, L. V. Mysovsky and L.’l. Rusinov (1935) in the case of 
the p-active isotopes of bromine Br 8 °. It was demonstrated that 
the ground state of this isotope is a state with a half-life of 
18 minutes, while the excited metastable nucleus Br fl0 has a half¬ 


* As an exception, unusually long lifetimes have been obtained for all 
known isotopes of tellurium with odd mass number: from 1.75 davs for Te 131 
to 200 days for Te 121 . 

** For example, for K 40 and Rb 87 t is, respectively, 1.75 X10* and 
109 X 10 9 years, and for Re 187 , 8400X 10® years. 
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life of 4.4. hours and passes into the ground state by emission 
of two successive y-photons of energy 0.049 and 0.037 MeV. 

During the past 20 years a large number of cases of nuclear 
isomerism have been discovered. The number of isomeric nuclei 
with short lifetimes is especially great. 

Nuclear excitation in inelastic collisions with neutrons and 
charged particles. The excitation of atomic nuclei by bombard¬ 
ment with fast particles is the simplest case of an inolastic col¬ 
lision.* This excitation will be detected by changes in the 
spectra of the bombarding particles and also by the y-radiation 
of the excited nuclei. For example, in the inelastic scattering, 
by magnesium, of monoenergetic neutrons with initial energy 
2.5 MeV, the spectrum of scattered neutrons exhibits a new 
group (in addition to the given group) of neutrons with energy 
1.1. MeV, whence for the excitation energy of the magnesium 
nucleus it follows that e = 1.4 MeV. This same value is also 
obtained from experiments in the inelastic scattering of protons. 
The approximate value thus obtained of the excitation energy 
of a magnesium nucleus is in good agreement with the value of one 
of the two y-photons observed in the y-spectrum of the reaction 
Na 24 (P“) Mg 24 : 1.380 and 2.758 MeV. That this spectrum belongs 
to the magnesium-24 nucleus is obvious from the following cal¬ 
culation. Since special experiments have shown that these 
y-photons are emitted in succession (in a cascade), we should 
obtain the energy of the (5-decay of Na 24 by summing the energy 
of these photons with the maximum energy of the (5-particles of 
Na 24 . This summation gives Q = 5.528 MeV, which is in good 
agreement with the value 5.555 + 0.035 MeV obtained from the 
known masses of the atoms Na 24 and Mg 24 . 

In exactly the same way, the excitation level of the' Li 7 nu¬ 
cleus 8 = 0.480 MeV is obtained both from the y-spectrum observed 
in the inelastic scattering of protons and a-particles by Iithium-7 f 
i.e., in the processes Li 7 (p, p') Li 7 and Li 7 (a, a') Li 7 , and in 
the following reactions: Be 7 (K)Li 7 from the y-spectrum, 
B 113 (n, a) Li 7 from the a- and y-spectra, Be 11 (d, a) Li 7 , from the 
a- and y-spectra, and Li*(d, p) Li 7 from the y-spectrum and the 
proton spectrum. 

In the foregoing nuclear reactions that lead to the excitation 
of the Li 7 nucleus, the final nucleus is excited. Also widespread 
are cases when, in the course of a nuclear reaction of the types 


* The inelastic collision of a fast particle x with a nucleus Y, which 
leads to excitation of the latter, is usually denoted by the symbol Y (x, x') Y\ 
where x 1 is the particle x that suffered inelastic collision. This process may 
be regarded as a particular case of the nuclear reaction Y (x, y) X. 
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considered, an intermediate nucleus is excited that corresponds to 
a certain transition state ol the system on its way from the 
initial to the final state. Let ns consider the general case of the 
reaction A-j-a = B + b, where A is the initial and B the final 
nucleus, a is the bombarding particle and b is the particle 
formed as a result of the reaction. This reaction, which symboli¬ 
cally may also be written as A (a, b)B, embraces all types of 
particle interaction with a nucleus, including elastic (b — a) and 
inelastic (b = a') impacts and all possible nuclear reactions that 
lead to the formation of a new element or a new isotope of the 
initial element. When b = y (photon) we have a reaction of 
particle capture, and when a = y, we have a photonuclear reac¬ 
tion In all these cases, according to views most clearly stated 
bv Bohr (1936, 1938), when a particle a penetrates into the 
nucleus * which is a system of many bodies (nucleons), its energy 
is distributed among all the nuclear particles. This leads to 
a complex, or intermediate, nucleus which has a greater or lesser 
degree of stability characterised by a certain mean lifetime t. 
The magnitude of t is determined by the probability of such 
a redistribution of energy in the complex nucleus that results in 
a certain nuclear process becoming possible. Depending on the 
nature of this redistribution of energy and its concentration on 
a given particle, the latter can escape from the nucleus 

Thus according to Bohr, every nuclear process should be rep¬ 
resented as a double transition: initial state of the system 

(A-)-a) complex nucleus (C) A final state of the system (B+b). 
We note that in the case of a-decay the initial nucleus can be 
considered as a complex nucleus, since here the disintegration 
into a new nucleus and an a-particle takes place without any 

^Due^c/the "finite lifetime of a complex nucleus t, it (like any 
other nucleus) can have definite energy levels, which may be 
detected by the appearance of specific (resonance) peaks on 
a curve of cross-section or probability of reaction versus the 
energy of the bombarding particle. A resonance peak of this kind 
is seen in Fig 21, which gives the curve of neutron yield in 
the reaction Bel(p, n) B° for various proton energies Another 
case are the curves of cross-sections of the reaction Al ]S (p, a)Mg 12 
and the reverse reaction Mg“(oc, p) At” given in Fig. 22. For 


* An exception to this mechanism are the deuteron reactions (d, n) and (d, p), 
which are accomplished in such manner that, due to a ®^^^, binding ,^ ergy : 
the deuteron (even near the surface of the nucleus) splits into a proton and 
neutron one of which is absorbed by the nucleus and the other remains free. 
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these reactions, from the law of conservation of energy, we have 

Q + K r = e r + K c 

where Q is the formation energy of the complex (intermediate) 
nucleus, which in the cases given above is the nucleus B 5 0 and, 
respectively, Si*®; this energy 
is computed from the follow¬ 
ing formula: 

Q = c a (m a + m A — m A+a ) 

(m a is the mass of the bom¬ 
barding particle, m A is the 
mass of nucleus A, and 
m A + a is the mass of the com¬ 
plex nucleus); K r is the ener¬ 
gy of the bombarding par¬ 
ticle at resonance maximum, 

K c is the kinetic energy of 
the complex nucleus equal to 
the kinetic energy of the cen¬ 
tre of gravity of the system, 
and e r is the excitation energy 
of the complex nucleus. From 
the law of conservation of 
momentum it follows that 

K c = ma ■ K r . Substituting 

c m A+a r 

K c into the preceding formu¬ 
la, we get 

'' =Q +S^ K - (16 - 4 > 

Computing Q from the atomic masses of Be®, B\\ and Hi and 
substituting this quantity together with K r = 2.52 MeV into 
(16.4), we find e = 8.86 MeV for the excitation energy of the B™ 
nucleus in the reaction Be® (p, n) B®. In the same way, from 
the values of K r that correspond to the four most intensive peaks 
on the curves of Fig. 22, we obtain for the excitation energy of 
the nucleus Si", e = 2.755, 2.931, 3.002, and 3.280 MeV. 

Fig. 22 also illustrates one of the few sufficiently investigated 
cases of two nuclear reactions that proceed in both directions. 
Considering two such reactions (in the general case, A-f-a—^B-[-b 
and B —b—►A-j-a) it should be concluded, on the basis of 
the statistical principle of detailed balancing, that both 



Fig. 21. Neutron yield in Be 0 (p, n) B B 
reaction for various energies of bombard¬ 
ing protons (after Hushley) 
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reactions must proceed via one and the same complex nucleus. 
It may, therefore, be expected that the cross-sections of the di¬ 
rect and reverse reactions will be in a definite ratio. Indeed,, 
a consideration of statistical equilibrium A-j-a^C^ B —J—1> 
leads to the following formula: 


<*ab (v a ) _ K 

°ba ( v b) 


(16.5) 


where a ab and <x ba are the effective cross-sections of the direct 
and reverse reactions, K a and X b are the de Broglie wavelengths 
a and b; the velocities of these particles are connected by a 
definite relationship derived from conservation laws. For example, 
for the centre of gravity of the system, i.e., in coordinates 
fixed in the complex nucleus, this relationship is of the form 
2 2 

^ + Q=4- b (Q is the energy of the reaction). On the basis 

of (16.5), we should expect parallelism in the course of the di¬ 
rect and reverse reactions; this is clearly obvious from the curves 
in Fig. 22. We note that in this figure the energy scale of 
a-particles (reverse reaction) is displaced relative to the scale of 
proton energy (direct reaction) to such a degree that there is 
a coincidence of peaks corresponding to identical excitation 
energies of the Si** nucleus. The energy thus obtained of the 
reaction AF + H 1 =Mg 24 + He 4 , Q= 1.613 ±0.003 MeV, coin¬ 
cides, within error limits, with that computed from the masses, 
Q== 1.594 ±0.045 MeV. 

The lower curve of Fig. 22 relating to the reaction Mg 24 (a, p)Al 27 # 
may be regarded as associated with the penetration of a-particles 
into the magnesium nucleus. We see that in this case the reac¬ 
tion has a pronounced resonance character. It is therefore natu¬ 
ral to consider that the earlier mentioned (p. 85) resonance pene¬ 
tration of a-particles into nuclei is of the same nature. It should 
be pointed out that a connection between the resonance effects 
and the energy levels of the nucleus in a-particle interaction 
with the nucleus was pointed to by Gamow and Gurneys who 
theoretically found that, the probability of tunnel penetration 
of an a-particle into a nucleus greatly increases when the 
a-particle energy coincides with that of some nuclear level (we 
are here dealing with the levels of a complex nucleus, i.e., a 
nucleus formed from an initial nucleus and an a-particle). It is 
this enhanced probability of penetration of a-particles (and also 
other charged particles) into the nucleus that explains the pos¬ 
sibility of such nuclear reactions proceeding at a measurable rate. 
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Breit-Wigner formulas. The resonance character of the cross- 
sections for nuclear inactions (including the scattering of last 
particles by nuclei) is to a certain extent similar to absorption 
and scattering of light by atoms and molecules. This analogy 
was first noted by Breit and Wigner (1936). Underlying it is the 
possibility of regarding the absorption and scattering of particles 
by a nucleus (and also the absorption and scattering of light 
by atomic systems) as a two-stage process. By quantum-mechan¬ 
ical treatment of the problem of finding the cross-sections lor 
nuclear reactions associated with the absorption and scattering 
of fast particles, Breit and Wigner derived formulas that resem¬ 
bled those for optica! dispersion, which express the refraction 
index and the absorption coefficient of light as functions of the 
wavelength or the frequency. Accordingly, the Breit-Wigner for¬ 
mulas involve the energies and velocities of the particles. 

By way of illustrating the Breit-Wigner formulas we give the 
following relation: 

(16.6) 

which expresses the total effective cross-section for neutron in¬ 
teraction with the nucleus, i.e., a cross-section that corresponds 
to the overall probability of absorption and scattering oi a neu¬ 
tron In (16.6), K is the energy of the bombarding neutrons, K t 
is the energy at the point of resonance, a t is the appropriate 
(maximum) cross-section, and T is a constant that determines the 
width of the resonance peak. From (16.6) it is seen that for 
low-energy neutrons (K<K f ) the total neutron cross-section first 
diminishes (approximately li^e l/'v) with increasing ncution ve¬ 
locity then begins to increase, reaching a maximum value (o r ) 
at the point of resonance (K = K r ), after which it again decreases. 
Verification of the Breit-Wigner formulas by experiment shows 
that they are in good agreement with data referring to various 
reactions. We note that when there are closely situated levels 
in a given energy range of the bombarding particles, the single- 
term formula of type (16.6) is replaced by a sum of terms of 
type (16,6), just as in optics for the complex structure o! an 

absorption spectrum. 


* It will be recalled that the velocity and kinetic energy of particles are 
connected with the de Broglie wavelength by the following relation. 

i-jL——. 

mv |T2mK 


0 = 0 , 


r 4(K — K t ) s + r< 
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17. Fission of Heavy Nuclei 

Fission reaction of atomic nuclei. The above-considered reactions 
do not exhaust all types of nuclear reactions. So far we have 
hardly touched on an exceedingly important reaction — the fission 
reaction — with the discovery of which practical use of the enor¬ 
mous reserves of energy concentrated in atomic nuclei became 
possible. Soon after the discovery oF the neutron it was noted 
(Fermi, 1934) that when uranium is irradiated with neutrons, 
a large number of new electron-active nuclei are produced that 
may be delected by their different half-lives, which did not 
coincide with those of any of the then known radioactive ele¬ 
ments; and so the search was first begun in the direction of 
transuranium elements and also the isotopes of known radioac¬ 
tive elements. However, chemical separation together with 
p-analysis yielded irrefutable proof that the products-of transfor¬ 
mation of neutron-irradiated uranium contain elements located 
in the middle of the Periodic Table. This fact was first estab¬ 
lished by Hahn and Strassmann (1938) who demonstrated chemi¬ 
cally that one of the products of transformation of uranium, 
which at first was believed to be ah isotope of radium (Ra 88 ), 
is actually barium (Ba,„). It is interesting to note that some¬ 
what earlier I. Curie and Saviich identified lanthanum (La ) in 
the products of uranium transformation, but (in spite of the 
data of their own chemical studies) they considered it an isotope 
of actinium (Ac B9 ). The identity of this product with lanthanum 
was later confirmed by Hahn and Strassmann, who, in addition, 
identified in the products of uranium transformation a new 
P-active substance with a half-life 3.5 hours and the properties 
of a rare-earth element, and demonstrated that it was not acti¬ 
nium. As was later established by Curie and Savitch (1939), 
this substance is an isotope of lanthanum (La’*’)- These new 
facts were correctly interpreted by Meitner who presumed that 
the excited uranium nucleus which arises due to the capture of 
a neutron * splits into two fragments with commensurable masses, 
which is reminiscent of the fission of living cells. For this reason, 
Meitner and Frisch called the new nuclear reaction a fission 
reaction. According to computations based on the liquid-drop 
model of the nucleus, a charged nucleus with Z = 100 should 
become unstable due to the predominance of Coulomb repulsion 
over the forces of attraction. 


* The capture of a neutron by a nucleus of uranium-235 releases an energy 
of 6.0 MeV, by a uranium-238 nucleus, 5.7 MeV. 
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mi T i e fragments produced in nuclear fission have various 
masses, Ihus, from the curve, shown in Fig, 23, of the yield 
of fission fragments of uranium-235 as a function of their masses 

fi e Tin ll,a V he r ni f eS oi lhe foments range Irom 70 
60 f ,r ' .units_ of # atomic weight) and the most probable is 
nonsymmetric fission with the mass ratio of fragments — 2:3. 



Established mass number 
O- tentative mass number 

Fig. 23. Yield of U 23S fission fragments under slow-neutron irradiation 
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Also very great is the diversity of elements in the fission 
fragments which fact, like the diversity of fragment masses is 
to be explained by the fortuitous nature of the nuclear fission 
piocess. Here, naturally, the proton-neutron ratio in the frag¬ 
ments is maintained approximately as it was in the uranium 
nucleus three neutrons to two protons, Whence it follows that 
he nuclear charges of the fragments must be in the same ratio 
as (heir masts ihis meaHs that lhe most probabfe ratio is 

1 n 4 iL wmch is in good agreement with experiment 

f ° h<? * C hat tbe ni! mber of neutrons in the nuclei of 
fission fragments of uranium is far in excess of the number of 
neutrons in lhe stable isotopes of elements with the appropriate 
atomic numbers ail fragments are electron-active Fo/examnle 

scheme ; ran,Um " 235 nucieus fission acc °rding to the following 

US'—* Sr 3 9 8 8 + Xe” 9 . 


sj^'and'xe-'"'?/ of + strontium and xenon are 

88 X “ ’ 1 Seen that the stron tium isotope produced 

as a fission fragment contains seven extra neutrons, while the 
fitTn Pe ? ntain5 three - R y recessive electron emission the 
*££ 7 T nlS T ^-' 0 Slopes of elements with 

of which I, Eh, foVlowIngT " 5 P'- tran 5 '°'™‘i°ns. an example 


Te ,ss 

52 


p ; 2 sec 


J135 . 
53 


u. / nrs 


Xe m! 

54 


^ e h n 0 le ft! he re § U,a [ increase in h alf-Itfe as we approach a stable 
isobar, this indicates an increasing stability of the nucleus 

fr 3 « keW i Se a * tn . bu | able to ari excess of neutrons in the fission 
fragments and in their transformation products is the fact that 
nuclear fission is always attended by neutron emission. Special 
pen merits have shown that 2 to 3 neutrons are emitted in 
each nuclear fission event of uranium. These neutrons which 
are apparently emitted by short-lived fragments (t less than 10' 11 
sec), are called fission neutrons. Fission neutrons have a continuous 
energy spectrum with a maximum at about 0.7-0.8, MeV extend¬ 
ing ejected ? ^ , more - A1 ™g witb these neutrons C 

are ejected from the nucleus practically at the instant of fission 

nmi a / e as ° so-called delayed neutrons emitted by the fission 
(ucts after the lapse of a considerable time interval following 

!la!T atl ° n of figments. The half-lives corresponding to 
epaiatc groups of delayed neutrons range from 0.05 sec to 120 min 
those less than a minute being predominant. The total numb"; 
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of delayed neutrons, however, is small and comes out to only 
0.755°/ o of the number of fission neutrons {for U iSS ). 

The large number rff chains of p'-transformations of various 
fission fragments and also the secondary reactions involving 
both fission neutrons and delayed neutrons create, in the fission¬ 
ing material, a great diversity of active and nonactive nuclei. 
In the case of uranium, for instance, over 300 different active 
fission products have been recorded. 

In rare instances, an tx-particle or a particle (nucleus) of greater 
mass is ejected together with the two fission fragments (ternary 
fission). In the fission of uranium-235 by thermal neutrons there 
is an average of one a-particle per 220 fission events and one 
proton per 5000. 

Measurements show that in the fission of uranium about 170 MeV 
energy is released, the major portion of which is originally in 
the form of the kinetic energy of the fission fragments.* A value 
close to this one is obtained if it is taken that all the energy 
of the reaction is concentrated in the fragments and that its 
source is Coulomb repulsion of the fragments. Thus, assuming 
Z, =37 and Z, =55(Z,:Z S = 2:3) and computing the distances 
between the fragment nuclei (at the instant of their formation) 
from formula (9.5) as the sum of the radii of ihese nuclei, 
r = a, 4* a i = 14.3 X 10“ l * cm, we obtain 


U = 


37 X 55 (4.8) a X 10 -20 

14T3 X 10“ IJ X 1*6 X 10“* 


= 205 MeV. 


A value that practically coincides with this one is obtained as 
follows. From the curve of binding energy of atomic nuclei 
{Fig. 13), it follows that the binding energy per nucleon (specific 
binding energy) in the range of atomic weights A = 95-140 (cor¬ 
responding to Z = 37-55) is 8.6 MeV and diminishes to 7.6 MeV 
at the end of the Periodic Table. Hence, for the energy released 
in the fission of uranium-235 we find U = (8.5 — 7.6) X 236 = 
=212 MeV. 

Due to the high energy, the fission fragments are strongly 
ionising. For this reason, when using an ionisation chamber it 
is easy to distinguish the fission process from other nuclear proc¬ 
esses by the powerful surges of current. Due to the high ioni¬ 
sation density and the considerable path lengths of the fragments,** 
the fission process may also be photographed with a Wilson 


* A calorimetric determination of the kinetic energy of the fragments of 
uranium-235 fission by thermal neutrons yields 166^:2 MeV (which is in 
excellent agreement with the measurement data obtained by other methods). 

** Uranium fission fragments in air at atmospheric pressure have a path 
length of 2 to 2.5 cm. 
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cloud chamber or by the method of nuclear emulsions. Fig. 24 
is a photograph of the tracks of fragments in a cloud chamber 
obtained as follows: a thin layer of uranium (in the form of UO a ) 
was deposited on a 1-micron-thick aluminium foil; the foil was 
placed in a cloud chamber and irradiated with neutrons. The 
result was a picture of fission as shown in Fig. 24. 



Fig. 24. Tracks of uranium fission fragments 
in Wilson cloud chamber 


Uranium is not the only element that is fissionable under 
the action of neutrons. Thorium and all the transuranium ele¬ 
ments have this property. Some isotopes fission even upon the 
capture of thermal neutrons. These are U lt\ UJ”, UJ5 5 , Pu IT , 
Am 241 Am 242 , Am 243 , etc. Other isotopes have been found to have 
a fission threshold, which is the minimum neutron energy for 
which fission occurs. For Np” 7 the fission threshold is 0.25 MeV, 
for U” 4 0.28 MeV, for Pa” 1 0.45 MeV, U^ B 0.92 MeV, Th 7 f 
1.05 MeV, and so forth. Nuclear fission may be initiated not 
only by neutrons but by fast charged particles and y-photons 
(photofission). Thus, it has been found that uranium and thorium 
fission under the action of deuterons of energy K^=8MeV. Thff 
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photofission threshold (the minimum energy of y-photons) is ap¬ 
proximately 5.4 MeV for Th 2 J a , 5 3 MeV for U 2 j\ 5.1 MeV for 

u::\ etc. / 

The nuclei of heavy elements are capable, however, of fission¬ 
ing not only under the action of external factors (irradiation 



Fig. 25. Spontaneous-fission half-life as a function 
of Z 2 /A (aFter Ghiorso). 


with neutrons, y-photons, or charged particles) but also, to a 
greater or lesser degree, spontaneously. Spontaneous fission of 
atomic nuclei was discovered by Flerov and Petrzhak in 1940. 
The appropriate half-life of uranium came out to 3X10 15 years 
(more precise measurements give Ti/, = 8.0 X 10 15 years). Later, 
spontaneous fission was established for a large number of nuclei. 
Fig. 25 gives the half-lives for spontaneous fission of elements 
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beginning with thorium and ending with element 100 (fermium) 
as a function of Z 2 /A. We see that as this parameter increases, 
the half-life exhibits a sharp decrease (almost linear): while for 
Th 2 J 2 (Z 2 /A = 34.91) it is 1.4 X 10 18 years, for Fm 2 *J (Z 2 /A=39.37) 
it is only half a year. The significance of this dependence of 
lnT l/a on the parameter Z 2 /A(Fig. 25) will be clarified below. 

Let us now consider reactions of superfast particles , i.e., parti¬ 
cles of several hundred MeV and more (up to thousands of mil¬ 
lions of electron-volts), with nuclei. When nuclei are bombarded 
with neutrons, protons, deuterons, or ct-partides of such energies, 
fission is observed not only in the case of uranium and thorium, 
but also Bi ss , Pb a2 , Tl„, Hg„, Au 7S , Pt„, Ta„, and other lighter 
elements. A number of peculiarities in fission reactions initiated 
by superfast particles, for example, different products from those 
produced in fission with slow particles, frequently observed 
stable isotopes among the primary fission products, etc., sug¬ 
gests that nuclear fission is in this case preceded by the emis¬ 
sion of a large number of neutrons. This assumption is also 
confirmed by the fact that the sum of the masses of nuclei that 
arise with the greatest probability is considerably less than the 
mass of the initial nucleus. Thus, the fission of a nucleus by 
superfast particles is to be visualised as a three-stage process 

(in contrast to the two-stage process in the case of uranium 
V |[1 

fission with slow neutrons, n -f- Ujj”—►Us’ s — * fission fragments. 
The fission of bismuth with superfast deuterons may serve as a 

probable instance of the three-stage fission process: d-j-Bi^ 9 —* 
Po .»JLp 0 »'+12n-^ fission fragments, or BPJ 9 (d, 12n) Po”»—► 
fragments. 

The three-stage mechanism of nuclear fission by superfast 
particles follows from the views of Serber, who regards the col¬ 
lision of a superfast particle with a nucleus as a collision with 
a single nucleon. When this collision occurs near the centre of 
the nucleus, then as a result of subsequent secondary collisions 
of the struck nucleon and of the bombarding particle itself, the 
energy of the latter is distributed among a large number of 
nucleons. This produces a peculiar state of the nucleus, which 
Serber calls the “boiling nucleus”; due to its large store of energy, 
a “boiling nucleus” is capable of emitting (“evaporating”) a large 
number of nucleons. However, since the escape of protons from 
the nucleus involves surmounting a high potential barrier, the 
evaporating nucleons must be mainly neutrons; this leads to the 
second stage of the three-stage fission mechanism. The third 
stage of the fission process sets in as a result of increasing den- 
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sity of the positive charge of the nucleus making it unstable 
against fission. 

It should be expected that with increasing energy of the su¬ 
perfast particles, ana, hence, also the energy of the “boiling 
nucleus” under bombardment, the predominance of the number 
of evaporating neutrons over the number of protons will tend to 
diminish. This is corroborated by bombarding nuclei with super¬ 
fast protons of energy 2.2 GeV (or BeV). From measurements of 
the effective cross-sections of formation of various products it fol¬ 
lows that the fission of a heavy nucleus (Bi, Pb, etc.) in this 
ca^e becomes relatively less probable and gives way to the proc¬ 
ess of deep splitting or spallation of the nucleus , i.e., the ejec¬ 
tion of a large number of nucleons (neutrons and protons), which 
in some cases reaches 60. It is obviously the loss of a large 
number of nucleons that makes fission of the nucleus a less prob¬ 
able process than spallation. 

Theory of nuclear fission. A pictorial view of the fission process 
of heavy nuclei is given by the liquid-drop model of the nucleus. 
According to concepts developed by Frenkel (1939) and Bohr 
and Wheeler (1939), an external factor acting on the nu- 
leus (for example, the capture of a neutron by the nucleus) gives 
rise to a comparatively long-lived (excited) complex with excess 
energy. The excitation energy of this complex is distributed sta¬ 
tistically (like the thermal energy of a body having a large num¬ 
ber of degrees of freedom). As a result of accidental fluctuations 
it can bring about oscillations similar to those of a liquid sphere. 
In a heavy nucleus with a large number of protons, the electro¬ 
static forces of repulsion, which counteract the stabilising action 
of the forces of attraction, make the oscillations unsteady and 
cause disintegration (fission) of the nucleus into two smaller 
nuclei that correspond to an energetically more suitable state of 
the system. * 

Frenkel, Bohr and Wheeler also gave a mathematical theory 
of nuclear fission based on the liquid-drop model of the nucleus. 
Let us first consider the fission process from the point of view 
of its energy balance. Since the portion of energy due to nu¬ 
clear forces is proportional to the number of nucleons, which 
practically remains constant when a nucleus fissions, we may 
disregard the first two terms in equation (14.1) when computing 
the energy change in the fission process. Thus, with an accuracy 
to within the constant term, we may represent the nuclear energy 
prior to fission in the following form: 

— AE^yA^ + xZ^A- 1 ^, 

or, introducing the radius of the nucleus a = a 0 A^, in the form 
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( 17 . 1 ) 


Further, regarding (for the sake of simplicity) the nucleus as 

7 

dividing into two identical fragments, we will have Z, = Z 2 = ^- 
and a, = a. = ^4= (inasmuch as 4-na 3 =4-Jta?-l--^-Jta?V whence, 




for the fragment energy, we get 
— AE, — AE 2 = y 


2' ,3 4-x — Z 2 2“ 2/ a. 

' a 


(17.2) 


On the basis of (17.1) and (17.2), the equation of the energy 
balance of the fission process is written as 


Q = AE, + AE 2 - AE = y (±) 2 (1 - 2 1 ',) + 

+ x^Z 2 (l— 2"*-'.). (17.3) 


Energywise, fission becomes possible at Q^O. Thus, equating 

(17.3) to zero, we obtain the energy condition for the possibility 
of fission: 



or, 


since 




(17.4) 


(17.5) 


Substituting into (17.5) y — 15.4 and x = G.6 (see p. 78) for the crit¬ 
ical value of the parameter Z E /A, which determines the possi¬ 
bility of fission from the viewpoint of the energy balance of the 
fissioning nucleus, we obtain (Z*/A) cr = 18. Putting Z = A/2 approx¬ 
imately, we find A cr =72 for the critical atomic weight. This 
means that fission is possible already in the range of medium 
atomic weights. The fact that in reality fission is observed only 
in the case of heavy nuclei is to be attributed to the insuffi¬ 
ciency of the fission energy condition by itself, for, due to the 
existence of a potential barrier (the penetrability of which is 
small for heavy fission fragments), an additional condition must 
be fulfilled for fission to occur* The essence of this condition js 
that the fissioning nucleus must possess a certain excess energy, 
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called the activation energy in analogy with the activation energy 
of chemical reactions. * 

The problem of the activation energy of nuclear fission was 
investigated by Frenkel, Bohr and Wheeler, and others. Here we 
shall confine ourselves to a consideration of only a few of the 
results obtained. As follows from (17.5), from the viewpoint of 
energy, fission is possible when the electrostatic energy of the 
nucleus xZ'A"'- amounts to 70°/ o or more of its surface energy 
On the other hand, it was found that the activation energy 
is zero (i.e., the nucleus is absolutely unstable against fission) 
when the electrostatic energy of the nucleus is double its surface 
energy. The condition of absolute instability of a nucleus against 
fission may thus be written as 

£ = 2-1 = 50. (17.6) 

It may be noted that, according to the latest and most precise 
calculations, the instability condition is expressed by the formula 

^ = 46. (17.6a) 

Comparing the number 46 with the value of the parameter. Z 2 /A 
for all known fissionable nuclei (including also spontaneously 
fissionable nuclei), it becomes clear that in all cases Z 2 /A is less 
than 46. For example, for the nuclei Th” a , U”\ Fm“™, Z l /A is 
35.0, 36.0, 39.4, respectively. For the first two nuclei, the min¬ 
imum energy of y-rays that causes photofission is 5,40 and 
5.31 MeV, respectively. Obviously, these numbers can be identi¬ 
fied with the activation energy values of fission of Th;" and 
U5“. We may add that the activation energy of fission of the 
nucleus U5s 5 may likewise be computed from the fission threshold 
of the nucleus U“ 4 as a result of the capture of a neutron 
(0.28 MeV) and the binding energy of a neutron in the nucleus 
U*” (4.9 MeV), whence the value of activation energy is found 
to be 5.2 MeV. Within measurement error, this value coincides 
with the threshold of photofission of Utt‘ (5.3 MeV). Thus we see 
that whereas for a hypothetical nucleus with the parameter 
Z*/A = 46 the activation energy is zero, reduction of this param¬ 
eter to 35-36 yields activation energy values that exceed 5 MeV. 


* For instance, due to the existence of an energy potential barrier, the 
chemical reaction N,0 = N 2 -(-0 requires an energy of 60 kcal/mol at a reac 
tion heat Q —— 39.5 kcal/mol. The reaction D + H l = DH+H proceeds 
with an activation energy of 7 kcal/mol at Q = 0. 
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Calculations made on the basis of the liquid-drop model of 
the nucleus show that the activation energy of fission increases 
as Z diminishes or as A increases; in other words, as the para¬ 
meter Z*/A decreases, retaining an approximately constant value 
for constant Z’/A. Thus, there is a correspondence between the 
activation energies 0.5, 1, 3, 5, and 10 MeV and the values of 
the Z'/A parameter close to 42,5, 41.0, 38.5, 36.5, and 34.0, 
respectively. 

A correlation of computations and experimental data reveals 
satisfactory agreement between theory and experiment. Certain 
irregularities observed in the relationship of activation energy 
versus Z 1 /A are, apparently, due to the fact that the liquid-drop 
mode! of the nucleus does not take into account quantum effects, 
as, for instance, the dependence of nuclear forces upon nucleon 
spins, which affects the size of the nucleus. 

If the energy of a nucleus is less than that corresponding to 
its activated state, the oscillations that arise due to fluctuations 
of energy will be quasi-periodic, corresponding to specific energy 
levels of the nucleus. However, in this case, too, nuclear fission 
can still occur due to the probability (though small, it is still 
finite) of the tunnel elfect. This is precisely 
the mechanism of spontaneous nuclear fission. 

From the liquid-drop model of the nucleus 
we may obtain an expression for Ihe proba¬ 
bility of spontaneous fission in the form 

X = vP (17.7) 

where v is the frequency of nuclear oscil¬ 
lations, of the order of 10 21 sec" 1 , and P is 
the probability of tunnel penetration, or 
the "transparency” of the potential barrier. Fig. 26. Scheme of a 
We note the close similarity of (17.7) and chain reaction 
(15.3) obtained from the theory of a-de- 

cay. P increases with diminishing difference in the energy cor¬ 
responding to the top point of the potential barrier and the 
energy of the nucleus, i.e., with increasing Z*/A. Whence we 
get the half-life as a function of the parameter Z 2 /A in sponta¬ 
neous fission (Fig. 25). Here, as in the case of artificial fission, 
the slight spread of dofs about the curve in Fig. 25 is due to 
the influence of factors not taken into account by the simple 
liquid-drop model of the nucleus. 

From (17.7) it follows that for P = 1 - (this occurs when the 
nuclear energy corresponds to the top point of the potential 
barrier, i.e., when the activation energy of fission is zero) the 
decay constant is of the order of 10 !1 sec"’ and, consequently, 



C< eA 


5 -3038 
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the half-life is of the order of 10~ 21 sec or 10~ 28 year. This is „ 
the half-life of an ideal nucleus that is absolutely unstable 
against fission. ' 

Nuclear chain reaction. According to present-day views advanced 
and substantiated in the works of Semyonov (1928-34), a chemical 
chain reaction occurs with the participation of active particles 
or centres in the form of free atoms and radicals. The chief 
peculiarity of a chain reaction, that distinguishes it from non¬ 
chain reactions, is its continual regeneration of active centres, 
as a result of which the appearance of each active centre is 
accompanied by a large.number of recurring links. The number 
of these links, or the length of the chain, together with the rate 
of generation of active centres is what determines the rate of 
the chain reaction. 

A chain reaction may be represented diagrammatically as shown 
in Fig. 26 (A is an active centre, C is a reaction product). The 
arrow 0 indicates formation of an active centre as a result of 
thermal motion or some external agent, for instance, irradiation 
in the case of photochemical reactions. Arrow 1 denotes the set 
of processes that lead to the formation of a reaction product. 
Active centres are formed simultaneously (the number of these 
is e per molecule of the product C). The quantity e is called 
the regeneration factor , or the active-centre multiplication factor . 
Thus, according to the diagram, the chain reaction itself is an 
additional source of active centres (in Fig. 26 this is depicted 
by the dashed arrow). Finally, arrow 2 denotes the set of proc¬ 
esses that lead to the disappearance of active centres (to chain 
termination). 

Denoting the rate of generation of active centres (this corre¬ 
sponds to arrow 0) by W 0 and the probability that as a result 
of the reactions of a single* active centre a reaction product C 
will be formed, by a, we can express the rate of a steady-state 
chain reaction W, i.e., the number of molecules C formed in 
unit time, by W = (W 0 -f- eW) a, from which it follows that 

W = W 01 —— . (17.8) 

0 1 — ea v 1 


As may be seen from (17.8), the rate of a chain reaction remains 
finite as long as ea<M, and increases beyond all bounds as 
ea approaches 1. We note that at a<M, i.e., when the chains - 
terminate, the probability of which is obviously {J = l—a, an 
infinitely high rate of the reaction is possible only if e^>l. 
Using Semyonov’s terminology, this case corresponds to branched 
chain reactions. 
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Let us now consider a nonsteady-state reaction. In Semyonov’s 
theory, this problem is solved as follows. Designating the con¬ 
centration of active centres at a certain time t by N, the specific 
rate of the reaction, i.e., the rate of the reaction referred to 
a single active centre, by v, — W/N, and the specific rate of 
disappearance of active centres by v 2 , we write the kinetic equa¬ 
tion of the reaction in the form 

^ = w 0 —(v,+v 1 )N-]-8v 1 N=W 0 — (v. + v.Ml — ea)N, 

since, by definition, the probability of chain propagation is 
a = v l /(v 1 4* v t ). Integrating this equation for the boundary con¬ 
dition N = 0 at t = 0, we find 

1 _ p— (v, +v a ) (i -e«) t 

N = '___W 

(vx+v 2 )(l - ea) w o. 

whence, for the reaction rate at t, it follows that 

W = v,N = ^^ [1 _e _(Vl + Vl)<1 - M)t i. (17.9) 

From (17.9) it is seen that a steady-state reaction, that is, 
one that proceeds at a constant rate, is possible only when ea<^ 1. 
Indeed, in this case, for sufficiently large t, (t l/(v 1 -f- v a ) (1 — ea), 
when the second term in square brackets is negligibly small, 

(17.8) — the rate of a steady-state reaction — is obtained from 

(17.9) . But in the case of ea^>l, given sufficiently large t, 
(t ]> 1 /(v a -(- v 2 ) (ea—1), expression (17.9) passes into 

w =^r e ' ft - ( 17 - 10 ) 

where <p = (Vjv 2 ) (ea—1). We see that in this case the rate of 
the reaction increases exponentially with time (Semyonov's law) 
tending to become large beyond all bounds. An immeasurably 
high reaction rate obviously corresponds to an explosion . Accord¬ 
ing to Semyonov, the self-acceleration of the reaction as expressed 
by (17.10) is characteristic of branched chain reactions, i.e., 
of reactions with e^>l. 

It will be readily seen that the foregoing elementary kinetic 

theory of chemical chain reactions is applicable also to nuclear 

fission reactions. Indeed, inasmuch as the bombardment of heavy 
nuclei (and in the case of such nuclei as, for instance, U^ 5 or 
Pul", the capture of thermal neutrons) causes fission accompa¬ 
nied by the emission of fission neutrons (plus delayed neutrons), 
the number of which is 2 or 3 (e^> 1) per fission event, a branched 


5 * 

















116 


ATOMIC NUCLEUS 


fCh. 2 


chain reaction is obviously possible in this case in which 
the neutrons play the role of active centres. The possibility of 
this reaction was firsJ pointed out by Zeldovich and Khariton 

in 1939. , 

Having in view a nuclear chain reaction, let us clarify the 
meaning of the kinetic quantities W 0 , v,, and v, that enter into 
equations (17.9) and (17.10). The quantity Wo is the rate of 
production of neutrons in a mass of fissionable material. In the 
absence of neutron irradiation from without, this quantity is 
determined mainly by the rate of spontaneous fission of the 
given substance. For example, in the case of natural uranium, 
the isotopic composition of which is U !as — 99.274°/ 0 , U 3 ”■— 

0.720° 1 |l o , and U 231 — 0.006":',,, and the rate of spontaneous fission 
6^9 (U” B ), 0.3 (U S!S ), and <9 (U 231 ) fissions per kg/sec, we find 
that in one kilogram of this element there occur, on the average 
6.85 fission events per second.* Since each fission event of 
uranium-238, which makes up the bulk of natural uranium, yields 
an average of 2.2 (=0.3) fission neutrons, we obtain \V 0 = 15 
neutrons kg" 1 sec" 1 .** 

In the case of a nuclear chain reaction, v t represents the 
specific rate of the fission reaction expressed by the product 


v« x) = ojr s ) vN‘ ,t » 


■< x >. 


where is the fission cross-section, v is the neutron velocity, 
and N (K> is the concentration of fissionable isotope of a given 
sort (x), i.e., the number of its nuclei in I cm’ of the sub¬ 
stance As has already been pointed out (p. 107), only comparatively 
fast neutrons (K>0.9 MeV) can fission uranium-238, This is 
due to a fission threshold. In this case, the fission cross-section 
increases from a value close to zero at K =0.9 MeV; near K = 2 MeV 
it reaches 0.6X 10“cm 1 , and varies but slightly with increas¬ 
ing neutron energy. In contrast to uranium-238, the fission 
cross-section of uranium-235 is 500X10"” cm 2 already for ther¬ 
mal neutrons. It decreases (as l/'v) with increasing neutron energy 
and approaches a constant value of 1.5 X 10"” cm 2 . From these 
data it follows that with respect to neutron fission, uranium-235 
is appreciably more active than uranium-238.** For this reason, 
in practice we use uranium enriched with the 23o isotope, it may 
be noted that plutonium-239, which is obtained in nuclear reac¬ 


* Under ordinary conditions, fission processes due to cosmic radiation 
contribute a small portion (about 10'>/„) to neutron production. 

** Due to the small percentage of the uramum-234 isotope in natural ura¬ 
nium, it does not play any appreciable part in a uranium-fission chain 
reaction. 




Sec. 1 7] 


FISSION OF HEAVY NUCLEI 


117 


tors (see below), has the same properties as uranium-235 (with 
respect to fission). 

Since about 75°/ 0 of the fission neutrons have energies above 
the fission threshold of U 23 * (0.92 MeV), a uranium chain reaction 
proceeds with the participation of both isotopes (235 and-238). 
However, due to energy loss in inelastic collisions with nuclei, 
the fast neutrons become incapable of fissioning uranium-238, 
which thus drops out of the game. Moreover, at low neutron 
energies (about 7 eV) uranium-238 avidly absorbs neutrons without 
-fission: the cross-section for neutron capture by a U” a nucleus 
has a resonance maximum at this energy (resonance capture) that 
corresponds to o cap = 5000X10"“cm 2 . The capture, by uranium-238, 
of neutrons, the energy of which is less than the fission thresh¬ 
old, thus leads to chain termination. 

This, however, is not the sole cause of chain termination. 
The neutrons can also be absorbed by impurity nuclei in the 
uranium. In addition, the chain may terminate due to a neutron 
escaping from the fissile material. All these causes of chain ter¬ 
mination determine the specific rate of neutron loss v 2 . 

A nuclear chain reaction may be accelerated either by raising 
Vj or by reducing v z . Besides increasing the percentage of the 
235 isotope in the case of uranium, the rate of the fission reac¬ 
tion can also be increased by changing v, through the addition 
of moderators. The usual moderators are either deuterium in the 
form of heavy water D a O, which does not absorb neutrons and 
which, due to the fact that its mass is close to the neutron mass, 
has a strong moderating action, or carbon (in the Form of graph¬ 
ite) whose nuclei, like those of oxygen, are poor absorbers of 
neutrons. As a result of rapid moderation * the neutrons jump 
across the dangerous region of resonance capture by uranium-238 
nuclei (7eV) and become thermal, in which state they are partic¬ 
ularly capable of fissioning uranium-235 nuclei. 

Speeding the chain reaction by acting on v, is accomplished 
by careful purification of the fissile mass and the moderator 
of neutron-absorbing impurities and also by increasing the mass 
(volume) of the materials so as to reduce the probability of 
neutron loss from the mass. In addition, a good effect is attained 
through the use of reflectors , which likewise reduce the probabil¬ 
ity of neutron loss. Neutron loss by escape is relatively large 
in the case of a small volume of fissile material. For this reason, 
every substance has a definite critical size or critical mass char- 

* It may be shown that, for example, a neutron with an initial energy 
of 1 MeV becomes thermal after experiencing an average of 21 collisions 
ith deuterium nuclei. Assuming the energy of a thermal neutron to be 
==3/2 kT, at T = 273°K, we obtain K=l/30eV. 
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acterised by the fact that for dimensions or mass less than these 
values, a nuclear chain reaction will be an exceedingly slow ^ 
steady-state reaction, whereas for dimensions and mass above 
critical the reaction' is self-accelerating (according to the Se¬ 
myonov law) and ends in an explosion. 

By changing v t it is possible to regulate the rate of a nuclear 
chain reaction. In nuclear reactions, this regulation is done by 
means of cadmium rods introduced into the mass of fissile mate¬ 
ria! Due to strong resonance absorption of neutrons by cadmium 
(in the energy region of 0.180 eV), which at resonance maximum 
has a capture cross-section of 7800X 10"” cm 1 (the cadmium 
isotope responsible for resonance capture is cadmium-113 and 
makes up 12.3®/, of natural cadmium; its cross-section is 63,400 X 
X lO"' 4 cm 1 ), the concentration of neutrons in the reactor is 
sharply reduced in the presence of cadmium rods, and this, 
consequently, slows down the chain reaction. The reaction rate 
is controlled simply by inserting cadmium rods into the reactor 

or pulling them out. , , . OQO 

We note that the capture of slow neutrons by uranium-238 
brings about the following chain of transformations: 

n _j_ (J 288 y y2»9 23 min ^jp^ P , 2.3 days p u “ 9 . 

As already pointed out, the Pu !,B thus produced is capable ot 
fissioning upon the capture of slow neutrons, just like uranium- 
235, and for this reason is a valuable nuclear chain “fuel”. The 
difference in chemical properties of uranium and plutonium makes 
it possible to separate these elements by ordinary chemical meth¬ 
ods and, consequently, to separate with relative ease the Pu 
from the used-up “fuel” of uranium reactors (piles!. Plutonium-239 
is a- active and has a half-life of 2.44 X ft) 4 ye ars - lt s half-life 
with respect to spontaneous fission is 5.5 X 10 ' 1 years. 


18. Thermonuclear Reactions 

Fission chain reactions of heavy nuclei are not the only source 
of nuclear energy. Another source are thermonuclear reactions 
that occur in stars and are accomplished under terrestrial condi¬ 
tions—so far, unfortunately, only in hydrogen bombs. These 
reactions that involve protons and the nuclei of certain light 
■elements (see below) become possible due to the very high temper¬ 
atures in stellar interiors which, according to astrophysical data, 
range up to several tens of millions of degrees. Although at such 
temperatures the mean kinetic energy of the nuclei is only a few 
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keV, i.e., far from that required to surmount the potential 
barrier, the height of which in the case of Hght nuclei is of the 
order of 1 MeV, the possibility of tunnel penetration considerably 
reduces their activation energy. For instance, above *we saw (p. 54) 
that the reaction Hi -|- Li, — 2 He£ is observed already at proton 
energies of K=10keV, whereas by computing the height of the 
potential barrier from the approximate expression 

U =0.77 —MeV, 
max i + yz 

which is similar to equation (15.2), we find U max = 0.9 MeV. 
Besides, at any temperature a npticeable portion of the nuclei 
has energies substantially higher than the mean energy at that 
temperature e = 3/2 kT; assuming a Maxwellian distribution of 
nuclear velocities it is not difficult to compute from the formula 

^ = 4= (kT)- •i>e~ ^ V~k de 

N y n V ' 

(dN is the number of particles of energy within the range be¬ 
tween s and e-^-de, N is the total number of particles) that 1 °/ 0 
of the nuclei has an energy six times that of the mean energy. 

Taking into account the large abundance of hydrogen in stars 
and also the large binding energy of the helium nucleus (see Fig. 
11) it is natural to assume that the chief source of stellar energy 
is the reaction of the formation of helium from hydrogen: 

4H —»-He, 

the energy of which amounts to 5.9 X 10 n cal/gm-atom of helium .* 
We will show that this energy is quite sufficient to maintain the 
high temperature of a star, our sun for example, for a very long 
period of time. Indeed, since hydrogen makes up about 30°/ 0 of 
the solar mass, which totals 5.5 X10 35 gni, the amount of hy¬ 
drogen in the sun is 2X10 33 gm, or 2X10 33 gm-atoms. From 
this we find the energy that would be released if all the hydro¬ 
gen in the sun were converted to helium: 

5.9 X 10 11 X2X 10 33 ox/m44 1 ■ 

-———“——-= 3X10 calories. 

We can also compute the quantity of energy radiated by the sun. 
Since each square centimetre of surface of the earth normal to 
the sun's rays (the distance of earth from sun being 1.5 X 10 s km) 


* Here we disregard the energy released in the annihilation of two posi¬ 
trons emitted in the synthesis of helium out of hydrogen. 
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receives 1.5 calories of radiant energy per minute, the total amount 
of energy radiated by the sun in one second comes out to 

4ji (1.5 X I 0 ") 2 ^ = 7 X 10 85 cal sec" *. 

Dividing by this number the reserves of nuclear, solar energy 
contained in hydrogen atoms, we find the time during which this 
energy may be radiated (we take the radiation intensity to re¬ 
main constant in time): 

^ 4 X 10 18 sec = 10 u years. 

Since the age of the sun is put at approximately 5X1° 9 years, 
a comparison with the computed age shows that up to now the 
sun has used up roughly only one-twentieth of its store of energy. 

The specific nuclear* reactions underlying the synthesis of 
helium from hydrogen were, in the main, suggested by Weizsacker 
(1938) and Bethe (1939). Calculating the half-li feof various nuclear 
reactions (that is, the time during which half of the nuclei react) 
by extrapolation of known cross-sections of these reactions to high 
temperatures, Bethe demonstrated that the synthesis of helium 
could proceed in two chains of reactions: the hydrogen-hydrogen 
cycle and the carbon-nitrogen cycle. The latest researches have 
confirmed and improved upon this conclusion. It has been found 
that the hydrogen-hydrogen cycle plays the main part in stars 
cooler than the sun, while the carbon-nitrogen cycle is domi¬ 
nant in the hotter stars. . 

The hydrogen-hydrogen cycle is presently viewed as the fol¬ 
lowing set of nuclear reactions: 

2H—vD-(-p + (1.4X I 0 ' 0 years;); 

H-f-D—>-He 3 (5.7 sec); 

He 3 + He 3 — He 4 + 2H(10 9 years). 

Doubling the number of first and second reactions and summing, 
we obtain an equation of the total (overall) reaction 4H —He 4 + 
4-2B + . The time during which the reaction develops is given after 
each reaction. It will be seen that the slowest reaction is that of 
the formation of deuterium from hydrogen — of the order of 10"* 
years. Comparing this with the above-computed period of energy 
radiation latent in hydrogen (~-10 n years), we see that this fig¬ 
ure is, however, sufficiently small for the hydrogen-hydrogen 
cycle to be accomplished. We note that the foregoing reaction 
times have been computed for a temperature of 13 X 105 degrees 
Kelvin, which is taken as the temperature at the centre of the 
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The carbon-nitrogen cycle embraces the following reactions: 
H + C 13 ->N” (1.3 X 10 7 years); 

N 13 7 ^C 13 + p + (7 min); 

H _[_C 13 -+N 14 (2.7 X 10’ years); 

H -(-N 14 —>0 IS (3.2 X Ifl 8 years); 

O 15 —*-N 15 -)-f) + (82 sec); 

H N 15 —>-C 12 -f"He 4 (1.1 X !0 5 years). 

As in the hydrogen-hydrogen cycle, summing these reactions 
yields 4H—>-He 4 -j-2p + . If will be noticed that in this cycle 
carbon-12 plays a part similar to that of catalysts in chemical 
reactions: it enters into the reaction at the start- and again forms 
(is regenerated) at the end of the cycle. The reaction times are, 
as before, computed for a temperature of 13X10 8 °K- 
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CHAPTER 3 

ELECTRONIC STRUCTURE 

19. Ionisation Potentials and Groups of Electrons in Atoms 


Ionisation potentials of atoms. The entire assemblage of exper¬ 
imentally known physical and chemical properties of atoms 
shows that each atom consists of a positively charged part—the 
nucleus—and electrons, the number of which in a neutral atom 
is equal to the atomic number of the given element in Mende¬ 
leyev’s Periodic Table. 

If one or several electrons are removed from an atom, the 
result is a positive ion, for example, N" 1 ", N + + , N 4 "*" 1 ", etc. The 
energy necessary for ionisation may be imparted to the atom by 
the impact of a fast particle (say, an electron) or it may be ab¬ 
sorbed by the atom in the form of a quantum of light (photon). 
In the Former case (ionisation by collision), we will consider the 
process of ionisation as collision of elastic spheres, one of which 
represents the atom and is stationary; it will then be seen that 
on the basis of the laws of conservation of energy and momen¬ 
tum _ 

K 0 = el + K c , l/mK 0 = l/'(m-fM) K c , 

where K 0 is the minimum energy of the bombarding particle 
required to ionise the atom, m is its mass, M is the mass of 
the atom, K c is the energy of the centre of gravity of the col¬ 
liding system, and el is the energy for ejection of the electron 
from the atom (I is the ionisation potential of the atom), we 
will have 


K„ 


M 

m +M 


el. 


(19.1) 


If the bombarding particle is an electron, then, since m/M< 
eg; 1/1840, its mass in may be disregarded as compared to the 
atomic mass; hence, the minimum energy of the ionising elec¬ 
tron is practically equal to the ionisation energy of the atom: 
K 0 = el. It is thus possible, by subjecting atoms to the bombard¬ 
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ment of fast electrons and by measuring the quantity of ions 
(the ionic current i) for various values of energy K of the bom¬ 
barding electrons and by extrapolation of the i (K) curve to zero, 
to find K u and, consequently, 1. This is usually the method ap¬ 
plied to measure ionisation potentials. The energy is imparted 
to the bombarding electrons by an electric field, and for this 
reason K is expressed in electron-volts. It should, however, be 
pointed out that the error of measurement of ionisation poten¬ 
tials by this method is rarely less than 1%. Therefore, the spec¬ 
troscopic method (see below) is resorted to when greater accu¬ 
racy is required. It ensures much higher accuracy than the elec¬ 
tron-impact method. 

In the case of photoionisation of an atom, the energy of the 
ionising photon hv and the ionisation potential are connected 
by the following relation: 

hv = eI + K 

where K is the- energy of the electron ejected from the atom. 
It will be seen from this expression that there should be a cer¬ 
tain minimum frequency v ? , defined by the equality hv^ — 
ani j corresponding to the threshold that separates 
the region of photoionisation (vp>v 0 ) from that where photoi- 
onisation i; energetically impossible (v<(vj. The frequency v 0 
may be called the threshold frequency of photo ionisation (or the 
photoelectric effect). The most precise values of v s are obtained 
from investigations of atomic spectra. 

The ionisation potentials I (in volts) for various elements 
are given in Fig. 27 (the horizontal axis is the atomic number 
Z of the element). From Fig. 27 it follows that the inert gases 
have maximum values of ionisation potentials while the alka¬ 
line elements have minimum values. As will be shown below, 
this fact and also the periodicity in values of I revealed by Fig. 
27, which repeats the periodicity of the chemical properties (see 
below), reflect peculiarities in the structure of the electronic 
shells of atoms. 

Electron affinity. The atoms of certain elements are capable 
of adding extra electrons thus forming negative ions, such, for 
example," are the ions H~, 0“, F~. the energy released in the 
formation of a negative ion out of a neutral atom and an elec¬ 
tron, i, e., the energy of the process A -f- e = A" (A is the atom, e, 
the electron) is called electron affinity. The values of electron 
affinity E for certain atoms are (in eV): 0.71(H), 3.62(F), 

3.78 (Cl), 3.56 (Br), 3.18(1), 1.48(0), 2.07 (S). 

It will be noted that affinity for two (or more) electrons, 
i.e,, the energy of formation of a doubly charged (or multiply 
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charged) negative ion out of an atom and two (or more) elec¬ 
trons is always negative. In the formation of the O'" ion out 
of 0-j-2e, for instance, about 7 eV is expended, while theS"“ 
ion (out of S-|-2e) requires about 3.5 eV. Consequently, an elec¬ 
tric system consisting of a nucleus and Z-|-k electrons, i.e., a 



negative ion A"*, is always* unstable at k^>l and must disin¬ 
tegrate, with the release of energy, into an ion A" and k—1 
electrons or into a neutral atom A and k electrons. Experiment 
shows that the halogen atoms have the greatest electron affinity. 
As we shall see further on, this fact, which indicates that the 
electron shells of halogen ions X" are extremely stable, is also 
due to peculiarities in the structure of the electronic shells of 
the atom. It will be noted that the electron affinity together 
with the ionisation potential are important quantitative charac¬ 
teristics of electronegativity , which plays an important part in 
the structure of molecules (see below, p. 298). 

Electron groups. As one electron after another is removed from 
an atom, the charge of the remaining part of the atom (the 
atomic core) increases, and, consequently, there is an increase in 
the attraction of electrons by the atomic core. For this reason, 
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the consecutive removal of electrons from an atom requires more 
and more energy. Designating the minimum energy required to 
remove one (the first) electron from the atom, by eI M the sec¬ 
ond, by el 2 , the third, by el 3 , etc., we will have I, < ■ 

The number of different values of I* (ionisation potentials) or 
each element is obviously equal to the corresponding atomic 
number Z. Note that the quantities l } may be obtained from the 
minimum values of energy of the 
bombarding electrons, which ener¬ 
gy is needed to convert the ions 
A-mi-o i n t 0 the ions A+ 1 (cf. 
above). The appearance of ions of 
a given sign may, in this case, be 
established mass-spectroscopical- 
ly. However, precise values of 
ionisation potentials are obtained, 
has already been pointed out, 
from atomic spectra. 

A consideration of the quanti¬ 
ties Ij for one and the same ele¬ 
ment shows that increase in I { 
with the number of electrons re¬ 
moved i is not smooth, but exhib¬ 
its sharp discontinuities at def¬ 
inite values of i. This rela¬ 
tionship between and i indi¬ 
cates that the electrons in an atom 
are distributed in discrete ener¬ 
gy groups , or layers , characterised 
by different binding strength of 
the electrons. By way of illus¬ 
tration, let us examine the re- 

lationship between the ionisation potentials l t of a sodium atom, 
found on the basis of spectral data, and the various ions of this 
element, l t is obviously the ionisation potential of the 

neutral atom Na, L is the ionisation potential of the ion Na' 1 ', 
1 that of the ion Na l+ , etc. In Fig. 28, log ij is represented 
as a function of h The curve shows that the ionisation poten¬ 
tial of sodium and its ions has two discontinuities: the first in 
the transition from the atom Na (i = 1> to the ion Na r (i = 2) 
and the second in the transition from the ion Na (i = 9> to 
the ion Na + *(i = I0). From this if follows that the first electron 
in the sodium atom is considerably more weakly bound than the 
remaining 10 electrons, of which 8, in turn, are bound appre¬ 
ciably more weakly than the last two. Consequently, the 11 



Fig . 28- The ionisation potentials 
(log h) of all eleven electrons of 
the sodium atom 
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electrons of sodium are distributed into three groups: a two-elec¬ 
tron group of the mosj; firmly bound electrons, an eight-electron 
group, and a group containing one electron, the most mobile one. 
This distribution of electrons into groups stands out prominently 

if the quantity i/I, is represent¬ 
ed as a function of i, as in Fig. 
29. 

This graph may be interpret¬ 
ed as follows. Assuming (ap¬ 
proximately) total screening of 
the nuclear charge Ze by the 
surrounding electrons, that is, 
assumingthat the electron being 
removed is acted upon by a 
point charge, the magnitude of 
which is determined by the nu¬ 
clear charge minus the total 
charge of all remaining Z — i 
electrons — the charge Ze — 
— (Z— i)e = ie — the ionisation 
potentials I, may be represented 
by the formula* 

Ii = £ 09.2) 


where r is a certain mean dis- 
Fig. 29. Distribution of sodium-atom tance of the removed electron 
electrons into three groups. from the nucleus. From this for¬ 

mula it follows that the quanti¬ 
ties i/I, must approximately vary as the mean distance r. Therefore, 
on the basis of Fig. 29, it m*ay be concluded that the first elec¬ 
tron of the sodium atom is in a layer farthest from the nucleus; 
in the next, deeper, layer there are 8 electrons, and, finally, in 
the layer closest to the nucleus there are two most firmly bound 
electrons. The electron of the outer layer may be called the outer 
electron, the remaining, the inner electrons. 


* Assuming that the electrons revolve about the nucleus in circular or¬ 
bits, and that the centrifugal force mv 2 /r is balanced by the force of Coulomb 
attraction to the nucleus ie 2 /r 2 (see below, Sec. 22), we obtain for the kinet¬ 
ic energy of the electron K = mv 2 /2 —ie 2 /2r, so that the total energy of the 
electron is 

P_ie^ ie 2 _ ie 2 

The energy for removal of an electron from the atom (elj) is equal to the 
energy E with sign reversed, whence we get formula (19.2). 
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Comparing the first and second ionisation potentials of the 
remaining alkaline elements (Table 4), we are convinced of a 
discontinuity (a change in ionisation potential by a factor of 14 
to 6) when going from \ x to I a (a thing that is not observed in 
the case of the greater part of the remaining elements where the 
quantity 1 1 :I 1 does not exceed 2-3). From this we may con¬ 
clude that a common feature of all alkaline elements is the pres¬ 
ence of one outer electron. This single electron gives the atoms 

Table 4 


First (I,) and second (I 2 ) ionisation potentials of alkaline elements (in 

volts) 


E1 ements 

Ionisation 

potentials ' 

u 

Na 

K 

RL 

Cs 

i. 

5.36 

5.11 

4.32 

4.16 

3.87 

i. 

__—:—.. -—--- 

75.26 

47.07 

31.7 

27.3 

23.4 


of the alkaline elements a certain similarity to the hydrogen 
atom with its one electron (Z=l). This is manifested in a 
similarity of physical and chemical properties of these atoms and 
the hydrogen atom (see Sec. 20). 

Table 5 contains all the known ionisation potentials of the ele¬ 
ments of the second period (from Li to Ne). Here, the stepped line in¬ 
dicates discontinuities that separate relatively weakly bound elec¬ 
trons from the most firmly bound inner electrons. From Table 5 it 
follows that all the elements represented in it have the same 
number (two) of such electrons with varying numbers of remain¬ 
ing electrons. And so we see that these two electrons form a 
strong closed group maintained throughout the second period. 
Investigations into the structure of the atomic clouds of the 
heavier elements show that this group persists also in the ele¬ 
ments of the subsequent periods. It is first formed in helium 
(Z —2), both electrons of which belong to this group; this is 
evident from a comparison of the ionisation potentials of helium: 
I, = 24.47 V and I, = 54,14 V (no discontinuity). It is with the 
closed character of this group that the chemical inertness of he¬ 
lium is connected. 

A similar closed group is formed by eight electrons of neon 
(which are outer with respect to the two most firmly bound in- 
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Table 5 


Ionisation potentials of elements of the second period 


x. Elements 

Ionisation 

potentials 

LI 

— * - 

Be 

B 

c 

N 

0 

F 

Ne 

I, 

5.36 

9.28 

8.25 

11.20 

14.46 

13.55 

18.6 

21.47 

40.91 

I» 

7 b. 26 

18.12 

25.00 

24.26 

29.44 

34.94 

34.81 

L 

121.84 

153.11 

37.74 

47.64 

47.20 

54.63 

62,35 

63.3 

h 


216.63 

258.03 

64.17 

72.04 

77,03 

86.72 

(97) 

h 

_ 

— 

338.53 

390.02 

97.40 

113.30 

— 

— 

I 6 

_ 

— 

— 

487.55 

549.08 

137.42 

156.37 

— 

I 7 

„ _ _ 


— 

— 

663.73 

730.22 

184.26 

— 

L 

_ 

— 

— 

— 

— 

867.09 

— 

— 

8 

i, 

1,0 



_ 

_ 

_ 

_ 

1097.66 

— 

-— 

— 

— 

— 




1355.48 


ner electrons). This follows both from the chemical inertness of 
neon and from the fact that the element following neon, sodium, 
has not 9 but one outer electron (see above), magnesium, not 10 
but 2, etc. The eight-electron closed group that takes shape in 
neon is maintained in all subsequent elements (like the eailier 
considered two-electron group). 


20. Periodic System of Elements 

The layer-like, group structure of atomic clouds is most clear¬ 
ly expressed in the recurrence of the chemical properties of 
the elements. This recurrence is expressed by Mendeleyev’s period¬ 
ic law. The periodic system of the elements is the most cogent 
and irrefutable proof of the existence of discrete groups in the 
electron clouds of atoms of all the elements. The recurring sim¬ 
ilarity of chemical properties of analogous elements is a direct 
indication of the identical structure of the outer electron layer of 
these elements and the closed character of the inner electron 

groups. . 

Diverse facts involving chemical and also certain physical 
properties of the elements indicate that a basic, if not exception¬ 
al, role in the chemistry of atoms is played by the outer elec¬ 
trons. The capacity for substitution (in various chemical com¬ 
pounds) of one atom for another that differs greatly from the former 
in atomic weight, atomic number, and, hence, in the total num¬ 
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ber of electrons, etc., together with a similarity in the chemical 
and physical properties of the resulting compounds (for instance, 
LiCl and KC1 ? NaCl and Nal, etc.) undoubtedly indicate that not 
all the electrons of these atoms, but only a certain very small 
part of them, participate in the formation of chemical compounds. 
We have already seen that all analog elements in the group of 
alkaline elements have one outer, or, as it may be called, va¬ 
lence electron. Elements of the second group (alkaline-earth ele¬ 
ments) have two outer (valence) electrons, etc. Halogen atoms 
(seventh group) have seven outer electrons. The conclusion that 
the chemical properties of an atom are due to its outer electrons 
is likewise corroborated by studies of X-ray spectra of one and 
the same element in its different compounds. In this way it is 
shown that these spectra exhibit relatively slight change in the 
transition from the pure element to its compound. And since 
X-rays are associated precisely with the inner and mpst firmly 
bound electrons in the atom (see below), this constancy of X-ray 
spectra must be regarded as direct proof that the chemical prop¬ 
erties of an atom are only very slightly dependent on the in¬ 
ner electrons. In contrast to X-ray spectra, optical spectra, which 
are associated with the outer, mobile electrons, undergo such 
changes that, as a rule, the spectrum of the compound has noth¬ 
ing in common with the spectra of the component elements. 

Let us make a brief examination of Mendeleyev's Periodic 
Table (Table 6) from the viewpoint of the electronic structure 
of the atoms. The hydrogen atom, which occupies first place in 
this table, has only one electron (Z=l). This is likewise sug¬ 
gested by hydrogen having only one ionisation potential (Ih = 
= 13.6GeV). The next element after hydrogen is helium with two 
electrons forming a dosed two electron group (see p. 127). It has 
already been pointed out that the inertness of helium is con¬ 
nected with the particular stability of this group. 

The next element, lithium, is univalent,* By attributing 
this to the presence in the lithium atom of one outer electron, 
we obtain confirmation of the conclusion drawn from a consider¬ 
ation of the ionisation potentials of lithium that its three elec¬ 
trons are distributed in two groups: the inner, two-electron, group 
and the outer group with one electron. The isolated state of the 
outer electron of lithium confirms the conclusion about the 
closed character of the electron shell of the helium atom. 


* Here we have in mind the so-called negative valence, or valence with 
respect to fluorine, which is determined by the number of fluorine atoms (or 
half the number of oxygen atoms) bound by the given atom in a saturated 
state (see Sec, 34); for example, the existence of LiF (but not LiF 2 , etc.) 
indicates that lithium is univalent. 
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The elements that follow lithium-beryllium, boron, carbon, 
nitrogen, oxygen and fluorine—are chemically active, hut the - 
tenth element, neon,, is inert. If we associate chemical inertness 
with the closed character of the outer electronic shell of the 
atom, we must conclude that none of the elements from lithium 
to fluorine has a closed outer shell; this shell closes only when 
an eighth electron is added {as in neon). 

Earlier, proceeding from a consideration of the ionisation 
potentials of sodium, we came to the conclusion that ten out of 
its eleven electrons form two closed groups (the two-and eight- 
electron groups), while the eleventh electron is outside these 
groups. This fact, and also the presence of similar closed groups 
in the elements that follow sodium, confirm the conclusion about 
the closed nature of the outer eight-electron group of neon. 
Another indication of the closed eight-electron shell is the great 
electron affinity of the fluorine atom and, consequently, the high 
stability of the F~ ion, which finds expression, for one thing, in 
the fact that the F atom is more active chemically than the F ion. 

From the chemical activity of all elements following sodium 
and ending with fluorine it follows that their outer electrons 
like the eleventh electron of sodium, enter into a third, unclosed 
electron group. The same number of electrons in the outer 
unclosed electron group of elements of the second and third pe¬ 
riods is the reason why sodium is the chemical analog of lithium, 
magnesium is the chemical analog of beryllium, aluminium the 
analog of boron, silicon of carbon, phosphorus of nitrogen, sul¬ 
phur of oxygen, and chlorine of fluorine. This analogy is not 
confined solely to a similarity of chemical properties. As a rule 
elements belonging to the same group have similar structures of 
optical spectra, similar magnetic properties, etc. 

In the element following chlorine, argon, the third electron 
group has 8 electrons and a’gain we have an inert element. How¬ 
ever, a consideration of the chemical and other properties of 
the heavier elements that follow argon shows that only the first 
two groups retain the two and eight electrons, respectively, through¬ 
out "the Periodic Table. The third electron group undergoes 
subsequent essential changes: beginning with scandium and end¬ 
ing with copper, this group builds up to 18 electrons and, up 
to the transuranium elements, remains an 18-electron group. The 
consequent irregularity in the filling of the e! ectron groups finds 
expression in a number of chemical and physical anomalies ob¬ 
served in the elements from scandium to copper. The 29 elec¬ 
trons of the copper atom are distributed as follows: 28 form three 
dosed groups {two-, eight-, and eighteen-electron groups), the 
29th, outer, electron belongs to a new, fourth group- 
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This fourth group fills up normally in the elements from cop- - 
per to krypton; in krypton it contains 8 electrons, acquiring a 
certain degree of completion (like the eight-electron outer group 
of argon) and thus giving rise to the inertness of krypton. How¬ 
ever, this group remains eight-electron only in two elements 
following krypton: rubidium and strontium, ft then builds up. 
first to 18 electrons in the elements from yttrium to palladium 
and then up to 32 in the rare-earth elements. With this are associated 
the anomalies in the chemical and physical properties that are 
characteristic of elements from yttrium to palladium and of the 
rare earths. The number of electrons in the fourth group remains 
constant throughout the remaining part of the Periodic Table. 
From this it follows that the completed fourth group contains 32 
electrons All heavy elements from the 70th (ytterbium) contain 
four completed groups (2-, 8-, 18-, and 32 -electron) and a certain 
number of uncompleted groups. Assigning to the four completed 
groups the numbers t, 2, 3. and 4, it is easy to see that the 
maximum number of electrons in each group (2, 8, 18, and 32) is 
expressed by the formula 2n‘, where n is the number of the group. 

21. Atomic Energy Levels 

Spectrum of the H atom and of ions with one electron. The pres¬ 
ence of discrete groups of electrons in the electronic structure of 
atoms points to discreteness in the energy states of the atom. This 
discreteness is expressed most vividly in atomic spectra: optical 
and X-ray. It has already been pointed out that, unlike X-ray 
spectra, optica! spectra are associated with the outer electrons of 
the atom. This is evident, in particular, from the fact that the 
energy changes that correspond to optical spectra usually have 
magnitudes of several electron-volts, i.e., are comparable to the 
first ionisation potentials that correspond to the binding strength 
of precisely the outer electrons of the atom. 

A characteristic peculiarity of atomic spectra is their linear 
structure , which permits describing the spectrum of each element 
by specific values of wavelengths ), or frequencies v. Separate 
groups, or scries, of lines in atomic spectra obey definite, series 
laws. These laws (or regularities) are particularly prominent m 
the spectrum of the simplest atom, hydrogen. 

As early as 1885, Balmer demonstrated that the wavelengths 
of nine lines of hydrogen (these lines were measured by Hagenbach), 
four of which lie in the visible region of the spectrum (XX7500- 
4000 A), are expressed by the following simple formula: 
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where A, 0 = 3645.6A, n — 2 and m = 3, 4, 5, ... , 11. 

A spectrogram of this series of the hydrogen spectrum, called 
the Balmer series , is shown in Fig. 30 (at present up to 40 lines 
of this series are known). From the spectrogram it is seen that the 
distance between each pair of adjacent lines diminishes regularly, 
and in the region of short wavelengths the lines converge to a 
certain limit (the series limit). By extrapolation to m = oo, from 


Fig . 30. Emission spectrum of hydrogen atom in visible 
and near ultrav iolet regions (Balmer series) 


the preceding formula, called the Balmer formula , we obtain tho 
wavelength that corresponds to the limit of the Balmer 

series. Passing now from wavelengths to frequencies or to wave 
numbers,* the Balmer formula may be rewritten in the form 

” = r G?-5>)- < 2U > 

The quantity R, equal to 3.288 X 10 15 sec" 1 or 109,677.58 cm~\ 
is called the Rydberg constant , after the scientist who found that 
this constant could be used to represent numerous spectra. As al¬ 
ready pointed out, in the Balmer formula n=^2. However, Bal¬ 
mer himself already regarded his formula as something more gen¬ 
eral. For instance, he suggested the existence of a series char¬ 
acterised by the value n = 3. This series was actually discovered 
later by Paschen (1908). The Paschen series is expressed by the 
formula 

'■= R ( 3 T-ff). m = 4 . 5 >--- 

* The wavelength X is connected with the frequency v by the relation 
A, = c/v, where c is the velocity of light. In spectroscopy, the wave number 
1/A, is also frequently called the frequency. This provisional frequency is ex¬ 
pressed in cm -1 in distinction to v, which is expressed in sec" 1 . 




























134 


ELECTRONIC STRUCTURE OF ATOMS 


ich, a 


Lyman discovered a series that obeys the formula 



Thus, the Balmer formula (21.1) was firmly established ex¬ 
perimentally and was taken -as the basis for the theory of 
spectra. 

From the Balmer formula it is easy to obtain a general ex¬ 
pression for the energy of the hydrogen atom. Indeed, according 
to the quantum theory (Planck, 1902) light is emitted or absorbed 
by an atom only in definite portions, or quanta, of magnitude hv, 
which permits connecting the frequency v of each spectral line 
with energy change of the atom AE by the relation (cf, formula 
(16.2)) 

hv = AE. ' (21.2) 

From this it is seen that to discrete spectral lines there correspond 
discrete energy states, or energy levels of the atom. Designating 
the latter for the hydrogen atom by the subscripts n and m, we 
obtain AE = E m — E n . Comparing this expression with (21.1), 
we find * 

En = —'T ■ (21.3) 

Series similar to the hydrogen series were detected also in the 
spectra of ionised helium, lithium, beryllium, and other elements. 
The series that belong to the ions He + , Li + + , Be + + + , etc., that 
is, to ions which, like the H atom, have only one electron (hy¬ 
drogen-like ions), are expressed by the formula. 

v = Z 2 R^ — m = n + l, n + 2, ... (21.4) 

It will be seen that (21.1) is a particular case of (21.4), which 
passes into (21.1) when Z = l. Consequently, the following ex¬ 


* Formula (21.3) is obtained under a definite normalisation of the 
energy of an atom, in accordance with which F n ==0 when n = oo t As ue 
shall see below, such normalisation corresponds to a zero energy of the 
ionised atom, i. e., of the system H + -|-e in the case of intlnite recession 
of the electron from the nucleus (r = oo). Naturally, in this case. E n <0 
corresponds to finite values of r, which is expressed by the minus sign 
in (21.3). 
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pression * should be considered as a more general expression for 
the energy of an atom or ion with one electron: 

E n = -^Z 2 . (21.5> 

Due to the fact that, according to (21.2), the frequencies of 
the spectral lines are* expressed as the difference in the energy 
divided by the Planck constant h, it is expedient, in place of the 
energy E n , to introduce the quantity 



called a term . From (21.5) we obtain, for the terms of a hydro- 
gen-like atom or ion, the expression 

T„=!z-. (21.5-) 

It may be noted that the (21.5') is frequently called the Balmer 
formula. \ 

From the series formula (21.4) it follows that part of the .lines 
in the spectrum of ions (Z>1) should coincide, in frequency, 
with the hydrogen lines. Thus, for example, represegting the 
frequencies of the lines of He + in the series n = 4 (called the 
Pickering series) on the basis of formula (21.4), 

V = R(^ — (E72p)’ m = 5 * 6 > 

we obtain a formula which differs from the above for the Balmer 
series in the hydrogen spectrum in that the number in the de¬ 
nominator of the second term, in the case of hydrogen, assumes 
only integral values (3, 4, 5, ...), whereas in the case of helium 
we have m/2 = 5/2, 3, 7/2, 4, ..., i.e., double the number of 
v values. Whence it follows that the spectrum of a helium ion 
should contain twice the number of lines of the hydrogen spectrum, 
and this was found to be so in experiment. 

Another feature in which the spectra of the ions He + , Li + + , 
etc., differ from the hydrogen spectrum is that the lines of these 
spectra, which should have had coinciding wavelengths, are 
actually somewhat displaced one relative to the other. This is 


* This expression is obtained from the more general expression 

E I = -^ + C 


(C is a constant) with appropriate normalisation of energy. 






































136 


ELECTRONIC STRUCTURE OF ATOMS 


[Ch. 3 


seen, for example, from Table 7, which gives the wavelengths 
or lines of the Balmer series of hydrogen (n = 2) and those of 
the Pickering series (n = 4) of helium: the wavelengths of the 
hydrogen lines exceea by approximately 2 A the wavelengths of 
the corresponding He + lines. 

This shift is due to the fact that in the formulas (21.4) and 
(21.5) the values of the Rydberg constant for different atoms or 
tons are somewhat different . Thus, spectroscopic measurements 
put the Rydberg constants for the H atom and the He + ion 
at R H = 109,677.58 cm” 1 and R He + = 109,722.26 cm’ 1 . Comput¬ 
ing, in (21.4), the relative shift of lines in the appropriate series 
in the spectra of hydrogen and helium, we get 

Av = a^ = Rh^-R h = 0 00041 

vh Ah R h 

Substituting into this formula A = 5000A, in accordance with 
ihe data in Table 7, we find AA = 2A. 

Table 7 


Lines of the Balmer series (H) and the Pickering series (He + ) in the 
visible region of the spectrum 


Element 

Wavelength in A 

H 

He + 

i 

6562.80 

6560.13 

5411.55 

4861.33 

4859.34 

4541.61 

4340.47 

4338.69 

4199.85 

4101.74 

4100.00 


The isotopes of the same element likewise have different values 
of R. For example, for the isotopes of H, D, and T we have 
Rh = 109,677.58 cm' 1 , R D = 109,710.48 cm" 1 , and R T = 

= 109,715.97 cm -1 . As in 4he preceding case (H and He + ), 
this difference leads to a certain shift of lines in the spectra of 
various isotopes (isotope shift). To take an example, for the lines of the 
Balmer series in the spectra of H and D it is of the order of 1A. 
It may be noted that it was this effect that led to the discovery 
of deuterium (Urey, 1932). As we shall see later on (Sec. 22), 
this difference in Rydberg constants is due to mass differences 
of the nuclei. It will also be noted that the isotopic shift of 
spectral lines is particularly great in the case of the light 
elements, though in the heavy elements it is quite prominent: 
isotopic shift was detected even in such an element as uranium. 
The following values were obtained for the wavelengths of the line A 
4,244 A of the five uranium isotopes: 4,244.373 (U 2SB ), 4,244.226(U 2S6 ), 
4,244.122(U 285 ), 4,244.075(U 284 ), and 4,243.977A(U 288 ). 
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From the foregoing it follows that, on the average, there is 
AA = 0.039 A to each unit of mass. 

From (21.5) it follows that the energy of an atom (ion) with 
one electron takes on the following discrete series of values: 
— hRZ 2 , —l/4hRZ 2 , —l/9hRZ 2 , ..., 0. The least of these 
values, —hRZ 2 , obviously corresponds to the ordinary ( ground , 
or normal) state of the atom, while the greatest (0), to the 
ionised state. The difference of these values should be equal 
to the ejection energy of the electron, that is, to the energy of 
ionisation el of the atom. We thus have 


Substituting into (21.6) the values of the constants h, R, 
and e, we find the following values of ionisation potentials (in 
volts): 13.606(H), 54.403(He + ), 122.420 (Li ++ ), 217.657 (Be + ++ ) r 
340.127 (B + + + + ), 489.84 (C + + + + + ), etc. 

The energy values intermediate between minimum and max¬ 
imum correspond to excited states of the atom (ion). According 
to Bohr, the transitions of an atom from one discrete energy state 
to another should be attended by the emission or absorption of 
monochromatic light. The energy levels and the spectrum of the 
hydrogen atom are given in Fig. 31. 

The experiments of Franck and Hertz. The presence of excited 
levels in the atom was proved directly in experiments by Franck 
and Hertz (1912). When the atoms of a given gas are bombarded 
by electrons of definite velocity, measurements are made of the 
energy losses of the electrons colliding with the gas atoms and, 
simultaneously, observations are made of the emission spectrum 
produced by the electron bombardment. The first experiments 
with mercury vapour demonstrated that electrons accelerated by 
an electric field with a potential difference <^4.9 V and, conse¬ 
quently, having an energy K less than 4.9eV are reflected from 
the mercury atoms elastically , that is, without noticeable loss 
of energy. In this case, naturally, there is no emission. But 
when the electron energy is increased to 4.9 eV (and higher), 
slow electrons appear; this shows that electrons with energy 
4.9eV transfer this energy to the mercury atoms in toto. Simulta¬ 
neously, the mercury vapour begins to luminesce. In the spectrum 
of this luminescence we observe only a single line with A = 
— 2537 A. Multiplying the frequency of this Tine by the Planck 
constant h, we obtain an energy of 4.87eV, which practically 
coincides with the cr itical electron energy of 4.9eV. This 
result should obviously be interpreted as meaning that an elec¬ 
tron of energy 4.9eV colliding with a mercury atom excites 
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it is advisable to express the sum m + a as 

n e jf = m-|-a = n-|-6. (21.8). 

A formula of the forfn (21.8) with 5 independent of the number 
n was proposed by Rydberg. Later, Ritz derived a more precise 
formula in which 6 is expressed by the series 

8 = 8 1 + 6 ^ + --- ( 21 - 9 ) 

From experiment it follows that the quantity 6 M called the 
Rydberg correction , is negative and exceeds, in absolute magni¬ 
tude, b 2 ((he Ritz correction ); here we have 8 2 ^>0. The quantity 
A = |8| is called the quantum defect , As may be seen from (21.7), 
the sequence of values of the number n:n, n —|— 2, ... 

is determined by the sequence of the ordinal number m:m, 
m 1» m-f-2, ... Obviously, when a and 5 are small, the 
numbers m and n coincide. 

The values of n e ff (known as the effective quantum number) for 
the lower s-, p- t d-, and f-terms of the alkaline metals are 
given in Table 8. In the first row of this table are also given 
the values of the number n for the H atom. We see that in a 
number of cases (the d-term of lithium and the f-term of lithium 
and sodium) m is an integer that coincides with the corresponding 
number n for the hydrogen atom. 


Table 8 

Effective quantum numbers of the lower s-, p-, d-» and f-terms of atoms of 

the alkali metals 



From the foregoing it follows that the degree of deviation 
of the energy levels of the atoms of the alkaline elements from 
the corresponding levels of the hydrogen atom, which degree is 
determined by the magnitude of the correction 8, is less the 
higher the given level, that is, the greater the number n. Designating 
the hydrogen atom term characterised by the number n as T H = R/n% 
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we obtain, on the basis of (21.7) and (21.8), 

"tT 


/ 


_“=1—_ 

T n ’ 

in other words, as n increases, T tends to Th- This result may 
be interpreted as follows. As the energy of the atom increases, 
the mean distance of an electron from the nucleus increases 
and the field acting on the electron approaches ever closer to 
the Coulomb field of the one-electron atom H. For this reason, 
the system H + + e is but slightly different, in energy, from the 
system Me + -)-e (here, Me denotes an atom of an alkaline ele¬ 
ment). 

It may be further noted that for the energy levels of ions 
with one outer electron, i.e., of ions Be + , B ++ , C + + + , ... or 
Mg + , Al + + , Si + + + , ... we obtain the following expression: 


E = 


hRZ: 


‘efi 


( 21 . 10 ) 


which is similar to the expression (21.5). Here, Z a denotes the 
charge of the atomic core of the ion. Everything that has been 
said above concerning the correspondence of the terms of atoms 
of alkaline elements to those of the H atom obviously also refers 
to the correspondence of the terms of these ions to the terms 
of ions with one electron (He + , Li + + , etc.). The appropriate 
expression for the term is of the form 

p yt 

T = ^- a . (21 10') 

n efE 


On the basis of the foregoing interpretation of the difference 
in the terms of a multi-electron atom or ion and the terms of 
the H atom or of a hydrogen-like ion it may be concluded that 
the energy ol an atom (or ion) with one outer electron is de¬ 
termined by the character of the electric field (acting on this 
electron) of the remaining portion of the atom (the atomic core). 
To characterise.this field we introduce a certain effective charge 
eZ*=e (Z— z), where Z is the charge of the nucleus and z is a 
constant which may approximately be interpreted as a quantity 
defining the degree of screening of the nucleus by the remaining 
electrons (for this reason, the constant z is called the screening 
constant). Then for the term of a multi-electron atom or ion we 
may write, in place of expression (21.7), an equivalent expres¬ 
sion: 


T = 



= R 


(Z - z ) 2 

n 2 


( 21 . 11 ) 
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According to this formula, the quantity |/ T/R for various 
atoms and ions with one outer electron must be a linear function, 
of the nuclear charge Z: 

/f/R=|(Z-z). (21.12) 

It will be readily seen that this same linear function of Z is 
satisfied also by the square root of the frequency of similar 
lines (for instance, of lines that are the first members 
in the series, etc.). Indeed, considering the screening constant 
z for two combining leveis to be approximately the same, we 
obtain, on the basis of (21.11), 

Ym‘ 

IT 


jAr = 


(Z-z). 


(21.13) 


/s 


We note that this relationship expresses the so-called Moseley law > 

first established for X-ray spec* 
tra (see below). 

Formulas (21.12) and (21.13) 
have been shown valid by nu¬ 
merous experimental findings. 
The regularity expressed by 
(21.12) for the various energy 
levels (terms) of the sodium 
atom and the ions of Mg + , 
Al + + , etc., is shown in Fig. 32. 

X-ray spectra. Investigations 
of X-rays emitted by different 
elements likewise point to defi¬ 
nite discrete energy levels due to 
the shell structure of the elec¬ 
tronic cloud of the atom. The 
presence of energetically differ¬ 
ent groups of electrons in the 
electronic clouds of atoms is 
prominently revealed in the 
absorption spectra of X-rays, 
to take but ont instance. The 
continuous nature of these spec¬ 
tra indicates that as a result of the absorption of a quantum of 
X-rays an electron is ejected from the atom (photoelectric effect). 
Indeed, the ionisation of various substances when irradiated with 
X-rays is a well-known property of these rays. 

The absorption coefficient of X-rays ja, which enters into the 
well-known formula 

I = I 0 e-^ (21.14) 



Fig, 32. versus Z for the lower 

terms of Na, Mg + , AI + + , etc. 
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lg\ 

Fig. 33. Absorption coefficient of 
X-rays for silver as a function of 
wavelength 


(I 0 and I are the intensities of the incident and transmitted 
rays, / is the thickness of the absorbing layer), exhibits a pe¬ 
culiar variation with the wavelength K: while increasing mono- 
tonically with the wavelength, p, at certain values characteristic 
of each substance k = X Kj ^l . ... (and X K <^Xl <^m < ■. .), 

diminishes discontinuously (Fig. 

33). Since atoms have discrete 
energy groups of electrons, this 
is interpreted very simply as 
follows. 

A quantum with energy 
hv^hv* is capable of ejecting 
from the atom any of its elec¬ 
trons, including the most strong¬ 
ly bound ones (K-electrons), 
the binding energy of which is 
equal to hvK- Quanta with ener¬ 
gy hvL<Chv<^hvK eject from 
the atom any electron with the 
exception of K-electrons. This 

is explained by the sharp drop in the absorption coefficient ob¬ 
served near A k = c/vk. A similar jump near X L = c/v L points to 
the existence of a group of electrons with binding energy hvL 
(L-electrons) which cannot be ejected from the atom when the 
energy of the quantum hv becomes less than their binding ener- 
uy. etc. 

The frequencies Am, ... that correspond to the wavelengths 

v K , v L , vm, coincide with the limiting frequencies of the 
appropriate series in the spectra of the so-called characteristic 
X-rays. Like optical atomic spectra, the latter consist of separate 
lines that group into series K-, L-, M-, etc. The line distribution 
in each of these series is the same as in optical series (for in¬ 
stance, in the Balmer series, Fig. 30): with increasing frequency, 
the distance between lines diminishes regularly and the lines 
converge to a certain limit (the series limit). In the most short¬ 
wave region of the spectrum lies the K-series with a threshold 
frequency v*;; this is followed by the L- (threshold frequency 
V| ( ), M- (threshold frequency vm), etc., series. 

An analysis of the characteristic X-ray spectra shows that the 
Ilireshold frequencies approximately satisfy the following relation¬ 
ship: 

: 9 .. 


Vk:v l :v m : ... =-r 


which, on the basis of (21.2), may be rewritten in the form 
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whence it follows that 



We thus obtain a scheme of energy levels that resembles the 
scheme of levels of the hydrogen atom (see Fig. 31). According 
to this scheme, excitation and the series structure of character¬ 
istic X-ray spectra are explained as follows. When one K-electron 
is removed from an atom (this requires the expenditure of 
hvic = A energy, and the atom passes from the K level to the 



level shown in Fig. 34 by the dashed line) the vacated place in 
the K-group is taken by an electron from the L-, M-, or any 
other group. If the transition is by an L-electron, the first and 
longest-wave line in the, K-series is emitted, K a ; if by an M- 
electron, the line K p , etc. Accordingly, when one of the L-elec- 
trons is removed from the atom, we have the transitions M— 

N—*L, ..., which are attended by the emission of lines L a , 
Lp, ... (L-series), etc., as shown in Fig. 34. 

According to this scheme, the frequency of the K a line should 
be expressed by the formula 

_M_J_\ 3 A 

V — h U 2 2 2 y 4 h 

The value of A may be obtained from the following data. 
Moseley (1913) showed that there is a linear relationship be¬ 
tween the square root of the frequency of definite lines of the 
characteristic X-ray spectra of various elements (for instance, the 
lines K a or L a , etc.) and their atomic number Z (cf. (21.13)). 
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In the particular case .of K a lines, this relation is given by the 
following approximate expression: 




where R is a quantity that coincides with the Rydberg constant. 
Comparing these latter two expressions, we find A = hR(z—1)* 
and, consequently, 


hR (Z — l) 2 


or T = 


R (Z - l)* 


n= 1, 2. (21.15) 


Equation (21.15) turns out to be identical with (21.11), if in 
the latter we put z=l. On the basis of the physical meaning 
of the screening constant z this result may be interpreted as: 
follows. As we saw when considering the ionisation potentials of 
various elements, the group of most firmly bound electrons, 
which we should obviously identify with the K-group, contains 
two electrons. For this reason, the L-electron (the transition of 
which to the K-level is associated with the emission of the K* 
line) is acted upon by the nuclear charge Ze screened by only 
one electron, i.e. f the charge (Z—1) e; this finds expression 
in (21.15). 

From the foregoing discussion it may be seen that atoms of 
various elements are built up on the same principle. Its char¬ 
acteristic features are as follows. All atomic electrons are distrib¬ 
uted into discrete energy groups. The energy of the electrons 
of each group is determined by the number n which represents 
the number of the group. The most firmly bound electrons and, 
consequently, those closest to the nucleus form the two-elec¬ 
tron K-group (n = 1). This is followed by the L-group (n=2), 
which contains a maximum of eight electrons, the M-group 
(n=3) with a maximum of 18 electrons, etc. The groups K, L, 
and M are gradually filled up as the nuclear charge increases 
beginning with the H atom, which in the ground state has one 
K-electron. However, as has already been pointed out (Sec. 20) „ 
there are a number of places in the Periodic Table where the 
regularity of filling of electron groups breaks down. 


22. Mechanical Model of the Atom 

Bohr-Sommerfeld theory. The facts which we have reviewed above 
and the concepts about the structure of the electronic cloud of the 
atom that followfrom them are evidence of the complexity of atoms. 
The problem of atomic structure has been on the agenda since Mende- 
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leyev, in 1869, discovered the periodic law of the chemical ele¬ 
ments. Out of the chaos caused by the indeterminateness of the- 
number of diverse ,and independent chemical elements there 
emerged an orderly system of elements that reflected their dia¬ 
lectical unity, the underlying factor of which was the unified 
structure of the atoms of all elements made up of electrons and 
nuclei. The progress of nuclear physics that followed the discov¬ 
ery of radioactivity (Becquerel, 1896) yielded irrefutable evi¬ 
dence of the interconvertibility of the elements, thus establishing 
a genetic interconnection of the elements and their mutual kinship. 

The experiments of Rutherford (1911) on the scattering of 
alpha particles by a variety of elements that led to the discov¬ 
ery of the atomic nucleus (see Secs. 8 and 9) served as the 
starting point for the construction of a modern theory of the 
atom. Rutherford arrived at a planetary model of the atom, in 
which electrons revolve about a heavy nucleus like planets round 
the sun. The planetary model of the atom served as the basis 
for Bohr's theory of the hydrogen atom (1913), which was the 
first quantitative theory of the atom. 

The hydrogen atom, which consists of a nucleus (proton) and 
only one electron, was naturally the first object of theoretical 
investigation. Yet even here the theory encountered difficulties 
that could not be surmounted by classical physics alone. One 
of the stumbling blocks was that an electron revolving about a 
nucleus and, consequently, experiencing acceleration should, on 
classical electrodynamics, be continually radiating energy and 
should ultimately and inevitably fall onto the nucleus. 

The only way to surmount this difficulty was io give up clas¬ 
sical electrodynamics and consider it inapplicable to processes 
occurring inside the atom. Reasoning from this fact. Bohr pos¬ 
tulated the existence of stable electron orbits in the atom, and 
suggested that orbital motibn was not attended by the radiation 
of energy. 

From the viewpoint of the planetary model, the mechanical 
problem of the motion of electrons in an atom is identical with 
that of the motion of celestial bodies in a planetary system. 
The identity of these two problems is evident from the fact 
that both in atomic physics and in astronomy one deals with 
central forces that obey the inverse square law (the laws 
of Coulomb and Newton). And so the entire mathematical appa¬ 
ratus of classical mechanics that had been worked out in con¬ 
nection with astronomical problems could be applied directly to 
solving the atomic problem. 

The latter reduces to the well-known problem of celestial 
mechanics concerning the motion of so-called multiply periodical 
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point systems, which have the distinguishing feature that their 
motion may be decomposed into simple periodical components. 
Given N degrees of freedom, the state of motion of such systems 
is described by means of N generalised coordinates q^ and N 
generalised momenta p E (i = l, 2, 3, ..., N), the latter being 
defined as partial derivatives of the kinetic energy of the system 
K with respect to the corresponding generalised velocities 



( 22 . 1 ) 


The total energy of the system E, which, in the gener¬ 
al case, is a function of the coordinates and the momenta, 
H(q, p) = E (Hamiltonian function), satisfies the following 2N 
differential equations: 



and 


Pi 


dH 
dq, * 


( 22 . 2 ) 


The characteristic property of these equations, called Hamilton¬ 
ian , or canonical , is their invariance to any transformation of 
coordinates. Integration of equations (22.2) yields the solution! 
to the mechanical problem. 

Proceeding from the invariance of the canonical equations, 
it is frequently possible to find a coordinate system in which the 
Hamiltonian function (the energy of the system) is independent 
of the coordinates (or of part of the coordinates). Designating 
such coordinates (called angular, or cyclical) by w, and their 
corresponding momenta by lj, we will obviously have here, in 
place of equations (22.2), equations of the form 

Wj = const =co i and ij=0, 


from which we straightway find the integrals of motion 

Wj = Ojt and I. = const. (22.3) 

We will not dwell on the methods of obtaining canonical 
equations in the new coordinate system (of transformation to 
cyclic coordinates), but will only point out that the condition 
lor such transformation (from coordinates and momenta q, f> 
to w, I) is fulfilment of the equalities 

I.= ) pjdqj (22.4) 

where the integration is extended to the entire region of .varia¬ 
tion of the coordinate q 4 . 


6 * 
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Classical mechanics does not impose any special conditions on 
the integrals I, (called phase integrals), as a result of which the* 
problem of the atffm as considered within the framework of 
classical theory remains indeterminate. For one thing, we are 
not able to calculate the energy of the atom in its various 
energy states. Bohr eliminated this indeterminateness by sub¬ 
jecting the phase integrals to definite quantum conditions which 
reflect experimentally known (Sec. 21) quantised energy states 
of atoms. According to Bohr, these quantum conditions are 
expressed by the following equalities: 

Ij — ^ Pjdq, = njh (22.5) 


where rq are integral numbers, so-called quantum numbers* 
Atom (ion) with one electron. Considering an atom with one 
electron and a nuclear charge Ze (besides the H atom, these 
include the ions He + , Li + + , Be + + + , etc.), we have, in the 
simplest case of circular orbits, 



where J = — + M r 2 is the moment of inertia of the atom (m and 
M are the mass of the electron and the nucleus, respectively) 
and <p is the angular velocity, of rotation of the electron and 
the nucleus (separated by a distance r) about their common 

centre of gravity. Computing the momentum p = -^- = Jcp, we 

d<p T 

find from the condition (22.5) ** 

2 it 

j pdcp — 2 jt Jqp = n^ h = nh 

o * 

Of 


p - Jcp = hn (p = hn. 


( 22 . 6 ) 


From the quantum condition (22.6) and the condition of dy¬ 
namic equilibrium expressed by the equality of centrifugal force 
and the force of Coulomb attraction of the nucleus and the 
plectron, 



(22.7) 


* It will be readily seen that the phase integrals I have the same dimen¬ 
sions as the Planck constant h, the dimensions of action: energy multiplied 
by time. 

** It Will be noted that the equality J<p = const expresses the Kepler law 
of areas. 
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we obtain two equations for the two unknowns r and cp. The 
solution of these equations gives expressions for the radius of 
steady-state orbits and for the linear velocity of the electron: f 


r 


h 2 m+M 1 2 

4ji 2 e 2 mM Z n 


( 22 . 8 ) 


and 


M *_4jie 2 M 7 1 

V " = m+M r<P ~ ~ m+M L IT ' 


(22.9) 


Substituting here the numerical values, we get, for the radius 
(minimum) of a one-quantum (n = l) Bohr orbit of the H atom 
(Z = 1), the value 

r t = 0.529 A, 


and for the maximum velocity of the electron* in the H atom 
v, = 2.19X 10 8 cm/sec. 

p 2 7 V 

Further, since 2K= — V = — (see (22.7)), we obtain E = y — 

=— |^for the total energy of the atom E = K-)-V t whence, 
on the basis of (22.8), we find 


where 


F _ . 2ji 2 e 4 mM Z 2 _hRZ 2 
n h 2 m-|-M n 2 n 2 

„ 2Ji 2 e 4 mM 
K_ " h 3 m + M 4 


( 22 . 10 ) 

( 22 . 11 ) 


The value of R computed from (22.11) coincides, with great 
accuracy, with the experimentally obtained value of the Ryd¬ 
berg constant. Thus, the theoretical expression for the energy 
of an atom with one electron (22.10) is in quantitative agree¬ 
ment with experiment (cf. formulas (21,3) and (2!.5)). It may 
also be noted that (22,11) precisely conveys the experimentally 
observed dependence of the Rydberg constant on the mass of the 
nucleus (see p. 136). 

The motion of electrons in circular orbits is obviously a spe¬ 
cial case of the motion of a particle in a field of central forces. 
The general solution of this problem leads to elliptical orbits. 
As applied to the atom,'this problem was solved by Sommerfeld 
<1916). 

Here, the system (atom) has two degrees of freedom and its 
kinetic energy is a function of 9 = ^ and of r = ^ .According- 


* The angular velocity of an electron in the ground state of the H atom 
is (p,/2ji = u) l = 6.6X10 15 revolutions per second. 
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ly, we have two quantum conditions (22.5) and two quantum 
numbers: azimuthal , n^, and radial , n r . The number n, equal to 
the sum n^-f-n,, is called the principal quantum number . 

The eccentricity of the electron orbit 8 is determined by the 
relationship between n and n: 


/ ‘-Os')'- 


( 22 . 12 ) 


Circular orbits are obtained in the special case n =n, i. e., 
n> = 0. 

The atomic energy is expressed by the equation 


E = — 


2a 


where a is the semi-major axis of the ellipse equal to 

h 2 l s 


(22.13) 


Substituting a (22.13) into the expression for energy, we obtain 
the same equation (22.10) as is the case of circular orbits. Con- 



Fig. 35. Bohr-Sommerfeld orbits of hydrogen-like atom 


sequently, for a given value of the principal quantum number 
n the energy of an atom (iori) is independent of the shape of 
the orbit. 

The assemblage of orbits of a hydrogen-like atom for n— 1, 
2, 3, and 4 (states K, L, M, and N) is given in Fig. 35.* We 
see that when n=I(K) there is only one (circular) orbit in 
accordance with the fact that the condition n — 1 is fulfilled 
only in the case of a single definite value of each of the quan¬ 
tum numbers n ? and n t , namely, n^= 1 and n r = 0, since the 
value n ? = 0 should obviously be excluded in all cases. Indeed, 
when n ? = 0 we obtain from (22.12) an eccentricity of the orbit 
equal to I, as a result of which the semi-minor axis tends to 
zero. When n = 2(L) there are two orbits, circular and ellipti- 


* The value of a in this figure is the same for all orbits. Actually, accord- 
ing to (22.13), a increases with n as n*. 
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cal, in accordance withtwopairsof values of the numbers n and n r :2.G 
and 1,1, etc. In the general case the given value of n of the 
principal quantum number is obtained by means of n different 
combinations of numbers and n f :n f =l, 2, 3, . n and 
n r = 0, I, 2, .(n—1). Thus, for each given value of n we 
have n different states of the atom with identical energy, i.e., 
they are indistinguishable with respect to energy. Such states 
are called degenerate. Let it be noted that in quantum statistics 
an elevated statistical weight* is attributed to degenerate stales. 

However, investigation of the structure of hydrogen iines by 
means of instruments with high resolution shows that in reality 
there is a slight splitting of the “degenerate” levels. Hence, 
degeneracy of the levels of a hydrogen atom (as also the levels of 
the ions He + , + , etc.) Is only apparent and these levels, due 

to the slight degree of their splitting, may be regarded as prac¬ 
tically degenerate. 

The feeble level splitting (removal of degeneracy) is also ob¬ 
tained in the case of a more precise solution of the mechanical 
problem of the atom with one electron if we take into aqcount 
the dependence of the mass of the electron on its velocity 
(Sommerfeld, 1916). In this case (relativistic problem), in place 
of (22.10) for the energy of the atom (ion) we obtain the follow¬ 
ing approximate expression: 


E 


n 


hRZ 2 ha 2 RZ 4 / n 3 \ 

n 2 n 1 U ? 4 J 


(22.14) 


\ a== ~hc ~ 1 c * s velocit y °f lightJ, the first term of which 

coincides with (22.10), and the second gives a slight Correction. 
For the ground level of the H atom (n = n 9 =l), this correction 
amounts to about 0.001 o / o and diminishes rapidly as the prin¬ 
cipal quantum number increases. Although the correction is 
small (because the speed of the electron in the atom is less 
than r/ 0 of the speed of light), the essential thing is that the 
energy of the atom is now a function not only of the number 
n, but also of, the number n . Therefore, states with the same n 
but with different n^ will diner somewhat in energy, which is 
what signifies splitting of a “degenerate” level (into n components). 

We also point out that in the relativistic theory of the atom 
the electronic orbits are no longer closed, but take the shape 
of a rosette (Fig. 36). In this case, the motion of an electrbn 
may be pictured as motion in a closed flat orbit that precesses 


* The statistical weight is an a priori probability of state. The same sta¬ 
tistical weight of various states indicates, for one thing, that these states are 
encountered with the same frequency under identical conditions. 
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with a certain angular velocity. However, since the angular . 
velocity of precession is such that during one circuit of the elec¬ 
tron around the nucleus the orbital axis turns through an angle 
Atp (Fig. 36), which does not exceed 0.01, the electron orbits 
of the hydrogen atom may be considered closed — to the approx¬ 
imation to which one can speak of n-degeneracy of the energy 
levels of the H atom. 

Due to the smallness of the correction term in (22.14), the 

latter may be rewritten in the form 



E n , n = — ' 


hRZ 2 


[n — f (n, n 9 )] 2 
hRZ 2 


= (22.15) 


,! where 


f(n, n 9 ) = ^(-i-A) and n* = 


Fig. 36. Orbital preces¬ 
sion (Sommerfeld rosette) 


= n —f (n, n 9 ). 

In this form, the expression for the 
energy of an atom (or ion) with one 
electron is somewhat similar to the 
Rydberg formula (21.10) for the energy 
of atoms of the alkaline elements or of 
corresponding ions with one extra electron. 

Positronium. Mesonic atoms. In connection with an atom (ion) 
with one electron we shall discuss briefly atoms of a peculiar 
sort discovered in nuclear physics, namely, positronium and 
mesonic atoms. Positronium appears when positrons are slowed 
down in a substance by interaction with electrons; it represents 
a system consisting of an electron and a positron that revolve 
about a common centre of gravity, and is very similar to the 
hydrogen atom. Using the formulas derived above for the H 
atom, it is possible to calculate the various constants of posi¬ 
tronium. For example, in view of the equality of mass of the 
positron and electron, from equation (22.8) it follows that the 
orbital radii of positronium should exceed by a factor of two 
the corresponding orbital radii of the FI atom. For instance, in 
the ground state of positronium (n = 1) the orbital radius is 
approximately 1 A. Accordingly, the energy of dissociation of 
positronium into a positron and an electron comes out to one 
half the ionisation potential of the H atom. 

Further, depending on the mutual orientation of the spins of 
the positron and the electron positronium can exist in two states 
(Fig. 45, p. 209): orthopositronium, in which the spins of the 
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particles are parallel and which has a mean lifetime T^= 1.4 X 
X 10“’ sec, converting into three y-photon$,* and parapositro- 
nium with anti pa rail el spins and a lifetime of 1.25 X 10 sec, con- 
verting to two photons. The ground level of orthopositronium 
(triplet state) lies above the ground level of parapositronium 
(singlet state) by only 0.84X10'* eV * Since fo X a number 
molecules with an odd number of electrons (for instance, NO) 
the distance between levels with different orientation of spin is 
small (in NO this distance'is 13.6X 10"* eV), an ortho—para 
transition (by collision of positronium with such molecules) is 
already possible at room temperature: 

orthopositronium -f- NO ( 2 IIi/ a ) = parapositronium -)- NO ('IE/,). 

Due to a great difference in the lifetime (which is inversely 
proportional to the probability of annihilation) of the ortho-and 
parastates of positronium, the ortho —para^ process leads to an 
acceleration of annihilation. Observation of this effect was what 
led to the experimental discovery of positronium (Deutsch, 1951). 

Another special type of atom are the mesonic atoms. The hy¬ 
pothesis expressed as early as 1940 (Tomonaga and Araki that 
negative mesons, prior to their capture by the nucleus or prior 
to their spontaneous decay, can continue revolving about the 
nucleus for some time thus forming a mesonic atom, was subse¬ 
quently corroborated experimentally. It was found that mesons 
interacting with a substance gave rise to y-radiation associated 
with the transition 2P—IS in the mesonic atom and with energy 
of the order of several MeV. Itwas demonstrated that there exist 
both p-mesonic atoms (p - -meson revolving round a nucleus) and 
jt-mesonic atoms - (it''-meson) with different lifetimes. 

In contrast to positronium, the radii of the meson orbits in 
mesonic atoms turn out considerably less than the radii of elec¬ 
tron orbits. Indeed, due to the fact that the meson mass is 
200-300 times (see p. 83) that of the electron, the radii of the 
meson orbits must be the same number of times less than the 
radii of the electron orbits, as follows from (22.8). Therefore, 
electrons in orbits far from the nucleus should not exert a per¬ 
ceptible effect on the mesons in mesonic atoms. 

Computing, from (22.8), the radius of the meson orbit closest 

to the nucleus, i.e., the quantity r = ^r,j (m 0 and are 
the masses of the electron and meson, respectively), we obtain 


* Decay into three photons Is due to the law of conservation of momen¬ 
tum since the spin of the photon is equal to h. 
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for various nuclei (at Z=l) 


radii 

■ 3 1 


equal to 2.5X10" 


»i 7 -ma'ivin a » 2.0X10 cm (n-mesonic atom)* and 

| 2 — 30) 8.3X JO i cm and 6.5X10'" cm, respectively, and 
J- 2 . 100) 2.5X10 cm and 2.0X10“" cm, respectively. 

Comparing these numbers with the nuclear radii computed from 
(9 - 5 )( p . 43 ):2X1° ' cmf °rZ=l, 6.2X10-" cm for Z = 30 
^nd 9.3X10'" cm for Z= 100, we see that the meson not only 
revolves at cmse distances from the nucleus, as is the case of 
light nuclei, but already in the case of nuclei with Z = 30 (and 
tilere) it should penetrate the nucleus. 

Due to the closeness of the meson orbits to the nucleus (to 
5 ay nothing of penetration into the nucleus) the dimensions of 
ihe nucleus and its structure, which can no longer be regarded 
a point charge, affect the mesonic atom levels. As a result, 
there are changes in the order of the levels of the mesonic atom 
for instance unlike the H atom, the 2S-level in p-mesonic anti- 
i J ] ony (2 — 51) lies above the 2P-level, while the 3S-level is 
jjhove 3P and 3D. it is also necessary to take into account in¬ 
teraction between the meson and the nucleons of the nucleus, 
from what has been said it is clear that the study of mesonic 
jdoms is very important for an understanding of the structure of 
jiUclei and particle interaction and also for investigations into 
(lie mesons themselves. 

Atoms of the alkaline elements. As has already been pointed 
jiit above (p, 141), the experimentally observed close or complete 
coincidence of the high terms of atoms of alkaline elements with 
(lie corresponding hydrogen terms may be associated with the fact 
(|iat in the former the electric field of the atomic core differs but slight¬ 
ly from the field of a point charge. In this, case, obviously, 
llie orbit of the outer electron is situated entirely outside ihe 
atomic_core (non-penetrating orbits): due to the considerable dis¬ 
tance from it of the outer electron, interaction of the latter with 
the inner electrons may be regarded as a slight perturbation 
superimposed on the Coulomb attraction of the outer electron by 
the atomic core. 

This perturbation may be accounted for by expanding the po¬ 
tential energy V of the outer electron in the atom of an alkaline 
element in a power series of the small quantity r,/r, where r is 
the distance of the outer electron from the nucleus, while r is 
the radius of a one-quantum Bohr orbit of the H atom: 

V(D — -^[l+ c .(^) + c,(!X)- +c ,(A) , + ...1 

* Thes e figures are obtained for the following values of meson mass: m = 
^4)7 m e (p-meson) and = 273 m e (ji- meson). ^ 
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where c,, c IT etc,, are constants determined by the nature of the 
distortion (perturbation) of the Coulomb field of the nucleus* Here, 
for generality, we have introduced the charge of the atomic core 
which is equal to 1 in the case of alkaline elements. Sum¬ 
ming V (r) and the kinetic energy of the electron 

K = y (r 2 + rV) 


(here, p= m + M . ' s re( ^ uce( ^ mass ) , which energy, 
p r = pr and p cp = pr 2 (p = p, may be rewritten in the form 



due 


to 


we obtain the total energy 

E=i(* + £)- S ? 1 - AV 

where 

From the expression obtained for the total energy E, we find the 
radial momentum 


P r =Y 2p(E + e -^ + AV)-£, 


and further, according to the Bohr quantum condition 


^p r dr = n r h, 

$ Y 2 p(E + ^ + Av)-£dr = n r h = (n-n (p )h. 

From this integral (omitting all intermediate operations) we ob¬ 
tain the energy of the atom in the form of the following series: 



(22.16) 

Disregarding terms containing the product of small quantities 
Cj, from expression (22.16) and in complete agreement with the 
empirical relationship of Ritz (21.9), we find 
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n, | 1 =„-^ L _^_ + z:Ci ( 


2rr 


2nV„ 


■)+■- 


where the Rydberg correction 


-,_ ( ^a c i 




and the Ritz correction 


3=. , 3Z’c ; 


a L a 




8, = ^ 


2n* 


2n* 


(22.17) 


(22.18) 


In these expressions, for the corrections 8 , and 8 lt as also in 
the expression for the energy of an atom (22.16), the constants 

fiqS? ia lh- 1 ” d H te + rmi ” ate / In . th ® Born and Heisenberg theory 

924 rn th ‘ S ' ndeter . m 'lateness is eliminated in the following man¬ 
ner. The motion of the outer electron is regarded as motion" of an 
atomic core in a Coulomb field perturbed by the field of a dipole 

1S f to polarisation of the atomic core (Me + ion) in the 
field of the outer electron. ; c 

Introducing the polarisation coefficient a, defined as the dipole 
moment induced by a field, the intensity of which is equal to 

unity, and considering the field of the electron S = ~ uniform 

throughout the extent of the atomic core, we obtain y — _ Ke 

for the induced dipole moment r. This dipole acts on the elec¬ 
tron with a force F = ^ = ^, whence for the additional poten¬ 
tial energy of the electron we find 

AV = — — — 

2 r 4 ' 

In the expression for the additional potential energy of the 
electron AV we can therefore disregard all terms, with the ex¬ 
ception of the term with the coefficient c s . Comparing this term 
equal to- a ' 


find c, = - 


r 

a 


r) c » with the expression obtained for AV, we 
. Substituting this value of c 3 (together with 
= = • • • =°) into equations (22.17) and (22.18), we 


2Z a r? 
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r 

obtain the following expressions for the corrections 6 i and 8 2 : 


from which it follows, for the quantum defect A, that 


A 



n ; 

3n* 


( 22 . 21 ) 


It should be rioted that according to (22.19) and ( 22 . 20 ) both 
corrections have different signs, and in accordance with experi¬ 
ment the Ritz correction 6 2 > 0 . Further, since n ? <n it follows 

from these equations that ^->3. i.e., that a greater role is 

played by the Rydberg correction (again in agreement with ex* 
periment). 

Calculations of the quantum defect A, on the basis of ( 22 . 21 ) 
and also by means of the more precise formula (24.17) obtained 
from a solution of the quantum-mechanical problem of an atom 
with one outer electron (sec. 24), reveal (as was to be expected) 
satisfactory agreement with experiment only in the case of cir¬ 
cular orbits, for which the quantum defect is small (see ( 22 . 21 )) 
due to large values of n ¥ —n. 

The reason for the quantitative nonagreement of theory and 
experiment in the case of eilipticai orbits lies in the penetration 
of these orbits info the atomic core (penetratingorbits), as a result 
of which the principal premise of the Born-Heisenberg theory 
concerning the large distance of the outer electron from the other 
electrons of the atom no longer holds. By way of illustration 
let us examine the orbit of a sodium atom characterised by the 
quantum numbers n = 3 andn ? =l.* Using the formulas of the 
one-electron problem and evaluating, for this orbit, the minimum 
distance of the electron from the nucleus. r min = a(l —e), where 
a is the semi-major axis of the ellipse and e is its eccentricity, 
we find ^ 5 ^= 0.27 A due to the fact that a = 0.53 X 3 2 A = 4.75 A 
and e = U8/3 = 0.943. On the other hand, equating the radius 
of the sodium atomic core to the radius of the ion Na + , we get 


* As we shall see below (p. 183), this orbit corresponds to the lower s-term 
of the Na atom, i.e., to the ground state of the atom. 
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r a = 0.95A. We thus see that a sodium electron moving in the 
orbit under consideration must penetrate the atomic core to more 
than 2/3 of its radiu^. 

The atomic problem that takes into account orbital penetration 
of the outer electron anto the atomic core is solved as follows. 
The orbit is taken to consist of two parts (outer and inner, which 
is situated inside the atomic core); in the outer portion of the orbit 
the electron experiences the action of a point charge eZ a (in the 

case of a neutral atom Z a =:l), 
in the inner portion, the action 
of a certain effective (also point) 
charge eZj, which may be suffi¬ 
ciently large due to a reduction in 
the screening effect of the inner 
electrons (Fig. 37). 

Underlying quantitative evalu¬ 
ations of atomic terms for the 
case of penetrating orbits is the 
following model of the atomic 
core proposed by Sell rod inger (1921) and generalised by Wen- 
tzel (1923). According to the latter, the atomic core is a series 
of concentric charged spheres, each of which possesses a definite 
surface charge. The charge acting on the electron (Z f ) depends 
on the depth of penetration of the orbit into the atomic core. 
The simplest solution of the problem is for the case of the so- 
called completely penetrating orbits (Fig. 37), which may be 
regarded as consist in * of two ellipses (dashed line in Fig. 37): 
one entirely inside the atomic core, the other, the outer ellipse. 
For each ellipse we can introduce its radial quantum numbers 
n ri and n ra and, accordingly, the principal quantum numbers n a 
and n a , which are equal ton l =n r1 + n ? and n 3 = n ra + n„ (since 
the angular momentum p is conserved, the number n is tfie same 
for both ellipses). Further, due to the fact that the inner ellipse 
is totally inside the atomic core, the energy of the outer electron 
will be equal to its energy in the outer orbit, i.e. to the 
quantity 


Fig . 37. Penetrating orbit 




hRZ* 


‘eff 


( 22 . 22 ) 


Summing the numbers n, and n a and noting that the true prin¬ 
cipal quantum number of the penetrating orbit n=n —1— n —■ 
= n ri + n ra + n, p> we obtain n eft = n a = n-|-n T — n jF i.e./ ? 

A = n — n e ff = n, — n ¥ . 


(22.23) 
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Denoting the semi-major axis of the inner ellipse by a, we have 

r, 2 

a = I7 ni ’ 

and, further, due to the fact that the maximum distance of the 
electron from the nucleus in the inner ellipse should equal the 
radius of the atomic core r a , we have 

a(l + e) = r a . 

Eliminating from the two latter equalities the quantity a and 
recalling that 


■-/ 


1 


we obtain the following approximate equation for the quantum 
defect A = 18 I 


A = 




— n.. 


(22.24) 


It will readily be seen that expression (22.24), like (22.21), 
decreases with increasing n . Indeed, having in view the terms 
that are characterised by trie values n ? =:I and 2, .and noting 
that the quantity Z t , like r a /r, is noticeably greater than unity, 
we can expand in a series the radical in (22.24) and, differ* 

entiating with respect to n f , we find that ~~ <0. 

The values A for the s-terms as computed from the rather 
more precise formula (24.19) derived from (22.24), are found to 
be in good agreement with experiment (see p. 184). From this it 
follows that we are here dealing with practically completely 
penetrating orbits. Worse agreement, with experiment, of the 
computed values of the quantum defect for the p-terms may be 
regarded as an indication that in this case the electron orbits 
are no longer completely penetrating. 

As was pointed out above (p, 151), feeble splitting of the 
hydrogen terms is in agreement with the fact that the electron 
orbits of the H atom are practically closed. For this reason, 
it is natural to expect that in the atoms of the alkaline ele¬ 
ments, where splitting is great, the electrons will be revolving 
about the nucleus in orbits of clearcut rosette-like shape. I hts 

conclusion is confirmed by calculation of the angular velocity 
r _- _ ^u;4^ a+inn rrmv he carried out 
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on the basis of the approximate theory of Born and Heisenberg. 
Let us find the equation of the electron orbit (equation of the' 
trajectory) in an aljom of an alkaline element. Computing the 
azimuthal momentum and radial momentum from formula (22.1), 

P 9 = p = mr 2 <p and p r = mr 

and, further, 

Pr _1_ dr ds 

p r 2 d(p dqT 

where s = —, we rewrite the expression for energy E in the form 



Differentiating the latter expression with respect to (p, we find 


d 2 s _ me 2 Z a 

dtp 2 p a 




(22.25) 


This equation, which is the sought-for equation of the trajec¬ 
tory of the electron, is not integrated in final form. However, 
taking into account the approximate nature of the initial 
expression for E, it is possible to simplify equation (22.25) by 
replacing the quantity $ ! in the brackets with its mean value, 
which may be obtained from 



0 


On the basis of the Kepler law of areas = and, con¬ 

sequently, -i- -L-dt = ^ so that 

2 lt 

? = = (22.26) 
0 


Substituting s 2 into equation (22.25) in place of s 2 , we get 


d 2 s m&Z a f 1 2me 2 a \ „ 

d <P 2 P 2 abp 2 ) S ‘ 


(22.27) 


The solution to this 
where 


simplified equation 
s = A -|- B cos y<p 


is the function 

(22.28) 



2 me 2 q 

abp 2 


(22.29) 
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and 


Evaluating 


me 2 Z a 


_ 2 _ 
Y 2 # 


rg and r «» : 


A-B 


we 


find, from the well-known relation 


g_ fmax r mtn 

r min r max 

that e — B/A and, hence, 

s = —J- = A (1 e cos yep). (22.30) 

This equation differs from the equation of an unperturbed 
ellipse by the factor y with which orbital precession is associated. 
Indeed, since y^l, an electron at perihelion for q>=0 comes 
to perihelion once more not at q? = 2?t but at ytp = 2it, Le,, when 
<p = 2jt/y ]>2n. Consequently, during the time of a complete 
revolution of an electron in its orbit the major axis of the 
ellipse turns through the angle 

A(p = ^- — 2n= 1 -^2n (22.31) 

(see Fig. 36). Accordingly, the angular velocity of- precession 
will be 



Dividing Q by the angular velocity of the electron in the orbit 



we obtain 


Q _ A<p _1 — y 

co 2 ji y 


(22.32) 


Evaluating the ratio Q/a, we see that Q and a are close as to 
order of magnitude. Indeed, transforming expression (22.29) to 
the form 


/ , 2a f. 13.5 X 10 21 a 

'~w = v — 


(here we note that b = a(ri /n), a = r 1 n 2 , p = hn T and r 1 = h*/e*m = 
= 0.529 A) and substituting into it the values of the polarisation 
coefficients of the ions of alkaline elements (see p. 183) from 
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formula (22.32), we obtain, for the s-terms (n^— 1), A(p = 10°-40°. 
Comparing this result with the angular velocity of precession 
of hydrogen orbits ,* the precession being characterised by the 
quantity Atp that does not exceed 0.01° (see p. 152), we see that 
as was to be expected the rosette-like character of the orbits 
in the atoms of the alkaline elements is very pronounced. 

It should be pointed out that precession also occurs in the 
case of penetrating orbits (Fig. 37); due to the strong attraction 
experienced by the electron inside the atomic core, the angular 
velocity of precession in this case should be greater than in the 
case of non-penetrating orbits, ft may be demonstrated that the 
angular velocity of precession £3 varies in the same sense as ! 8 j. 
For this reason, one should expect that in the case of penetrat¬ 
ing orbits, £2 and co should be close in value. 

Magnetic properties of the atom in the Bohr-Sommerfeld theory. 
In the Bohr-Sommerfeld theory the magnetic properties of atoms 
receive the following pictorial interpretation. An electron revolv¬ 
ing about a nucleus may be regarded as a certain closed electric 
current i=e/t (t is the orbital period of the electron*). To this 
current there corresponds a definite magnetic moment p = iS, 
where S = n;ab is the area of the orbit (a and b are the semi¬ 
major and semi-minor axes of the ellipse), whence it follows 
that p, = jxabe/t Since jiab/T = , / i (r 2 qj) = p/2m (cf. p. 160), we have 


(i _ 1 e 

p 2m* 


(22.33) 


Substituting p = hn tp into (22.33), for the magnetic moment of 
an electron orbit we get 

-^-n T = |iBn T , (22.34) 

whence it follows that the magnetic moment of the atom, like 
its angular momentum p, is a quantised quantity representing 
a multiple of a certain elementary magnetic moment 

l" = 4b (22.35) 


The latter quantity is numerically equal to 9.271 X 10 -21 
erg-oersted -1 and is called the Bohr magneton. 

Since for the ground state of the hydrogen atom n =n=l, 
we must conclude that the magnetic moment of the H atom is 
equal to one Bohr magneton. Also equal to this quantity should 


* The idea that magnetism is due to certain (hypothetical) molecular 
currents was expressed by Ampere in 1822. 
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be the magnetic moments of the atoms of the alkali metals, 
and the atoms of copper, silver, and gold, the ground state of 
which is the s state characterised by the azimuthal quantum 
number n Q =l.* 

The first direct measurements of the magnetic moment, or, 
more precisely, the projections of the magnetic moment of atoms 
on the direction of the magnetic field were carried out by Stern 
and Gerlach in 1921 with atoms of silver. By passing a beam 
of silver atoms through an inhomogeneous magnetic field, they 
found that the original beam is split into two beams of the same 
intensity. Subsequently, this phenomenon became known as the 
Stern-Gerlach effect. Phipps, Taylor, and Wrede likewise observed 
the splitting of a beam of hydrogen atoms into two beams. 
A similar effect was noted in the case of the atoms of sodium, 
potassium, copper, iron; in the case of nickel atoms there are 
three beams, while diamagnetic zinc, cadmium, mercury, and 
also helium do not exhibit any splitting at all. 

The only way to understand splitting of a beam of identical 
atoms in a magnetic field is lo assume that the atoms are 
specifically and differently orientated with respect to the field 

direction. Indeed, denoting the field gradient by and assum¬ 
ing the magnetic moment of the atom equal to p = m/, where 
m is the “magnetic mass” and / is the length of the elementary 
magnet, we obtain the following expression for the force acting 
on the magnetic moment: 

F = m f H -j- l cos a-^- J — mH = ra( cos a = p cos a . 

From this expression it is seen that the force acting on the 
atoms in an inhomogeneous magnetic field is proportional to 
the projection of the magnetic moment of the atom on the field 
direction |u' = ^cosa. Thus, from the fact of splitting of the 
beam there inevitably follows different and also discrete (in the 
sense of specific values of the angle a = ()i, H), orientation of 
atoms in the magnetic field. 

The beam splitting of hydrogen atoms, like the other atoms 
of the first group, is such that half the atoms are deflected from 
the original direction to one side and half, the same distance 
to the other side. Whence it follows that in the case of these 
atoms cos a takes on two values that * are equal in absolute 
magnitude but opposite in sign. It is impossible from the Stern- 


* Due to mutual compensation of the moments of separate electrons, the 
magnetic moment of the atomic cores of the alkaline elements is zero. 
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Gerlach experiments (and from any experiments for that matter) 
to determine separately the magnitude of the magnetic moment 
ot an atom and cos a, since ait manifestations of interaction of 
the stem with the magnetic field are determined by the quantity 
p == p cos a; for this reason, the values of p and cos a remain 
indeterminate. And only very arbitrarily^ by considering one 
of the orientations of these atoms parallel (cosa = -i-l) and the 
other antiparallel (cos a — — i) to the field, is it possible to 
identify the absolute value of the projection of the moment u' 
with the moment p itself and thus determine the latter from the 
magnitude of splitting of the atomic beam. The magnetic moments 
thus measured of the atoms of the first group turned out exactly 
equal to one Bohr magneton (p B ). 

Also pointing to different orientation of atoms in a magnetic 
field (space quantisation) is the study of the effect of the “latter 
on atomic spectra. Since the energy'of an atom in a magnetic 
field varies by the magnitude 

AE = pH cos (ji, H), (22.36) 

in the absence of “quantisation” of angles a=(p, H) one should 
expect a certain diffuseness of the spectral lines as compared 
with the lines emitted or absorbed by the atom in the absence 
of a field. Yet experiment shows that in a magnetic field we 
have splitting of spectral lines into a definite number of com¬ 
ponents (Zeeman effect, see Sec. 30), which indicates that AE 
and, consequently, the projection of the magnetic moment 
^ ^ cos ot take on definite discrete values in a magnetic field* 

The space quantisation of atomic elementary magnets in a 
magnetic field, which is so clearcut in the Stern-Gerlach effect 
and in the Zeeman effect, was established also theoretically in 
1916 by Debye and Sommerfeld. Considering the motion of an 
electron about a nucleus in three-dimensional space that is in 
the coordinates r, 0 , (0 is the angle between the normal to 

the plane of the electron orbit and the polar axis, V; is the 
angle reckoned on the equatorial plane from its line of inter¬ 
section with the piane of the orbit), it is possible to obtain 
further generalisation of the mechanical problem of the atom, 
the solution of which yields (for the energy of the atom) an 
earlier obtained expression ( 22 . 10 ). The essentially new result 
of the more general soiution of the problem consists in the fact 
that the projection of the orbital angular momentum p on the 
direction of the polar axis turns out to be a quantised quantity: 

P' = P cosO = m T h (22.37) 

where is an integer. Substituting into (22.37) p = n<p h (22.6) 
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we find 

cosfl = — . (22.38) 

n ? 

Thus, cos ft can assume only definite discrete values, i.e., the 
electron orbit is definitely and discretely oriented in space 
(space quantisation). From formula (22.38) it follows that the 
maximum and minimum values of the quantum number must 
be equal to n ? and —n If , respectively. Hence, due to the inte¬ 
grality of m T , it may be equal to 

m ? = ±n 9 , ±(n ? — 1), ±(n ? —2).±1, 0, 

i e., it may assume 2n -j- 1 different values. 

From equalities (22.37) and (22.33) it follows that 

p' = pcos^ = -|- ~ m^ = p B m r (22.39) 

Thus, also the projection of the magnetic moment of the atom 
is quantised. Given an outer magnetic (or electric) field, the 
direction of the polar axis becomes fixed in space. Assuming 
ft = (H, H) = a, we obtain the following expression for the 
projection of the magnetic moment on the direction of the 
magnetic field: 

p/ = p cos a = pBm cp . (22.40) 

Since the quantum number m 9 determines the magnitude of the 
projections of the magnetic moment, it may be called the 
magnetic quantum (orbital) number. 

Intrinsic contradictions of the Bohr theory. The postulate 
underlying the Bohr theory concerning the quantisation of 
momentum, which is expressed by the quantum conditions (22.5), 
follows from the empirical expression for the energy of the 
atom (21.5). For this reason, coincidence with experiment of 
the atom-energy values calculated on the basis of this postulate 
cannot be regarded as experimental confirmation of the Bohr 
theory. The experimental verification of the Bohr theory must 
consist in a correlation of experimentel data of such properties 
of the atom as were not used in constructing the theory. Among 
others, they are the magnetic properties of the atom. As we 
have already seen, the results of theory, both as regards the 
magnitude of the magnetic moment of atoms and the phenomenon 
of space quantisation, are in close agreement with experiment. 
However, a more detailed examination of the magnetic properties 
of atoms shows that this correspondence is only qualitative and* 
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actually, apparent. Consequently, these results of theory do not 
coincide with experimental findings, they contradict them. 

Indeed, since tfie principal term of hydrogen (this goes for 
all the other atoms of the first group also) is the S-term, to 
this term is assigned the azimuthal quantum number n t =I, 
whence, on the basis of formula (22.38), we get the following 
three values of cos a: -j- 1, 0,-1, Thus, one should expect that 
a beam of atoms of any element of the first group in an inhomo¬ 
geneous magnetic field will be split into three beams, whereas 
in reality we observe a splitting into two beams (p. 164), Another 
fact that refers to the Stern-Geriach effect and also contradicts 
the conclusions of theory is splitting into two beams in the case 
of thallium, the magnetic moment of which (calculated on the 
assumption ol cosa=±l) turns out, however, to be equal to 
1/3 pa in place of an integral multiple of p H . 

This divergence from experiment points to profound internal 
contradictions in the Bohr theory, which are particularly promi¬ 
nent when investigating the so-called fine structure of atomic 
terms, A detailed study of the structure of the spectra of various 
elements shows that the greater part of their spectral lines has 
a multiplet, or fine, structure and consists of several components. 
For example, ail the lines oi the principal and sharp series oi 
the alkaline elements are doublets (recall the well-known D-line 
of sodium —the first member in the principal series —which is 
a doublet with components D, and DJ, while the lines of the 
diffuse series and the Bergmann series are triplets . The fine struc¬ 
ture of spectral lines is an indication of the multiplicity of atomic 
terms. To account for the latter, Uhlenbeck and Goudsmit (1925) 
expressed the view, later confirmed by vast experimental material, 
that the electron possesses spin, the interaction of which with 
the orbital angular momentum is what leads to splitting of the term. 

However, within the framework of the Bohr theory, attempts 
at a consistent quantitative interpretation of the multiple! struc¬ 
ture of atomic terms on the basis of this assumption encounter 
difficulties of a fundamental nature. In particular, from the doublet 
structure of the P-, D-, etc., terms of an atom with one outer 
electron it may be concluded that space quantisation of spin in 
the fieid of the orbital angular momentum of the electron leads 
to two different orientations of spin. However, unlike all the 
other terms, the S-terms are simple, which indicates an absence 
of interaction of spin and orbital angular momentum in this case. 
And the latter is possible only in the absence of an intra-atomic 
magnetic field, i.e., when the orbital angular momentum of the 
atom is equal to zero, which, if we take into account (22.34), 
leads to n f — n = 0. Thus, calculating the energy of the S-states 
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of an atom with one electron, for instance, the ground state of 
the H atom, we must put n = n =1, whereas when calculating 
the orbital angular momentum in the same state of the atom one 
has to put n = n (p = 0 (which leads to |E| = oo). 

This intrinsic contradiction of the Bohr theory was only one 
of the signs that it was untenable. The Bohr theory was likewise 
incapable of solving the mechanical problem of the helium atom: 
all attempts at calculating the energy and the magnetic moment 
of the He atom encountered the same difficulties as in the simple 
case of the H atom. The contradictory nature of the Bohr theory 
also became evident in attempts to evaluate the intensities of 
spectral lines: an approximate (asymptotic) solution of this prob¬ 
lem was given by Bohr by means of introducing the so-called 
correspondence principle ; but this principle is based on the laws 
of classical electrodynamics, the inapplicability of which to 
intra-atomic processes was postulated by Bohr as one of the 
basic principles of his theory. ' 

An experimental verification of the Bohr theory thus shows 
that it is capable of giving a satisfactory and semi-quantative 
explanation only of an extremely limited number of experimental 
facts. The subsequent development of physics showed that this 
limitedness of the Bohr theory (the theory proceeds from the 
concepts of classical physics into which Bohr artificially intro¬ 
duced quantum laws alien to it) is rooted in the limitedness of 
classical concepts concerning microparticles. 
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CHAPTER 4 

THE QUANTUM-MECHANICAL THEORY OF THE ATOM 
23. Wave Equation 

Amplitude equation. The problem of the atom, which could 
not be adequately solved by the intrinsically contradictory and, 
essentially, semi-empirical theory of Bohr, was completely solved 
by quantum or wave, mechanics constructed on a wider basis 
than the old theory. Quantum mechanics is based on the the con¬ 
cept of the wave-like properties of particles, and first of all on the 
wave-like properties of the electron (Sec. 7). 

The creators of quantum mechanics, Born, Heisenberg and 
Jordan (1925), and Schrodinger (1926), used different mathe¬ 
matical tools. Whereas Born, Heisenberg and Jordan reduced 
the mathematical apparatus of the new theory to matrix calculus, 
which operates with an assembly of coordinates of a system of 
oscillators representing each real atom, the mathematical inter¬ 
pretation of Schrodinger is based on replacing the equations of 
motion of classical mechanics with a wave equation , which de¬ 
scribes a certain wave process in accordance with the wave prop¬ 
erties oF matter in the sense of the de Broglie theory. Schro¬ 
dinger (1926) demonstrate^ the identity of both forms of quan¬ 
tum mechanics. Henceforward we shall confine ourselves to the 
Schrodinger form, in which the wave properties of particles are 
reflected bv a wave function (<p) obtained from solution of the 
wave equation. 

In wave optics, the propagation of a certain physical quan¬ 
tity <p with a velocity u is described by the equation 

A 1 d 2( P 

In this equation, called the wave equation, Acp is the Laplacian 
operator of the function cp: 

Aq>=^ i ?3P i *<P 
^ dx* * dy z ^ 


dz 2 ' 
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In the case of harmonic oscillations with a frequency v, we may 
put 

= (23.1) 

where (at, y, z) is the amplitude of oscillations of the quantity tp. 
It will be noted that on the basis of the relation E = hv which 
is one of the expressions of wave-particle duality (see p. 32), the 
frequency v may be replaced by the energy E, whence it follows 
that 

z-i-t ( 

tp = ipe . (23.2) 

Calculating ^ = — 4rtV<p and substituting this quantity into 
the initial wave equation, we obtain 

Acp + 4ji 2 ^-<p=0 


* u 

or, since A, = —, 

A(p + ^rtP=0 

where X = X/ 2n - Omitting the temporal factor e 8raut , we get the 
following equation for the function (amplitude equation ): 

Aip -\- i|) = 0. (23.3) 

In the wave equation of quantum mechanics, which has the 
form of equation (23.3), the quantity X is the de Broglie 

wavelength A = y (7.2) or X = ~(h=^-). Bearing in mind 
the problem of the motion of an electron and expr essing its 
momentum g in terms of the kinetic energy K, g — \f2mK., we 
ge t J_— . Substituting this expression for ~ into the wave 

& h* a 

equation (23.3), we reduce it to the form 

A^ + -p-K a|> = 0. (23.4) 

As already pointed out (p. 31), the wave properties of light are 
most evident when the dimensions of the spatial region in 
which the light waves are propagated are commensurable with 
their wavelength. The same should occur also in the case of 
electrons. Calculating the de Broglie wavelength (7.2) for an 
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atom (ion) with one electron and comparing it to the radius 
of a Bohr orbit, we readily see the commensurabiiity of both 
quantities. Indeed, from (22.10) and (22.11) lor the kinetic 

energy K = — E n we find K = ^y , whence it follows 

that g= ^ 2 ^^ K = —- Substituting this quantity 

into formula X = (7-2), we get 


% = 


h> m+M 
e 8 Z mM 


n. 


(23.5) 


For the radius of the Bohr orbit we have (see (22.8)) 

_ fi 2 m M 2 

r — ?Z “mM“ n ’ 


Correlating r with (23.5) we get 

r = *n, (23.6) 

which is the commensurabiiity of r and X at least for not too 
great n. Whence it follows that the laws of classical mechanics 
cannot be used to describe the motion of an electron in an 
atom and the problem must be solved on the basis of the wave 
equation of quantum mechanics. 

Physical meaning of the wave function. Before passing over to 
a quantum-mechanical solution of the problem of the atom, let 
us clarify the physical meaning of the wave function o|). It is 
easy to establish a mutual correspondence between wave and 
corpuscular concepts. Indeed, considering, for instance, the inten- 
si y of an electron beam, we determine it, from the corpuscu- 
lar viewpoint, as a quantity proportional to the density of the 
earn, i.e., to the numbe’r of electrons per cubic centimeter, 
but on the wave concept, since the wave intensity is propor¬ 
tional to the square of its amplitude, the intensity of the elec- 
eoh beam should be set proportional to the quantity ijp 1 or, 
rnoie piecisely (since the wave function in the general case may 
e a complex quantity), to the square of its modulus 1i|) | 2 = t)n|)* 
bp and are complex conjugate quantities). Thus, jq>| 2 acquires 
ne meaning of density. Proceeding from this interpretation 
a e Unction [ij;| z and multiplying it by tfie electron charge 
n e element of volume dV, we obtain a quantity which, 
viously, will have the meaning of the charge of this element 
o volume eh|> | dV; integrating over the whole volume, w« get 
ine charge of this volume. The wave function is ordinarily nor- 
a ised so that the magnitude of this charge is assumed equal 
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to the electron charge, whence it follows that 

$ 11|) |* dV = 1. (23.7) 

This interpretation of | ^ | 2 is arrived at also by the follow¬ 
ing reasoning. Since the wave equation (23.3) is identical 
with the equation that describes elastic vibrations of a liquid 
sphere, it may be taken that the vibrational process in the 
atom described by this equation is analogous to the above-men¬ 
tioned vibrations of the sphere. It is precisely this analogy 
that underlies the concept, introduced by Schrodinger, of the 
electron in the atom as a negatively charged cloud. Since the 
energy of vibrations of a liquid sphere is proportional to the 
quantity [ipj* (and in the case of the atom we deal with the 
vibrations of an electric charge) it is in this case natural to 
assume jipl 1 proportional to the density of the charge. If we 
normalise the function r|>, subjecting it to the condition 

e$ [i|>[*dV = e or $|i|)| 2 dV=l 

(dV is an element of intra-atomic volume), which condition 
expresses the fact that the total charge of the electron cloud 
is equal to e, then elifj 1 may be considered the charge density* 

However, the function ij> allows for a different interpretation, 
too, which is more consonant with the spirit of quantum me¬ 
chanics with its statistical, probabilistic interpretation of physical 
processes. Namely, according to Born, the quantity | tp [ s dV is 
the probability of finding an electron in a given element of vol¬ 
ume dV. From this point of view the quantity j if j* is frequently 
called the probability density , while the function if itself is the 
amplitude of probability . In this case, the normalising condition 
(23.7) indicates that the probability of finding an electron any¬ 
where inside the atom is unity. 

From the probabilistic interpretation of the wave function 
it follows that the position (trajectory) of a moving electron 
cannot be determined to any desired degree of accuracy, as is 
the case in classical mechanics. Calculating the quantity ] if | 
from the wave equation, we can determine only the probability 
of finding an electron at a given point of space. This peculi¬ 
arity of quantum mechanics is expressed, in the most general 
form, by Heisenberg's uncertainty principle * One of the mathemat¬ 
ical formulations of this principle states that 

Ax X Ap = h. (23,8) 

Here Ax is the measure of uncertainty of the geometric position 
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of an electron and Ap is a measure of the uncertainty of its 
momentum (p = mv). Whence it follows that the more precisely 
we determine the momentum or the energy of the particle 
{electron}, the less precisely we can determine its position. In 
particular, from the fact that the energy of an electron in the 
steady state of an atom is strictly fixed, it follows that it is 
impossible to define its orbit. The uncertainty principle arises 
from the necessity of taking simultaneous account of two aspects 
of the elementary particle (electron): corpuscular and wave. 

Incorrect interpretations of the corollaries that follow from 
the uncertainty principle have given rise to a series of idealistic 
philosophical distortions. Particularly great were the distor¬ 
tions in connection with the causality principle. Thus, Heisen¬ 
berg, already in 1927, in the paper in which he enunciated the 
principle, wrote: *\ , . quantum mechanics has definitely established 
that the law of causality is untenable 11 . Yet negation of the 
causality principle leads to fideisrn. Thus, Eddington, in his 
book The Nature of the Physical World states that it may be 
that the reasoning of modern science permits of the conclusion 
that religion has become acceptable to a common sense scientific 
mind beginning with 1927. 

These and similar idealistic Conclusions" drawn by certain 
scientists in connection with the uncertainty principle are based 
on a certain misunderstanding associated mainly with imper¬ 
missible attempts to describe the motion of a microparticle by 
means of the concepts of classical mechanics, while ignoring 
Its wave properties, The fallacy in this approach to the problem 
was most clearly stated by Langevin, who said the following 
with regard to the uncertainty principle: “Experience tells us 
that it is impossible to define exactly, at one and the same 
instant, the position and^ velocity of a particle. We immediately 
draw the conclusion that uncertainty underlies the laws of na* 
ture. However, why should we not assume that our corpuscular 
concept is inadequate, that it is impossible to represent the 
intra-atomic world by extrapolating to the limit our macroscopic 
conception of a moving body. From ihe fact that nature does 
not give an exact answer to the question concerning particle 
motion it would be too pretentious on our part to conclude that 
there is no determinism in nature. It is much simpler to say: 
the problem has been badly posed—in nature there is no cor¬ 
puscular microparticle. , 

Free-particle motion. Returning to the wave equation (23.4), 
let us solve it first for a free electron, i.e., for an electron 
moving outside a field of force. !t may readily be shown that 
in this case, by separating the variables, equation (23.4) reduces 


Sec. 2 3j 


WAVE EQUATION 


173 


to three identical equations corresponding to motion along the 
axes x, y, and z. In other words, a three-dimensional problem 
is reduced to a one-dimensional one. Indeed, putting 

^(x, y, z) = X (x) Y (y) Z (z), K = K X + K y + K z 

and computing the Laplacian A^, from (23.4) we get the 
equation 

S + 2 ^K x X=0 (23.9) 


and two analogous equations for Y and Z. 

The solution of equation (23.9) has the form 

X = A x sin (B x x -j-C x ) (23.10) 


and exists for any energy values of the electron K x , if the space 
in which the electron moves is boundless (—oo^x^cx>). 

The situation is different when a particle (electron) moves in 
a confined volume. Thus, if the motion along the x axis is limit¬ 
ed to the region 0 ^x^a x the boundary conditions take on 
great significance in the solution of the problem. They may be 
formulated as follows. Since the electron cannot get outside the 
indicated region, the probability that the electron will find 
itself on the boundaries of this region, i.e., at x = 0 and 
at x = a x , must be zero. And since this probability is determined 
by the quantity | X | 2 (see p. 171), we get the following bound¬ 
ary conditions: X = 0 when x = 0 and when x = a x . The first 
yields sin C x = 0, i.e., C X = Q, the second, sin (B x a x -|-C x ) =0, 

i.e., B x = —, where n x is an integer. Thus, the solution to 

a x 

equation (23.9) has the form 

X = A x sin x. 

x a x 

Computing and substituting this quantity together with X 
into equation (23.9), we obtain 


K x 


2m < 


(23.11) 


Analogous expressions are obtained for the components of the 
kinetic energy of the electron along the y and z axes. For the 
total kinetic energy we have 
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From this result it follows that the kinetic energy of a free, 
electron moving in a limited volume is a quantised quantity. 
True, it must be said that due to the smallness of h 2 /2m (of 
the order of 10“ Zfi CGS) this property of the kinetic energy of 
the electron is significant only in sufficiently small volumes 
confining its free motion. For this reason, in most practical 
cases the energy of a free electron may be considered (to a 
high degree of accuracy) as a continuous arbitrary quantity. In 
such cases, the motion of a free electron may be evaluated, 
without any essential error, on the basis of classical mechanics. 

Schrodinger equation. The essential difference in the motion 
of a bound electron (for example, in the atom) and a free 
electron consists in the fact that whereas the potential energy 
of the latter is zero, the bound electron moving in a field of 
force has potential energy in addition to kinetic energy. Substi- 

1 g® 2 Mm 

tuting into equation (23.3) the quantity -^- = ^ 1 - = ^- m _|_ M K 

(see p. 169) and replacing the kinetic energy by the difference in 
the total and potential energies, K = E— V, we transform this 
equation to the form 

A ^ + L FS I Si( E - V ) 1 » 5==0 - (23 ' 13) 

Equation (23.13), which was first derived by Schrodinger (1926) 
is called the Schrodinger equation . It underlies the solution of 
many problems of atomic physics. 

Before going over to a consideration of specific problems, 
let us note the following peculiarity of the quantum-mechanical 
approach to the solution *of these problems on the basis of 
Schrodinger's wave equation. From the theory of differential 
equations it is known that the solution of any equation that 
satisfies the physical conditions of the given problem is possible 
only for definite values of the parameters that enter into the 
equation. These parameter values are called characteristic numbers , 
or eigenvalues of the given problem, to which there correspond 
solutions \p n called eigenfunctions . 

In the Schrodinger equation, the total energy of the system 
is the constant parameter. For this reason, the assembly of eigen¬ 
values E n in any concrete case of the solution of this equation, 
represents the entire totality of energy levels of the given system. 
Thus, in quantum mechanics the physical problem of quantisation 
reduces to a mathematical problem of the solution of the wave 
equation. 
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24. Atom (Ion) with One Electron 


Solution of the Schrodinger equation. The problem of a hy¬ 
drogen-like atom, i.e., an atom or ion consisting of a nucleus 
and one electron, is a problem of the motion of an electron in 
the Coulomb field of the nucleus (the one-electron problem). 
Assuming the nuclear charge equal to Ze and introducing the 

expression for the potential energy of the atom V = — — into 
equation (23.12), we obtain 

^ + FiTs( E +¥> = °- ' (24.1) 


In spherical coordinates, r, ft, <p, associated with Cartesian coor¬ 
dinates x, y, z by the relations 

x = r sin ft sin <p, y = r sin ft cos cp, z = r cos ft, 

equation (24.1) assumes the form 


1 


_d_ 

dr 


f 2 <hp\ 

, 1 d 2 i|) , 

1 9 (-in# ^ ^ 

l r dr) 

1 r 2 sin 2 ft dtp 2 1 

1 r 2 sin 2 ft dft V u dft J 


mM 


h 2 tn+M 


E+^Wo, 


which permits separation of the variables. Introducing the func¬ 
tions R, 0, ®: 

t(r. ft, t|>) = R(r)0(ft)Q(<p)=R(r)S(ft, <p), (24.2) 


we transform this equation to the form 


1 d / , dR \ ■ 2 mM 

R dr \ dr ) h 2 m M 

, 1 d 2 S , 1 d ( 

S sin 2 ft dtp 2 ‘ S sin ft dft \ 


(E+^')r’ + 

sin ®Jf) = °- 


The latter equation is thus separated into the two following' 
equations: 


R 


_d_ 

dr 


f t dR\ , _2_ mM 
\ dr ) "T" h 2 m M 



r s = A, 


(24.3) 


and 


S sin 


1 d 2 S , 1 d ( . „ dS \ , /ri< 

in 2 ft d<p 2 S sin ft dO \ Sln ^ ^ (24.4) 


where l is a certain constant. Further, substituting into the lat¬ 
ter equation S(ft, cp) = © (ft) <D (<p), it may, in turn be separat- 
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ed into the following two equations, setting 75 -^ = —m )\ 

=*At sin *w)+( , ‘-wi) e =° < 24 - 5 > 

and 

^5 + m*® = 0. (24.6) 

The solution of the latter equation, to the accuracy of a cer¬ 
tain constant factor, has the form 

O = e± , l m / I* (24.7) 

or, assuming negative values of the number m, along with posi¬ 
tive values, 

(D = e im / (24.8) 

The unambiguity of the solution demands that m, be an integer. * 
As for the equation for ©(#), by introducing a new variable 
x = cosfl and by putting @('&) = (1 — x 2 ) / m i l^ 2 v (x), we first 
transform this equation to 

(1 — x 2 ) v"— 2(1 m l | + 1 ) xv' + (X — | m / 1 — m 2 ) v = 0 

where v' and v" denote the first and second derivatives of the 
function v (x) with respect to x, respectively. To find the solution 
to the latter equation we put y = (x 2 — 1 )* where l is an integral 
positive number. Taking logarithms and then differentiating y 
with respect to x, we get 

(1 — x 2 )y' -f- 2 /xy= 0 . 

From this equation, after differentiating it k-^-1 times with 
respect to x and denoting % 

„_d k y d k (x 2 -l)‘ 
dx k ~ dx k 

we get the equation 

(1 — x 2 )z" — 2 (k — /+l)xz' + ( 2 / — k) (k+l)z = 0 , 

which turns out identical to the equation for the function v(x) 
on the condition that 

v = cz, / m l | -J- 1 = k — 1 -\-1 and (21 — k) (k 1 ) = X — | m, | — m^ 
where c is some constant. 


* In this case, the condition of uniqueness may be written in the form 
1 T = e ,mi + 2lt \ whence there follows the integrality of 
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From the latter equalities we find k = /-f-| m fl an d 

* = /(/+1). (24.9) 

And the equality v = cz gives the solution to the equation for 
the function v- in the form 


m / 1 

v(x) = c dW^ (x2 ' iy 


from which we find 

0 (O) = c (1 — x 2 )l m * I / 2 


+ f 
dx / + l 1 


(x 2 —1)* , x = cosfh (24.10) 


This expression is the solution to the initial equation For the 
function 0 for any integral values of the number contained 
between and —L But as will be seen from (24.10), for the 
values 0 converts to zero. Thus for a given / (the phys- 

cal meaning of this number will be clarified later) we have 
2l-\-l solutions of 0 that correspond to the following 2/-j-1 
values assumed by the number m^: 

m i = ±l, ±(l— 1), ±(t — 2), ±1. 0- (24.11) 


All these solutions are finite in the entire space of the coordinate 
0 , which is essential in connection with the above established 
physical meaning of the function 4 ?. 

Now turning to the solution of the equation for the radial 
function R (24.3), we rewrite it (taking into account (24.9)) in 
the form 


where 


d 2 R | 2-dR 
dr 2 ' r dr 


+ [A + 2 


r 


t (t 1 ) 

r 2 


R = 0 


A 


2 mM p 
W m + M * 


and B 


1 mM 
W m+M e L 


Let us first find the asymptotic solution of this equation, 
which holds for large r. We rewrite the preceding equation for 
this case in the form 

^ + AR = 0 

Its solution has the form 

R = C.e 1 '^ + C 2 e “ 

We can obviously satisfy the necessary demand for the finite¬ 
ness of the function R for all values of coordinate r (also for 


7—3038 
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the case when r = oo) by putting C, = 0. Thus, the asymptotic 
solution to equation (24.3) will have the form (C = C 2 ): 


i 


' R (r)=Ce -|A-Ar . 


We obtain the general solution to this equation (which solution 
holds for any r) by considering C a function of r. Introducing 
the new variable q = 2Y — Ar, we transform equation (24.3) to 


C" + (f-l)C' + 


v~ 


n 


l H~ i) 


C = 0. 


The solution to the latter equation is 

v =k 

C= 2 a^+* 


v = 0 


which is confirmed by simple substitution. 

Substituting the quantities C, C'= 2 ( v -1 an ^ 

C* = £Mv-H)X(v + /—l)Q v + /_z into the equation for C and 
equating to zero the sum of the coefficients in the term contain¬ 
ing q in any degree, we obtain the following recurrent formula: 

I(v + /+l)(v + /) + 2(v + / + l)-/(/ + l)]a v+1 = 

= (v+* + l-y=)a„. 

which connects the coefficients of the polynomial C and permits 
expressing all coefficients in terms of one (for instance, in terms 
ofa 0 ). Thus, to the accuracy of a constant factor, the function 
R may be represented in the following general form: 

v = k 

R(r)=e -p/2 2 a v6 ,+ * Q = 2/^Ar. (24.12) 

v = 0 

By virtue of the necessarily finiteness of the function if, the 
polynomial C must likewise be finite, which is accounted for by 
its breaking off at the 6th term. In such a case, the coefficients 
of the polynomial a k+1 , a K + 2 , , must obviously be zero, and 
from the recurrent formula for the coefficients a v we obtain (putting 
v = k) 

_5_ = k -4— / -4— 1 =n . 

V - A 1 1 

Substituting the foregoing values of A and B, we find (taking 
into account (22.11)): 

„ ^ 2jt 2 e 4 mM Z* hRZ 2 


h 2 m+Mn 1 


n* " 


(24.13) 
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This expression coincides exactly with the expression for 
the energy of a hydrogen-like atom (22.10) in the Bohr theory, 
which is characterised by the principal quantum number n. Con¬ 
sequently, the number 

n = k-J-/+1 (24.14) 

turns out identical to the principal quantum number <?f Bohr's 
atomic theory. The quantum number n, according to (24.14), is 
composed of the numbers k and /, which can take on positive 
integral values beginning with zero. Obviously, the maximal 
values of these numbers for a given n are equal to n — 1 . 

Correlating (24,14) with the formula n = n T -f-n ? (p. 150) ob¬ 
tained from the Bohr theory, we see that the numbers k and l must 
be in a certain correspondence with the numbers n r and n 9 . To 
establish this correspondence we do as follows. Calculating the 
mean radius of the elliptical Bohr orbit of the hydrogen atom, 
we find* 



On the other hand, a quantum-mechanical calculation of the mean 
distance of the electron from the nucleus in the H atom yields: 

[l + -j(l — — ^ 1} )] . 

Identifying both values of r, we obtain 

n; = /(/+l). (24.15) 

Atoms of alkaline elements and the quantum characteristic of 
spectral terms. An approximate solution to the Schrodinger equa¬ 
tion (23.13) may readily be obtained also for atoms or ions with 
one outer electron on the assumption that this electron is at a 
sufficiently large distance from the nucleus, as a result of which 
its interaction with the remaining electrons in the atom may be 
regarded as a slight perturbation superimposed on the Coulomb 
attraction of the atomic core. As we have seen above (Sec. 22 ), 
such an approximation is taken in the Born-Heisenberg theory 
for electron orbits that do not penetrate into the atomic core. 

Solving the problem to this approximation, we put, in the 
Schrodinger equation 


* In the integration, use is made of the equation of the ellipse and the 
relation derived from Kepler’s law of areas rdt/T = r 3 dcp/2jiab. 

7* 



























180 


QUANTUM-MECHANICAL THEORY OF ATOM 


|Ch. 4 


4 


the potential energy V equal to 

, V = — -f- AV 


where the energy of perturbation AV is small compared with the 
energy of Coulomb interaction between the electron and the atomic 
core. Taking advantage of the expression given on p. 156 for the 
quantify AV, 

; , AV=AE = -g, 

and replacing 1/r* by' its mean value 

; . = = (n, l) 

where 

. t(t + 1 ) 

A _ . 3n 2 

1 ’ >/.) 1 V + V.) (* + 0 4- ’/*) ’ 

we obtain 


AE = 


_3 

4 



f (n, /). 


When AV=AE = const, the Schrodinger equation differs from 
the equation of the one-electron problem (24.1) in only one 
respect: in place of the eigenvalue E we have to substitute 
E — AE. For this reason, solution of the Schrodinger equation 
in this case, instead of (24.13), will have the form 



Computing the ratio AE/Eh on the basis of the expressions 
for a¥ and Eh found above, we obtain, after a few transforma¬ 
tions, 


AE 

E h 


3 «Z 

2 r* 


- n*f (n, l). 


Substituting this quantity into the expression for the energy of 
the atom E, we represent this expression in the form of the Ryd- 
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berg formula, due to the smallness of AE/E H : 

_ hRZl _ hRZl 

n,,_ rigjf ( n A ) 2 

where the quantum defect 


1 x __ 3 aZ a 3n* 

n 2 ° 2 4 (/- 1 / 2 )/(/ + I / 2 WH-l)a + 5 / 2 ) 


(24.16) 


(24.17) 


From this formula it will be seen that for a given n, the quantum 
defect sharply diminishes with increase in the quantum number /. 
Comparing (24.17) with the earlier derived (on the basis of tiie 
Bohr theory) and less accurate formula (22.21), it is evident that 
they are in fair agreement if we take nu = /(/-j-l) (se§ (24,15)*. 

From (24.16) we obtain, for the terms of alkaline elements 
or the corresponding ions, 


T 


n, / 


R K 

(n-A) 2 ‘ 


(24.18) 


A correlation of the theoretical expressions for the terms of 
alkaline elements (24.18) with the empirical formula (21.7) per¬ 
mits attributing to the terms of these elements definite values of 
the quantum numbers n and /; this is of great importance for the 
systenjatics of atomic states. 

AE 

Substituting A (24.17) into the expression for , we find 

AE o 2 A 
^r- = 2 n 2 A. 

E h 


Since by the conditions of the problem AE/Eh <^1, from the 
obtained relation it follows that A<^l/2n 2 , i.e., A<M/8, 

1/18, 1/32, respectively for n = 2, 3, 4, ... Referring to 

Table 8 (p. 140), we see that for all the f-terms given and also 

for the d-terms of lithium and sodium and the p-term of lithium, 
the effective quantum number n e ff differs from the closest integer 
by not more than 0.04 (in the case of the p-term of lithium), 
which is in agreement with the foregoing values of the upper 
limit of A. For this reason, we may conclude, with a fair meas¬ 
ure of probability, that the n e fi numbers (rounded off to integers) 

for these terms must be equal to the principal quantum numbers 

to which they correspond. Consequently, to the lower f-terms of 
all five elements characterised by the n e n numbers 4.000, 3.999, 
3.993, 3.988, and 3.978 (see Table 8) we assign the principal 
quantum number n = 4; to the d-terms of lithium and sodium 
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(n €ff = 2.998 and 2.990) n = 3, and to the p-term of lithium 
(n e ff= 1.959) n = 2. 

As for the remaining terms given in Table 8, additional data 
are needed to find the principal quantum numbers that correspond 
to them. For instance, on the basis of n e fr = 2.117 we exclude 
n = 2 for the lower p-term of sodium and we can take n = 3 as a 
probable value. The confirmation is as follows. Since, when 
n = 3, the quantum number / assumes three values, 1 = 2, 1, and 0, 
one of which corresponds to term 3d, it is natural to assign the 
two others to the lower p- and s-terms, i.e., to identify them 
with the terms 3p and 3s. We thus obtain the terms 4f, 3d, 3p, 
and 3s as the lower terms of sodium. 

Having identified the lower p-term of lithium with the term 2p, 
due to the fact that when n = 2 the number / takes on two 
values (1 and 0), it is natural to assign them to the terms p 
and s. Consequently, as lower terms of lithium we will have 4f,. 
3d, 2p and 2s. 

Similarly, we get the terms 4s, 4p, 3d and 4f, etc., for the 
lower terms of potassium. A very important result here is that 
the values of the principal quantum number of the basic terms 
of alkaline elements, that is, the lower s-terms, coincide with 
the numbers of periods in the Periodic Table, the first elements 
of which are the alkaline elements 2 (Li), 3 (Na), 4 (K), 5 (Rb), 
6 (Cs). On the other hand, n=l corresponds to the ground state 
of the hydrogen atom that opens up the first period. From this 
we conclude that the electrons of the outer electron group must 
have the same value of the principal quantum number as the first 
element that opens up the given period. To illustrate, n=l for both 
electrons of helium also follows from the fact that the solution 
of the problem of the He + ion yields n=l for one electron and 
that both electrons in He aj*e equally firmly bound to the nucleus 
(equivalent electrons). Further, to the electrons of the outer 
electron group of elements of the second period (from Li to Ne) 
we must assign n = 2. This conclusion likewise stems from the 
approximate equivalence of these electrons. The outer electrons 
of the third period have n = 3, etc. This result receives theoreti¬ 
cal substantiation from the viewpoint of the general principles of 
quantum theory (see Sec. 26). 

The quantum defect A is very weakly dependent on the prin¬ 
cipal quantum number but strongly dependent on the quantum 
number /. This makes it easy to find the values of the latter for 
various terms. Table 9 gives the calculated and measured values 
of A for the lower terms of the alkaline elements. Due to the 
fact that the quantum defect diminishes radically with increasing 
quantum number l (seep. 181), the underlying computational assump¬ 
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tion is made that to the least values of A there corresponds the 
greatest l (possible for a given n). Whence, for all f-terms 
(n = 4) we obtain / = 3, for the d-terms of lithium and sodium 
1 = 2 (since n = 3), for the p-terms of lithium l— \ (since n = 2); 
/ = 0 must correspond to the s-terms. Thus, from an analysis of 
the experimental values of A on the basis of equation (24.17), 
we obtain the following relation of atomic terms and the quantum 
numbers / that describe them: 

Term s p d f . . . 

I 0 12 3... 

The foregoing theory of atoms (or ions) with one outer electron, 
assuming sufficient distance of the latter from the atomic core, 
rnay be considered sufficiently accurate only for small A. The 
limited applicability of the theory is most prominent when 
examining A for the various elements and various terms given in 
Table 9: it is seen that both in the horizontal rows and in the 
vertical columns there is a sharp discontinuity of A, which is 
out of all proportion to the variation of A in accordance with 
the formula (24.17). For example, when passing from the sodium 
term 3p to the 3d-term, A should diminish by a factor of roughly 
25, whereas in reality it decreases nearly 100 times; in the case 
of potassium, when passing from the 3d-term to 4f, A diminishes 
30 times instead of 7; when passing from the potassium term 
3d to the sodium term 3d, A diminishes 20 times instead of 5. 

Table 9 

Theoretical and experimental values of the quantum defect A=n — n e jf 
for the lower terms of alkaline elements* 


T er m 

Elemen \ 

s 

p 

d 

f 

Li 

0.412 

0.041 

0.002 

0.000 


— 

(0.034) 

(0.002) 

(0.000) 

Na 

I .373 

0.883 

0.010 

0.001 


— 

(0.237) 

(0.010) 

(0.001) 

K 

2.230 

1.776 

0.146 

0.007 


— 

(1.150) 

(0.045) 

(0.007) 

Rb 

3.198 

2.711 

1.233 

0.012 


— 

(1.970) 

(0.084) 1 

(0.012) 

Cs 

4.131 

3.649 

2.448 

0.022 



(3.440) 

(0.153) 

(0.023) 

* The brackets indicate A thfti]f ; in calculating them, the Following values of 

polarisation coefficients of the ions of alkaline metals a are taken 

fin units of 

10 s4 cnr) : 0-03 (Li 

i + ); 0-19 (Na 

*■); 0.89 (K+>; 1.50 (Rb + ); 2.60 (Cs+). 
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From Table 9 it will be seen that the calculated and measured 
values ol A practically coincide only for terms separated by the 
step-wise line from lower terms, which, as a rule, correspond to 
the elliptical Bohr orbits. 

As already stated (p. 157), the inapplicability of equation (24.17) 
in the case of large A is due to the existence of electron orbits 
that penetrate into the atomic core. Substituting n 2 = / (/ -f-1) and 

n ? = /-)--i- into (22.24), which was derived on the basis of Bohr’s 

theory and which tabes into account the penetration of the outer 
electron into the atomic core, we get 


2 -Ja Z| — l(/ + l) 

Evaluations of the terms of sodium and also of the ions Mg + 
and Al + + from equation (24.19), under-certain assumptions con- 


4s t p t d,f 

4p,d,f 


4dJ 

3s t ftd 

<« 3d 

_ 

4P 

X 



3D 

\ V 



3s 

* X 

\\ 

4s 

3p 

2s,p 

2p 




\ 

\ 

\ 

\ 2S 

\ 

V 

\ 

\ 

3$ 




H 

' Li 


Na 



(/+!). (24.19) 


Fig. 38 . Optica] terms of H, Li, and Na 

cerning the structure of the intra-atomic electric field, which 
determines the magnitude of the effective charge Z u yielded satis¬ 
factory agreement with experiment, particularly in the case of the 
s-terms. For the lower s-term of sodium (3s), A = 1,36, whereas 
measurements yield A = 1,37. 

From (24.17) and (24.19) it follows that due to n tJ[ <^n the 
hydrogen terms must lie above the terms of the alkaline elements 
that are characterised by the same values of the principal quantum 
number. From these formulas it likewise follows that due to the 
decrease of A with increasing l for a given value of the number 
n, the s-term must lie below the p-terni, the p-term below the 
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d-term, etc. What is more, the distances between the s-, p-, d-, 
terms must be less the greater n and the smaller a, i.e., the 
lighter the element. All these regularities are seen in Fig. 38, 
where the experimentally obtained terms of the light alkaline 
elements lithium and sodium are correlated with corresponding 
terms of hydrogen; the ground levels of the ions Li + , Na + , and 
H + are made to coincide. We note that the lithium term Is and 
the sodium terms Is, 2s, and 2p, which are not given in Fig. 38, 
refer to terms exhibited in the X-ray spectra of these elements. 

The extremely weak splitting of the terms of the H atom, due 
to the fact that in this case n eff differs very slightly from the 
principal quantum number n (cf. p. 152), could not be given in 
Fig. 38 on the required scale. 

Orbital and spin angular momenta. Due to the correspondence 
between the new azimuthal quantum number t and Bohr’s azimuthal 
quantum number n ? (24.15), which determines the momentum 
(and also the magnetic moment) of a Bohr electron orbit 

p=hn ? , 

one should expect that the orbital angular momentum of the 
electron in the atom will be characte rised by the number l. 
Substituting into the previous formula Vl{l +1) in place of n^, 
we get 

p = h// (Z+l). (24.20) 


An exact quantum-mechanical calculation also leads to this for¬ 
mula. Without carrying out the computations, we shali show that 
(24.20) is valid in the following special case of the solution of 
the Schrodinger equation; this case will be of interest later on 
(in connection with the rotational energy of diatomic molecules). 

Considering a system of two opposite point charges revolving 
in circular orbits about a common centre of gravity, we must 

HR d 2 R ■ j.i_ 

(due to the constancy of r) put and equal to zero in the 

equation for the function R, whence it follows that 


A + 24 


/((+ 1 )_ 0 

r 2 


Substituting into this equation A and B (p. 177), 
the form 


E = £/(/+D-^ 


we rewrite it in 


where J = r 2 is the moment of inertia of the system. Com- 

m —p M 

paring this expression with the expression E = K-)-V and noting 
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that V = — e 2 Z/r, for the kinetic energy we get 
t K = -gj / (/4~ 1). 

Substituting K in the form 

\r _J5 2 _ P 2 

2 2 J 

and comparing this expression with the one derived above, we 
find 

p = h VI f)> 

i.e., an expression that coincides with (24.20). 

Formula (24.20) for the orbital angular momentum is substan¬ 
tially different from the Bohr expression (22.6), approaching the 
latter only for large values of /(/^>1), when the numbers / and 
n 9 practically coincide. But in the case of small values of /, the 
expressions (24.20) and (22.6) yield sharply divergent values of 
angular momenta p. To illustrate, when / = 0, and, hence, when 
n (p =l (s-orbit), we obtain p = 0 for the quantum-mechanical 
atom and p = h for the Bohr atom. 

The orbital magnetic moments computed for the Bohr and 
wave atoms differ just as significantly, because due to the propor¬ 
tionality between the magnetic moment and the angular momentum 
of the orbit, the orbital magnetic moment of the wave atom turns 
out proportional to the quantity ]//(/-|-l) and 

|x=-|//(/ + l)fi B , (24.21) 

whereas, according to (22.34) in the Bohr theory p, = n p B . 

As to the question of space quantisation of electron orbits, it 
is to be expected, proceeding from the fact that the number of 
m, may assume the values (see (24.11)) 

m £ = ± /, ± (/ — 1), . . ., + 1,0 

like the number m in Bohr’s theory that takes on the values 
(see p. 165) 

m ? = ±n r ±(n f — 1).±1,0, 

and from the correspondence between the numbers l and n , that 
space quantisation of orbital angular momentum in quantum 
mechanics will be determined by the number m £ . Indeed, the 
quantum-mechanical calculation of the energy of an atom in a 
magnetic field leads to the expression 

AE = |- ^-Hm £ = p B Hm £ , 


(24.22) 
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from which, representing AE in the form pH cos (H, H), we find, 
for the projection of the magnetic moment on the field direction, 

H' = p. cos (it, H)=p, B m / (24.23) 

like a similar expression in the Bohr theory (22.40)i 

p'=p B m r 

We further indicate that the number m t also determines the 
projection of the angular momentum of the orbit, i.e., 

pj = hm £ (24.24) 

(cf. p' = hm ? in the Bohr theory). 

We thus see that the projections of orbital angular momenta p 
and p in quantum mechanics are, like in the Bohr theory, inte¬ 
gral multiples of h and p B , respectively, whereas the dependence 
of the angular momenta on the quantum number is more complex 
than in the Bohr theory. 

It will readily be seen that the quantum-mechanical theory of 
the atom is devoid of those inner contradictions that emerged 
when considering the multiplet structure of atomic terms on the 
basis of the Bohr theory. Indeed, as follows from (24.21), the 
intra-atomic magnetic field (due to the motion of the electron) is 
present in all states of the atom, with the exception of the 
s-states, in which case the magnetic field is absent due to / = 0 . 
•For this reason, in all states of the atom, excepting the s-states, 
we find space quantisation of spin in the intra-atomic magnetic 
field that leads to multiplet (doublet) splitting of terms (see below, 
p. 207). In the s-states, space quantisation is naturally absent, and 
the s-terms are simple (single). 

In contrast to the Bohr theory, quantum mechanics also gives 
a correct quantitative interpretation of the behaviour of atoms in 
an external magnetic field; this behaviour is seen in the Stern- 
Gerlach and Zeeman effects, and also in the behaviour of atoms 
in an electric field (Stark effect), where space quantisation is par¬ 
ticularly prominent. We have already pointed out (p. 164) that in 
an inhomogeneous magnetic field a beam of hydrogen atoms, and 
also of atoms of the other elements of this group, is split into 
two symmetrical beams of the same intensity (Stern-Gerlach' 
effect). Comparing this picture of splitting with the formula 
p'=pcosa it should be concluded that in the case of elements 
of the first group, i.e., of elements whose atoms have one outer 
electron and are in the s-state, p' takes on two values that are 
equal in absolute magnitude. From the viewpoint of space quan¬ 
tisation of spin, this result -is interpreted as follows. 
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Since the orbital magnetic moment of a normal hydrogen atom 
is equal to zero, the magnetic moment manifested in the Stern- 
Gerlach effect must 'be attributed to the electron. Whence* it 
follows that two possible orientations of the H atom in an 
external magnetic field are due to space quantisation of spin. 
Introducing the quantum number s to characterise the angular 
momentum and magnetic moment of the electron (by analogy 
with the number /} and the number m 3 to characterise the various 
orientations of the latter in a magnetic field (similar to the 
number m,) on the assumption that between the numbers m a and 
s we have the same relation as between the numbers m, and / 
(see (24.11)), we get 

m s = + s > zb( s —1)> •••» 

Le., 2s —|— I values of the quantum number m s and T consequently, 
2 s —|— 1 orientations of spin in a magnetic field. Since experiment 
gives only two orientations, it is obvious that 2$+1 =2, whence 

it follows that s — y n \ — zby- 

Representing the intrinsic angular momentum of the electron 
(spin) as p s and its projection as p' by means of formulas anal¬ 
ogous to (24.20) and (24.24), we find 

p, = !iys (s+1), s=j, (24.25) 

p;=hm s , m j = ± -i. (24.26) 

Further, as has already been pointed out (p. 164), measuring the 
magnitudes of magnetic splitting of the beam of hydrogen atoms 
in the Stern-Gerlach experiment leads to the value of magnetic 
moment of the H atom, i. e,, to a value of the moment of the 
electron equal to one Bohr magneton. However, since these meas¬ 
urements do not yield the moment itself but its projection on 
the field direction, i.e., the quantity p/, it is obvious that we 
must put 

K = b = ±~^. (24.27) 

Comparing the expressions for p' (24.27) and p' (24.26) and re¬ 
placing the ratio p'/p' by the ratio p s /p s (due to both the angu¬ 
lar momentum and magnetic moment being parallel), we find 


Ik 

Ps 


e 

m" V 


(24.28) 
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We see that for an electron, unlike the electron cloud (orbit), 
the ratio of magnetic moment to angular momentum has an 
anomalous value: whereas for the orbit this ratio is 

J^_! _L 

pj 2 m ’ 

for the electron it is expressed by a quantity twice as great. 

Thus, the introduction of spin yields a fourth independent 
quantum number m s (in addition' to the numbers n, /, and m ; ), 
which is necessary tor a description of the optical and magnetic 
properties of atoms. The twofold orientation of spin observed 
in an external magnetic field and corresponding to two possible 
values of the quantum number m s , which may be called the 
magnetic spin number, also occurs in the internal magnetic 
field of the atom (due to the magnetic moment of the elec¬ 
tron cloud). Because of interaction of the latter with the 
spin, the atom obtains a certain additional energy (see Sec. 26) 
that differs for different orientations of spin. As a result, 
each slate of the atom characterised by the value l=±0 is split 
into two states (doublets). Such is the origin of the doublet 
structure of atomic terms, in particular the terms of the alkaline 
elements. 

Wave model of the atom. As has already been pointed out 
(p. 171), quantum mechanics does not enable one to determine the 
position of an electron in an atom, i.e., to indicate^ the shape 
of an electron orbit, the very concept of which in quantum 
mechanics is merely conventional. However, we can compute to 
any degree of accuracy, the probability of finding an electron at 
a given point in the atomic space, which permits constructing 
some sort of a physical model of a quantum-mechanical atom. 

Let us consider some quantum states of a hydrogen-like atom. 
The ground state of the atom in this case is the state correspond¬ 
ing to n=l. and, hence, / = m, = 0. An electron in this state 
belongs to the K-group (n=l) and is an s-electron (/ = 0). For 
n = 2 we obtain the following four states: 1) 1 = m ; = 0, the 
corresponding term is the 2s-term (L-group, L,); 2) / = 1, in the 
absence of an outer magnetic (or electric) field, a triply degener¬ 
ate 2p-term (L-group, L» and L m ) in accordance with three 
possible values of the magnetic quantum number irq—O, ±1. 
We will confine ourselves to these few states and omit computa¬ 
tional details of the respective wave functions, giving only the 
results (Table 10). 

In Table 10, s = (n/2)Q = Z r/r^, where r, = ti/me is the 
radius of a one-quantum Bohr orbit of the H atom. The follow¬ 
ing is to be noted in connection with normalisation of the 
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Table 10 

The function (normalised) for one- and two-quantum states 
fcf a hydrogen-like atom 


n 

i 

m t 

term, 

group 

M») 

R(p> 

d, v*f±Y 12 

^normal \ z / 

1 

0 

0 

Is, K 

1 

e — P/2 

e —s 

2 

0 

0 

2s, Lj 

1 

2 (q - 2) e —p/2 

' (2 s)e~ s/2 

4/2 

2 

1 

0 

2p, Ljj 

cos 0 

6Qe“ 

—se~ s ' 2 cos # 
4/2 

2 

1 

±1 

1 

2p, L Jn 

sin d 

6Qe“ 

Lse- S / 2 sin Pe± '* 
o 


function tf. Earlier, when solving the Schrodinger equation for 
a hydrogen-like atom, we determined the functions R, 0, *I> 
with an accuracy only to a certain constant factor. For this 
reason, the function ijj likewise was computed with an accuracy 
to this factor, which, however, may be unambiguously determined 
from the normalisation condition_<23.7). It was in this way 

that the normalising factor (I/j/jjj (Z/r,)''» in Table 10 was 
obtained. 

A consideration of the wave function as dependent on the 
coordinates of the electron gives some idea of the distribution 
of the probability of finding an electron at a certain point of 
intra-atomic space. Thus, given a certain arbitrary direction 
that corresponds to definite values of the angles 0 and <p, we 
can study the distribution of probability along a radius vector 
drawn from the centre of thg atom (nucleus); here, this proba¬ 
bility will depend only on the factor | R j* (|0j ! =const and 
<I> J = const), The appropriate probability distribution is depicted 
in Fig. 39, where the dimensions of the corresponding Bohr orbits 
are also indicated. For the unit of distance we take the radius 
of a one-quantum Bohr orbit r, (in the drawing, a t =r.). The 
shaded areas correspond to the quantity D = 4mr* | R I*, which 
determines the probability of finding an electron in the spherical 
layer 4rci dr, equal to Ddr\ We note that D is maximum at 
a distance equal to the mean radius of a Bohr orbit if in the 
expression for r (p. 179) n* is replaced by /(/-(-l). 

This fact indicates a certain similarity between the Bohr 
model of the atom with its discrete electron orbits and the wave 
model. However, the curves in Fig. 39 rather illustrate features 
ot radical difference than features of similarity between the two 
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models. For one thing, these curves show that unlike an electron 
of the Bohr atom, an electron of the wave theory can be located 
at any point in intra-atomic space with a finite probability 
that becomes zero only at an infinitely large distance from the 


/s 2s 3s 



nucleus. Averaging, in time, of the position of an electron with 
respect to the nucleus in a single atom, or averaging the electron 
positions at a given instant of time in a large number of iden¬ 
tical atoms is what leads to the concept of the electron cloud. 
This concept yields a more correct picture of distribution of 
the electron charge in an atom than does the Bohr model. 

Of special interest is the study of probability distribution 
over angles 0 and <p. It is readily seen that the probability is 
not dependent on the angle qu indeed, j <I> |* = <I«t>*=e iin ‘ f ?e _in, ‘f=-1 . 
Whence it follows that an electron cloud possesses axial 
symmetry. 

As for the distribution of probability over angle 0, by spec¬ 
ifying a definite distance from the nucleus r (1 R [‘— const) we 
can find this distribution by computing the values ItJj 1 for 
different d. The result of such computation is graphically depicted 
in Fig. 40, where we also have the corresponding orientation 
of the Bohr orbit under each drawing. These drawings were 
made according to the rules of constructing ordinary vector 
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diagrams: on the radius vectors drawn from the origin (nucleus) 
at appropriate angles 0 are plotted lengths proportional to the * 
values of quantity J 0 | ! , and the ends of these lengths are con- 
nected by a continuous curve (circles and figure-S’s). 



Fi S- 40 ■ Quantum-mechanical models of H atom in different quantum 

states 

Fiorn Fig. 40 it will be seen that to the s-terms (/ = 0) 
there corresponds a spherical symmetry of the electron cloud 
It may be shown by simple calculations that superposition of 
probability distributions for all possible values of the magnetic 
mi in her m f for constant values of the numbers l and n (eauiva- 
lent electrons) leads to a total probability that is independent 
of the angle 0 : 1 

* 

m i = + l 

2 |B(fl )| 2 = const, (24.29) 

m /=-' 

i.e. also to spherical symmetry of the corresponding electron 
cloud (similar to the symmetry of the cloud of an s-electron). 

Let us demonstrate this for the particular case l=\ (equiva¬ 
lent 2 p-electrons), for which we already have the calculated 
values of the function * ttarmtI (Table 10 ). We shall find the follow¬ 
ing expressions for the quantity | ifc 10mill |» (we omit the factor 

(1 iV^) (Z/r,)*): 

s 2 e _s cos 2 ft (m, = 0) and L s 2 e-* sin 2 0 (m, = ± 1); 
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Fig. 41. The electron cloud of an atom (ion) with one electron in 
different quantum states of the atom (after White) 

by summing we obtain the quantity ^s 2 e _s which is inde¬ 
pendent of the angle th 

Comparing the probability distribution in the case of p- 
and d-electrons with orientation of the appropriate Bohr orbits 

































194 


QUANTUM-MECHANICAL THEORY OF ATOM 


[Ch. 4 


fFig. 40), we see that the latter correspond only to maximum 
probability. Thus, in the case of p-electrons with m^+l, 
maximum probability is found for the plane d — ji/2 (perpen¬ 
dicular to the z axis), i.e., tor a plane in which the appro¬ 
priate Bohr orbits are located. However, as is seen from the 
figure, the electron probability has finite (different from zero) 
values also in the other planes. This circumstance alone shows 
how complicated is the motion of an electron (considered as 
a particle) in an atom and the inadequacy that follows therefrom 
of the classical concepts of coordinates and momenta for the 
description of this motion. However, by virtue of a certain 
correspondence between the quantum-mechanical and the Bohr 
models of the atom, which emerges from Fig. 39 and Fig, 40, 
present-day atomic theory makes successful use of these concepts 
and also of the Bohr theory as a whole, which has the advan¬ 
tage of pictorialness. 

The pictures of the electron cloud shown in Fig. 41 in 
different states of the hydrogen atom are an attempt to give 
a pictorial model of the wave atom. These pictures were obtained 
by White by photographing special rotating mechanical models 
performing motion in space in accordance with the distribution 
law of 1 1 |> I*. 


25. Two-Electron Atom (Ion) 


Solution of the problem of an atom (ion) with two electrons 
by perturbation theory. The wave equation for an atom with 
many electrons may be written in the form 




(? _Vk ) lp ]+^ El|,=0 - (25 - 1) 


Here, N is the number of electrons in the atom, E is the total 
energy of the atom, r k is the distance of the &th electron from 
the nucleus and 


V k 


l = N 



where r ki is the distance between the ^th and ith electrons. 
Like the many-body problem in classical mechanics, equation 
(25.1) does not admit of an exact solution. Therefore, various 
kinds of approximate methods have to be used. 

One of the most fruitful and widely used approximate meth¬ 
ods is the me!hod of perturbation theory. It is applied both in 
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classical (celestial, for instance) mechanics and in quantum 
mechanics. The principal difficulty in solving the many-body 
problem of classical mechanics (for example, the problem of 

a planetary system) and also the many-electron problem of 

quantum mechanics consists in the necessity to account for the 
interaction of the electrons (planets). In perturbation theory, 
this interaction is accounted for in successive approximations. 
Disregarding this interaction completely we get a solution to 
a zero approximation. In solving the problem to a first approx¬ 
imation it is assumed that this interaction is slight and intro¬ 
duces only a small distortion (perturbation) into the result 

obtained for the zero approximation, and it is taken that the 
energy of perturbed motion, to this approximation, is equal to 
the sum of the energy of the unperturbed motion (zero approx¬ 
imation) and the mean energy of interaction (averaged over 
the unperturbed motion, see below). 

The simplest case of a many-electron system is the helium 
atom, the problem of which was a stumbling block for the 
classical (Bohr) theory of the atom. In quantum mechanics, this 
problem received an exhaustive solution by the method of 

perturbation theory (Heisenberg, 1926). 

The wave equation for the helium atom or for an ion with 

two electrons (Li^, Be' 1 "*', B + + + , C 4+ , etc.) has the form 

d 2 \|) , d 2 i|) I d 2 i|) , d 2 ij> I d 2 ij) , , 

~dy\ ^ + ~K " + ~ 

+v-( E +f+f-i(:)’f= 0 < 25 - 2 > 


obtained from (25.1) when N = 2. Disregarding, in the zero 
approximation, the energy of mutual repulsion of the electrons 
e 2 /ri 2 , we obtain a solution to equation (25.2) in the form of 
a product of two functions y lt zj and 4> n2 (x 2 , y 2 , z 2 ): 

y 19 z l9 x 2 , y 2 , z B ) = i|) ni (x 1 , y 4 , z 2 ) (x af y 2 , z 2 ) 
each of which is a solution of one of the equations of the form 


d 2 4>k I d 2 i|) k | d 2 ty k 

W 



k=l, 2, 


obtained by separation of the initial wave equation. Thus, to 
a zero approximation, the problem of the two-electron atom 
reduces to the problem of an atom with one electron, the solu¬ 
tion of which leads to eigenfunctions determined by (24.2), 
(24.8), (24.10), and (24.12), and to the characteristic numbers 
E rt = — 2it 2 me 4 Z 2 /h 2 n* that express the energy of an atom in an 






































196 


QUANTUM-MECHANICAL THEORY OF ATOM 


*[Ch. 4 


appropriate quantum state. The total energy of a two-electron 
atom (ion), to a zero approximation, is obviously.equal to the sum 

' E = E ni + E n2 . 

Passing to the first approximation, we first solve the problem 
of the ground state of the helium atom and the corresponding 
ions. According to perturbation theory, the mean energy of 
perturbation (the energy of the mutual repulsion of the electrons) 
is expressed by the integral 

fK( 2 ^ dv 

AE = ^—---, dv = dv,dv 2 , (25.3) 

J I * I 2 dv 

which, upon normalisation of the function ij;, passes into the 
integral 

AE = f | i 2 dv. (25.3a) 

J r 12 

The integral (25.3a) is taken over all possible positions of the 
electrons. Thi function ^ is the product of the wave func¬ 
tions for the ground state of a hydrogen-like atom = 

= (^) 3 * e“tf* (unperturbed motion), i.e. t 

7 . z 2 

Z 3 - r, -r 3 

ij) =-- e 3] e a ! . 

In the variables e K = (|-)r k , for an element of volume of six¬ 
dimensional space in polar coordinates we obtain the expression 

( Q \ ft * 

2 2 ) QidQ 1 sin' 0 ’ 1 dd i 1 d(p 1 Q 2 2 dQ 2 sin ^d^dcp,. 

Substituting the latter, together with the wave function op, into 
the expression for the energy of perturbation AE, we get 

CO K 2 k GO Tt 

ae== 2^; JUJU e_ UU e ‘ de ' sin ^d^dqj.elde.sin w?.. 

0 0 0 0 0 0 

/ 2 Z \ * 

where q 12 = ( — Jr 12 . Evaluation of the integral in this expression 

yields 20 jt 2 , whence it follows that AE = 20 ji 2 (Ze 2 /2 5 jt 2 a 1 ) = 

= 5/4 (Ze 2 / 2 a 1 ) = 5/4 ( 2 jt 2 me 4 Z/h 2 ) =—5/4 (ZE H ), 

where Eh is the energy of a normal H atom; in absolute magni¬ 
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tude it is equal to the energy of ionisation (13.60 eV). Thus, to 
a first approximation, for the total energy of a two-electron system 
we have 


2jt 2 me 4 Z 2 2jt 2 me 4 Z 2 j 5 2jt 2 me 4 Z 

h 2 i? r 7 h 5 


2Z 8 --|z)e h . (25.4) 


The energy values of total ionisation of a helium atom and 
of ions with two electrons calculated from this formula are given 
in Table 11 (third column). The second column gives the zero- 
approximation evaluation (E = 2 Z 2 E H ) and the fourth column, 
the measured values of ionisation energy. 

Table 11 

Calculated (to a zero approximation, — E 0 , to a first approximation, — E t ) 
and measured (—E meas ) values of ionisation energy of the helium atom and 
of ions with two electrons (in eV). 



From the table it is seen that already in the first approximation 
the theory gives satisfactory agreement with experiment. By 
improving the methods of calcuTation it is possible to increase 
their accuracy appreciably. Thus, Hylleraas developed a varia¬ 
tional method of approximate solution of the Schrodinger equation 
and obtained practically total agreement of calculated values of 
the first ionisation potential of helium and of ions with two 
electrons and the measured values of this quantity, as may be 
seen from the following:* 


* In Hylleraas’ calculations, as also in a spectroscopic determination of 
the measured values of ionisation potentials (I meas ), such values of the 
Rydberg constant are taken that differ from the presently accepted and more 
precise values. For this reason, I calc and I meas , as given here, differ from the 
more precise values of ionisation potential: 24.586 (He), 75.62 (Li^), 153.85 
(Be ++ ), 259.30 (B a H ) t 391.99 V (G 4+ ). We note that on the calculations of 
Ki nosit a, the ionisation potential of helium is 24.586 V, which coincides 
exactly with the measured value 24.5860 it 0.0G01 V* 
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He 

Li + 

Be+ + 

B 3+ 

c*+ 

24.46 

75.26 

153.13 

258.09 

390.12 

24.47 

*75.28 

153.10 

258.1 ^0.2 

389.9:^0.4 


It may be added that Hylleraas subsequently also calculated 
(by his method) the energy of the ions H" and H 2 + . The values, 
obtained from his evaluations, of the electron affinity of the H 
atom (Q.71eV) and the heat of dissociation of the molecular ion 
H+(2.72 eV) are in good agreement with the findings of other 
methods. 

Exchange degeneracy. Up till now we have considered cases 
when, to a zero approximation, the problem reduces to the 
solution of wave equations for a hydrogen-like atom in the ground 
state, i.e., cases of the ground state of a system with two 
electrons. Let us now solve the general problem when any states 
of the hydrogen-like atom are possible, so that the wave function 
of the unperturbed problem (zero approximation) must be taken 
in the form given on p. 196. Denoting in abbreviated form all the 
coordinates of the first electron (x lf y^ z 4 ) by the number 1, 
and the coordinates of the second electron (x 2 , y 2 , z 2 ) by 2, we 
rewrite the function yp in the form 

^ = (1) lM2). 

However, this solution is not the only one that corresponds to the 
given values of the principal quantum number n l and n 2 and, 
consequently, to the given value of energy of the atom (to the 
zero approximation under consideration). Indeed, in view of the 
fact that the electrons are indistinguishable , a solution is also 
possible when the first electron is in state n 2 and the second in 
state n 19 i. e., a solution of J;he form 

^ = (2) K(l). 

We thus have two states of the system yp n] (1) ^n 2 (2) and ^ ni (2) yp n2 (1) 
with the same energy (a doubly degenerate state). This degeneracy, 
which is due to the indistinguishabi 1 ity of the electrons and to 
their interchangeability that follows therefrom (or the possibility 
of their exchange) is called exchange degeneracy . 

Due to exchange degeneracy, a more general solution of the 
problem is given by linear combinations of both preceding par¬ 
ticular solutions: either 

= to, (1) (2) + IK (2) iJJn, (1) (25.5) 

or 

= 1|V (1) (2) — ijv (2) ip na (1). (25.6) 
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The first of these solutions, yp $, which does not change through 
an interchange of electrons (interchange of the numbers 1 and 2), 
is symmetrical, while the second, i p At which reverses its sign if 
the electrons are interchanged, is called antisymmetricaL 

When we take account of perturbation, i.e. f the mutual 
repulsion of the electrons e*/r l2 , exchange degeneracy disappears 
and to the eigenfunctions there now correspond different energy 
values Es and E A into which the initial doubly degenerate level 
splits. 

Combining (25.5) and (25.6) and taking the square of the 
modulus of the combined function, we have 

I'H , = 'M1) < (1) (2)^(2)+ 

H-'Pn. (2) ifn, (2) rp„ 2 (1) \p* 2 (1) ± 2xp n , (1) if', (2) lf) n , (1) ^ (2). (25.7) 

Substituting (25.7) into the expression for the mean energy 
of perturbation (25.3) and noting that by virtue of the symmetry 
of the perturbing term e 2 /r 1? relative to both electrons (1 and 2) 
the first two terms (25.7) yield the same result, we obtain 

\ I (/) 1 2 1 (2) 1 2 ± (/) < (2) (/) ^ (2)} dv,dv, 

A E = -------—-^-- . 

J ]{l 0) I 1 1 {2) | 2 ± t nl (/) ^ (2) (/) < t (2)} dv t dv t 

_ (25.8) 

Expression (25.8) contains four integrals: two in the numera¬ 
tor and two in the denominator. Let us first consider the integrals 
in the numerator. The first one, which we shall designate by C, is 

c = fl’K U) I* l^n, (2) | 2 dv, dv„ (25.9) 

1 12 

and has the following physical meaning. Since the quantity e | if> n (1) [* 
represents the charge density of the first electron (this quantity 
has the more exact meaning of “probability density"), while the 
quantity e, iJJn, (2)| 2 is the charge density of the second electron, 
the integral C obviously expresses the energy of Coulomb inter¬ 
action of the electrons (on the condition that they are distin¬ 
guishable). For this reason, the integral C is called the Coulomb 
integral (usually when it is divided by e 2 ). 

As to the second integral in the numerator (25.8), which we 
designate by A, 

A= = f 'I’n, (1) T 1 *, (2) ~ ^n, (2) i|>n 2 (1) dv/iv,,, (25.10) 

I 12 

it does not have such a simple physical meaning. As follows 
from the foregoing, it arises from exchange degeneracy caused 
by the indistinguishability of the electrons, and cannot be 
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interpreted within the framework of classical theory. This inte¬ 
gral is called an exchange integral (also when it is divided bye 2 ). 

However, it must be stressed that neither is the above 
“interpretation” of the C integral consistent or, for this reason, 
exact. Indeed, as has already been pointed out, this integral may 
be regarded as expressing the energy of Coulomb repulsion of 
electrons only on the assumption of indistinguishability of the 
electrons, and this contradicts experiment. Whence it follows that 
the division into Coulomb (C) and exchange (A) atomic energy 
is arbitrary and is the result of an inexact interpretation of the 
physical meaning of the C integral. It may be added that the 
appearance of two integrals (C and A) in the expression for the 
mean perturbation energy of (25.3) is due to particularities in the 
method of perturbation theory applied to solving the two-electron 
problem. An exact physical meaning is retained only in the sum 
of integrals C+A, which, according to (25.3), is equal to the 
mean value of Coulomb potential energy of mutual electron 
repulsion, since the denominator of expression (25.8) is equal to 
unity on the condition that the functions i|?„, and are normal¬ 
ised. Indeed, the first term of the denominator in this 

expression J | ipn, (1) | s | tyn 2 (2) | 2 dvydVj in accordance with the 

normalisation condition of wave functions ^ (1) | 2 dv x = 

= ^ | ^n 2 (2) | 2 dv a =l equals 1, the second term, 

j ^n, (1) 't*, (2) i|)n 2 (1) if 1 *, (2) dv, dv 2 , by virtue of the orthogonality 

of the wave functions expressed by the equalities S^n,(l)^n 2 (l)dv l = 

= J ''I’n, (2) ^n 2 (2) dv 2 = 0, is zero. Thus, for the perturbation 
energy we get 

Afi —C + A. (25.11) 

Due to indistinguishability of the electrons, the quantity fxpj* 
(25.7), which determines the electron probability (or density of 
the electron cloud), must be symmetric with respect to transposi¬ 
tion of electrons, i. e., it must not change sign in the process: 
f xp (I* 2}| ! = |^(2, I)(*. Whence it follows that the wave function 
itself may be both symmetric and antisymmetric: i|)(l, 2) = 
= ±^(2, 1); this property is indeed satisfied by the wave func¬ 
tions (25.5) and (25.6). 

Spin function. Pauli principle. The function ip, w'hich is 
a solution to the Schrodinger equation, is, however, insufficient 
for a complete characteristic of the appropriate quantum state of 
the atom, since this requires that the electron spin also be taken 
into account. Introducing “spin coordinates” of the electrons in 
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addition to the coordinates x, y, z and assuming at least approx¬ 
imate separation of the variables in the total wave equation, 
which includes spin coordinates as well, we can represent the 
total wave function in the form 

(25.12) 

where S is the function of spin coordinates (spin function). 

Like the function ip, the spin function possesses definite prop¬ 
erties of symmetry. Introducing the spin function a to describe 
the state of an electron corresponding to a positive value of spin 

projection ^m a =-j-y) and the spin function p to describe a state 

with negative value of projection (m s = — yj , we can represent 

the general solution of the spin part of the wave equation in 
the form of the following four functions: 

S = a(l)ct(2), 

S = P(l)p(2), 

S = o(l)P(2)+a(2)p(l), 

S = a (1) p (2) —a (2) p (1). 

The first three functions are, obviously, symmetric with respect 
to a transposition of electrons, the latter is antisymmetric, Let 
us designate the symmetric and antisymmetric spin functions by 
the symbols S s and S A , respectively. To the first three functions 
there correspond values of total projection m 8 —m 3 -|-m^ = +1 
and 0; to the last, the value 0. Whence it may 3 'be concluded 
that the first three functions refer to a triply degenerate state 
of an atom characterised by tola] spin S—J, the latter, to 
a state with total spin S = 0. 

In accordance with the symmetry of the functions i|i and S, 
the total wave function V F may be symmetric or antisymmetric. 
The functions T f s = ipsSs and *Ps = ; iJ- , aSa are obviously sym¬ 
metric, and the functions 'Fa = T s Sa and Y A =i|) A S s are antisym¬ 
metric. However, not all of them correspond to real states of the 
atom; this is connected with the so-called Pauli principle (1925), 
which is one of the general principles underlying modern quantum 
statistics. According to the Pauli principle, an atom cannot have 
two or more electrons characterised hy the same values of the 
four independent quantum numbers, for example, n, l, m (f and m s . 
It will readily be seen that only antisymmetric wave functions 
satisfy this principle. Indeed, assuming two electrons with quantum 
numbers identical, transposition of these electrons will yield 
a state identical with the initial stale, and, consequently, 
■'Tjj = 'T 11 . For the antisymmetric function we have; — 1 F ll . 
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Obviously, bothy theser condlUm 
that is identically equal to zero, ntlITl bers of the two electrons 
of this state (in which al « “SKt™ Misf?tnf the Pauli 
are the same). Hence, the f the total wave iunc- 
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Fig. 42. Lower terms of He atom 
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sion has been experimental!)' corro^ated nrfonl,^ in thec.» 
electrons (for instance, Mg, n - > diamagnetic in the 

01,6 WtS arSgfet.* H -n-y 

ra1dirihaMhc1“gy" g levc.soi,h=h^ 

!° \K 20 P So% Fo? n k fr5^Ste»«S.. tS sgeentent 
IXeen '.SSa and measured Energy values of the He atom 
should be considered quite satisfactory. method of 

Atom (ion) with »g numbe ” ^“trons i 1 " of Hylleraas, 

»M* KSiShWiSlS: atom 

and* 11 also certalp 1 other'Jiroblems^encounters great h^hcuHiesjvhe^n 
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a continuous distribution ofelecir ( .p ip by the Poisson 

obtaiii 6 the a 'folbwrg I 'dXrential equation lor the field potential 
(Thomas-Fermi equation): 
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dx 2 Y~x ’ 


(25.13) 


where 
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lies the solution of problems of atomic physics by the Thomas- 
Fermi statistical method. 

By way of illustration, it may be noted that on the basis 
of the statistical model of the atom, Fermi considered the ques¬ 
tion: beginning with what value of Z do the s-, p-, d-, etc., 
orbits in the ground state first make their appearance in the 
Periodic Table? In this case, the problem reduces to finding 
(by integration of the appropriate differential equation with the 
use of the function cp, which is obtained by solving the Thomas^ 
-Fermi equation) the values of the atomic number Z at which 
the number of electrons characterised by a given value of the 
quantum number l becomes equal to 1. In this way, in accordance 
with experiment, Fermi found that the value l=\ (p-electrons) 
first appears at Z = 5 (boron), 1 = 2 (d-electrons), at Z = 21 
(scandium), and not at Z=19, i.e., immediately following argon, 
as might be expected in regular filling of the quantum states. 
In the same way, Fermi found that the f-orbits (/ = 3) first 
appear not in silver (Z = 47), as should be expected in the case 
of uniform filling of the orbits, but much later,, at Z = 55 
(caesium), whereas the true value is Z = 58 (cerium). 

Of the other applications of the Thomas-Fermi method, we 
note the calculation of the Rydberg corrections for s-terms carried 
out by Fermi and Amaldi on the basis of this method, calcula¬ 
tion of X-ray M-levels (Rasetti), etc. It should be noted that the 
Thomas-Fermi statistical model proved exceedingly convenient 
for describing the internal properties of electron clouds of atoms 
and quite unsuitable for describing the external properties, such 
as the diamagnetism of atoms. 

Whereas the Thomas-Fermi method does not require solution 
of the Schrodinger equation, the Hartree (1927)-Fok (1930) method 
(another statistical methodj is based on this equation. In the 
latter method, the electric field of all electrons, except the field 
created by the selected electron, is replaced by a certain average 
time-constant field* which Hartree^ called a “self-consistent field”. 
To surmount the chief difficulty of the method (this has to do 
with isolating the field of the chosen electron), Fok** developed 
a very effective procedure based on the exchange effect. Intro¬ 
duction of a “self-consistent field” permits solving the approximate 
Schrodinger equation for this electron. One of the results of the solu¬ 
tion of the problem is the possibility of assigning to each selected 
electron definite quantum numbers n, /, and m,. In this way it is 

* We have already encountered substitution of an electron field by 
a certain average field in the problem of atoms of alkaline elements by the 
Born-Heisenberg method (see p. 156). 

** Later, Slater succeeded in greatly simplifying Fok’s equations. 
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possible io find the quantum numbers for all electrons of a complex 
atom, which is of great fundamental importance, for it permits 
extending the results of systematics of electron states established for 
a one-electron atom to an atom with any number of electrons 

Using this method, Hartree calculated a large number of 
atoms and ions: Rb + , CU, Cu + , He, O, K, Cs, Be, Ca, F“, Hg. 
In Sommerfeld’s words: “Thanks to the many years of purposeful, 
intensive work of Hartree, the problem of integration of Sobi-od^ 
inger's equation is practically solved even for heavy atoms (Hg!)”. 

The Hartree-Fok method was also used to calculate the 
diamagnetic susceptibility for Ar and K + (the results closely 
coincided with experiment), for which purpose the Thomas-Fermi 
method, as we pointed out above, proved unsuitable. The 
Hartree-Fok method was likewise successfully applied in calculat¬ 
ing the probabilities of quantum transitions in atoms (see Sec. 28). 
It may be added that or late, due to improvements in computational 
methods, the number of calculated atoms and ions has increased 
considerably. 
























CHAPTER 5 

THE SPECTROSCOPY OF ATOMS 
26 . Systematics of Atomic States 

Multiplet (fine) structure of atomic terms. Atom (ion) with one 
outer electron. The principal factor determining the atomic prop¬ 
erties which depend on the electronic structure of the atom is 
the electron configuration of the atom in the given state. By 
electron configuration is understood the distribution of electrons 
in quantum states characterised by the quantum numbers n and 
l. Due to the fact that for a given value of the principal quan¬ 
tum number n the number / can assume n values 0, 1, 2, 
n — 1, we have the following double diversity of electron states 
(terms): 

Is 2s 3s 4s 5s ... 

2p 3p 4p 5p ... 

3d 4d 5d ... 

4f 5f ... 

5g 

To every state there corresponds a definite electron subgroup 
with a maximum number of electrons equal to 2(2/-j-l). This 
number is determined by ttie possible values (for a given /) of 
the quantum number m, and by the two values of the number 
m s , with account taken of the limitations imposed by the Pauli 
principle. 

A definite contribution to the energy of the atomic state is 
made by the magnetic interaction of the orbital angular mo¬ 
menta and the intrinsic angular momenta of the electrons (spins). 
In an atom (or ion) with one electron, one has to take into 
account the interaction of orbital angular momentum and the 
spin of this single electron. Above (p. 187) it is interpreted, for 
the sake of clarity, as space quantisation of spin in an intra- 
atomic magnetic field. A more correct picture of the interaction 
of spin and orbital angular momentum is given in Fig. 43; ac¬ 
cording to this picture, the interaction consists in space quan¬ 


Sec. 26] 


SYSTEMATICS OF ATOMIC STATES 


207 


tisation of both angular momenta (vectors l and s) relative to 
the direction of the resultant angular momentum (vector j). 
Calculation of the absolute magnitude of the latter leads to 
the expression 

P = H/(/±s) (/±s + l) . (26.1) 

By introducing the quantum num¬ 
ber j (the total angular-momentum 
quantum number) to characterise 
the resultant angular momentum, 
we can represent expression (26.1) 
also in the form (cf. (24.20) and 
(24.25)) 

P = h V~\ (j+1). (26.2) 

From (26.1) and (26.2), it follows 
that 

j — l s = 

Thus, for each state corresponding to a definite value of the 
quantum number l (with the exception of the state / = 0), we 

obtain two values of the total angular- 
momentum quantum number, j=/-|-l/2 
and j = /—1/2, which may be used to 
describe the components of doublet 
splitting that arises from the interac 
tion of the vectors l and s. 

Table 12 gives the values, obtained 
from (26.3), of the total angular-mo¬ 
mentum quantum number for various 
terms (states) of a hydrogen-like atom 
or ion and also for the terms of an 
atom or ion with one outer electron 
and with an atomic core having the 
structure of a noble gas.* Since, by 
virtue of/ = 0, there is no interaction 
of the vectors l and s in the case of s-states of the atom (ion) 
for these states we have j = s, i.e., one value of the number 
j (simple terms). In contrast, to all other terms in Table 12 
there correspond two values of the quantum number j. 


Table 12 

Terms of atoms and ions 
with one outer electron 
described by means of total 
angular-momentum quantum 
number (j) 


Terms 

i 

J 

S 

0 

1/2 

P 

1 

1/2 3/2 

d 

2 

3/2 5/2 

1 f 

3 

5/2 7/2 



* In all these cases the concepts of atomic and electron terms are iden¬ 
tical. 
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Representing the orbital and spin angular momenta, and also 
the resultant angular momentum of the atom in the form of 
Vectors (see Fig. 4£), it is possible to conceive the atom in any 
quantum state a$ a certain vector model built up from the vec¬ 
tors /, s and the vector 

j = / + s. (26.4) 

In view of (26.'3), to the geometric addition of vectors (26.4) 
there corresponds an algebraic addition of appropriate quantum 
numbers. This greatly simplifies the classification of atomic 
states by reducing it to a simple combinatorial analysis of num¬ 
bers. Since the problem of this classification is not to deter¬ 
mine the absolute values of the terms but to find the number 
of possible terms and to describe their properties, we can, by 
replacing the addition of vectors with the addition of corre¬ 
sponding quantum numbers, greatly simplify and render more 
vivid the vector model itself. Thus, considering conditionally 
that the vectors i and s are parallel and replacing the precise 
expressions of angular momenta 

Pi = hV l (l-\r 1). P, = hV r s(s + l) and p = h 1/ j (j-j- 1) 
by their approximate expressions 

p, = ti/, p s = hs and p = hj 

(i.e., attributing to the vectors the maximum values of their 
projections), we may write the resultant angular momentum as 
an algebraic sum of angular momenta p £ and p s , i. e., p = hj = 
= p, ± P s = h (/ ± s). The significant point here is that we thus 
obtain a correct relationship of quantum numbers j, /, and s; 
this is readily seen if in the preceding equality we cancel h. 

We may add that, like the projections of the orbital angular 
momentum (24.24) and the spin (24.26), the projection of the 
resultant angular momentum of the atom (on a certain direction 
z) is expressed by the formula 

p' = hm (26.5) 

where the magnetic quantum number m, having the same mean¬ 
ing as the earlier introduced magnetic orbital quantum number 
(m £ ) and magnetic spin quantum number (m s ), in this case takes 
on the following values: 

m = j> j—1. j —2, .... —(j —2), — (j — 1), —j, (26.6) 
i.e., 2j —1 values. 

Fine structure of the terms of an atom (ion) with two outer 
electrons. In passing to an atom with two outer electrons, we 
must take into account the interaction of four angular momen¬ 
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ta—two orbital, l, and and two spin, s, and s a . It will be 
found convenient to consider the following two cases: I) when 
the predominant interaction is between vectors and l s and 
vectors s, and s t , and 2) when the predominant interaction is 
between vectors f, and s, (i = I, 2). In the first of these cases, 
called Russetl-SaUnders coupling, the vector of the resultant or¬ 
bital angular momentum appears as a result of the interaction of 
vectors /, and / a : 

L = / 1 + A 

and the vector of resultant spin as a result of the interaction of 
spins s, and s 2 : 

S = s i + s 2 . 


From the vector model (see above) we obtain the following val¬ 
ues of the appropriate quantum numbers: 


L — + I ^ 2 —1> — 2, 


\K — K\ : (26.7) 



(maximum value of L = —|— / 2 corresponds to parallel orienta¬ 
tion of the vectors and 
/ a in the vector model; 
minimum L = |/, — l l , 
to their antiparallel ori¬ 
entation) and 

S = '/,zb7t> i.e., 

S= 1 and 0. (26.8) 

L=5 The mutual orientation 

of vectors /, and / t (for 
~2 and 3) and 



Fig. 44. Mutual orientation of orbital angular Fig. 45. Mutual orienta. 

momenta in the vector model of an atom with tion spins in the vector 

two outer electrons model of an atom with 

two outer electrons 


spins in the vector model of an atom with two outer electrons 
is given in Figs. 44 and 45, respectively. 


8 —3038 
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As a result of the interaction of vectors L and S (this inter-. 
action is weaker than that of t lt l 2 and s 1? s 2 ), a vector of to¬ 
tal angular momentfim of the atom appears: 


J = L + S; 


(26.9) 


this vector is described by the quantum number J. By virtue 
of various possible mutual orientation of the vectors L and S, 
this number takes on the following values: 

J = L-fS, L + S—1, L + S —2 .| L — S |. (26.10) 

As will be readily seen, the number of different values of J 
when Ls^S is 2S —1 and when L ^ S, is 2L+1. 

Taking into consideration the foregoing, we obtain a set of 
terms of an atom with two electrons as shown in Tables 13 and 
14. Since, in the case under consideration, the number S takes 
on two values, 1 and 0, we get two systems of terms here: a 
system of singlets (S = 0, J = L) ani a system of triplets (S= 1, 
J = L + 1, L, L — 1). The quantum numbers that correspond to 
the terms of both systems are given in Tables 13 and 14. 


Table 13 

Singlet terms of an atom 
with two electrons 


Term 

L 

1 

* ‘s 

0 

0 

■p 

I 

1 

■d 

2 

2 

'f 

3 

3 


Table 14 

Triplet terms of an atom 
with two electrons 


Term 

L 

j 

S s 

0 

1 

S P 

1 

0 1 2 

J D 

2 

1 2 3 

S F 

3 

2 3 4 


Here, the term designations are different from those earlier 
used. The symbols s, p, d, ... , are used to denote the terms 
of individual electrons', these terms are characterised by definite 
values of the azimuthal quantum number L In our case we have 
to do with the terms of an atom that are . characterised by the 
quantum number L. To designate them we introduce the capital 
letters S, P, D,’ ... . Let it be noted that in the case of atoms 
or ions with one outer electron, the numbers L and l have the 
same meaning: the symbols S, P, D, ... and the symbols s, p, 
d, ... , obviously, also denote one and the same thing—terms 
of the outer electron, which are at the same time also terms 
of the atom (ion). Naturally, the introduction of new symbols 
does not exclude the earlier symbols because when dealing with 
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an atomic term we often have to take into account the states 
of the individual electrons; these states give an indication of 
the origin of the term. Thus, the D-term (L = 2) of an atom 
with two electrons may be constructed from one s- (/, = ()) and 
one d-electron term (/ 2 = 2). However, a D-term (naturally, a 
different one) may be obtained also from two p-electron terms 
(fi = *,= !)■ 

. From this example it is clear that a fuller characterisation 
of a term requires the use of both symbols (upper-case and lower¬ 
case). Thus, designating the above-mentioned D-terms by the 
symbols sdD and ppD, or p 2 D, where the lower-case symbols 
indicate the corresponding electronic terms, we define more pre¬ 
cisely the origin of the atomic term. The only thing to add is 
that usually when designating terms in this way, we also indi¬ 
cate the values of the principal quantum numbers of the elec¬ 
trons, for instance ls3dD, 3s3dD, 2p3pD or (3p) 2 D. 

To distinguish atomic terms belonging to different multiplet 
systems, a left-hand superscript (see Tables 13 and 14) is used to 
indicate the multiplicity of the system to which the given term 
belongs. We note that the multiplicity of the system is equal to 
2S —J— 1, where S is the quantum number that determines the total 
spin of the atom. According to the foregoing, the multiplicity of 
a term coincides with the multiplicity of the system only when 
we have terms characterised by the number L^S. 

Finally, the right-hand subscript is generally meant to indi¬ 
cate the number J corresponding to the given term (or compo¬ 
nent of the term), for instance, (4s) 2 In this specific case, the 
indication-Oi J is not essential since the term 8 S, like all S-terms,. 
is a simple term due to the fact that L = 0and J=S. However, 
in the case of a multiplet term, it is absolutely necessary to in¬ 
dicate the number J, the values of which are used to differenti¬ 
ate the different components of the term. Such are the terms a P, 
3 D , etc., given in Table 14 and represented by the symbols 5 P 0I 
*P lf 3 P*i 8 D lt a D 2 , etc. In exactly the same way, the doublet 
P-termsof alkaline elements (L = /= 1, J = 3/2 > 1/2) are denot¬ 
ed by the symbols np 2 P*, g and np 2 P )/s , etc. It is sometimes nec¬ 
essary to indicate also the states of the electrons in the inner 
groups. For example, indicating the states of all 11 electrons in 
the Na atom, we designate the principal term of the latter 
(n = 3, L = / = 0, J=S=l/2) as follows: (Is) 2 (2s) 2 (2p) 6 3s 2 S 1/2 . 

In the overwhelming majority of cases the character of the 
atomic term is determined by the configuration (states) of the 
outer electrons. This occurs in all cases when the inner electrons 
form closed subgroups and is due to both the orbital and spin 
angular momenta of the closed subgroups being equal to zero* 


8 * 
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which is a necessary corollary of the Pauli principle. For 
one thing, this corollary is manifested in the diamagnetism of 
all ions whose electron shells consist of closed subgroups. It 
follows from the foregoing that the systematics of states of an 
atom (or ion) with one or two outer electrons is also applicable 
to an atom (ion) with any number of inner electrons, on the con¬ 
dition that the latter form closed subgroups. 

This type of interaction of electronic angular momenta (Rus- 
sell-Saunders coupling) is the most widespread. For this reason, 
the usual classification of atomic terms is based on the assump¬ 
tion of this type of interaction being predominant. In comparative¬ 
ly rare cases, however, we observe other types of interaction of 
the angular momenta. To illustrate, in the case of heavy ele¬ 
ments, the second type of interaction— (j, j) coupling —from 
among those indicated onp. 206 has been established. Predominant 
in this case is the interaction of the orbital and spin angular 
momenta of one and the same electron, as a result of which 
the vectors —f— s t (cf. (26.4)) arise. Interaction of the 

vectors \ x and j E (which is weaker than interaction of the vectors 
i f and s ( ) leads, further, to the total angular momentum vector 
of the atom: 

J=J,+J. ( 26 -H) 

characterised by the quantum number J. In the case of (j, j) cou¬ 
pling, the quantum numbers L and S, obviously, have no mean¬ 
ing; and the same goes for 
the above-considered classifi¬ 
cation of atomic terms based 
on these numbers. 

Let us consider the case of 
atomic terms obtained from 
the electron configuration sp. 
Since we have l x = 0 and 
Z a = 1, and, hence, L = 1, 
and also S= 1 and 0, we have 
the following terms inRussell- 
Saunders coupling: S P 012 and 
l P x . For (j, j) coupling we 
have j 1 = l/2 and j 2 = 3/2 and 1/2. Due to the strong coupling 
between angular momenta Z 2 and s 2( to the electron states charac¬ 
terised by the numbers j 2 = l/2 and j 2 = 3/2 there correspond ex¬ 
tremely different energies. The comparatively weak interaction of 
the vectors and j 2 leads to splitting of each one of these levels 
into two components characterised, in the case of j t =l/2, by 
the quantum numbers J = 1 and 0 and, in the case of j J , = 3/2 l by 


/ 




h !< 
■ % % 




VzVz 


Fig . 46. Relative positions of the terms 
of an sp configuration in Russell-Saunders 
coupling (left) and in (jj) coupling 
(right) 
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the numbers J = 2 and 1. The relative positions of the atomic 
terms corresponding to this electron configuration is given in 
Fig. 46, where the terms obtained in Russell-Saunders coupling 
are shown to the left, and those obtained in (j, j) coupling are 
shown to the right. Since the latter coupling is comparatively 
uncommon, we shall henceforward consider only atomic terms 
corresponding to Russell-Saunders coupling. 

Terms of atoms with any number of electrons. The systematics 
of atomic terms considered above in application to the case of 
an atom with two electrons may be readily extended to an atom 
with any number of outer electrons. In this general case, the or¬ 
bital angular momentum vector of the atom is 

L = 2*i. (26.12) 

and the quantum number L that describes it is expressed by the 
formula 

L =2*„ 2*i—C 2*1 — 2, ••• (26.13) 

Similarly, for the quantum number that determines the total spin 
of the atom, we obtain 

s = 2 s n 2 s i — 1 > 2 s i — 2, ... (26.14) 

The total angular momentum vector of the atom J and the quan¬ 
tum number that determines it are expressed by the same for¬ 
mulas (26.9) and (26.10) in the general case of any number of 
electrons as in the case of two electrons. 

Atomic terms corresponding to different electron configurations 
(taking into account the Pauli principle) are given in Table 15 
and Table 16. The number of the corresponding terms is given 
in parentheses. We note a much smaller number of terms (due to 
the Pauli principle) in equivalent electrons (Table 16) as compared 
with the number of terms in nonequivalent electrons (Table 15). 

From the tables it is seen that, as a rule, to each electron 
configuration there corresponds several atomic terms. It has al¬ 
ready been pointed out that the problem of classification of atom¬ 
ic terms does not include a determination of the absolute val¬ 
ues of the terms and their relative positions. This problem is 
solved by computing the energy of the atom, i.e., by an ap¬ 
proximate solution of the appropriate wave equation, which en¬ 
tails great mathematical difficulties. Let us note that on the ba¬ 
sis of a solution to this problem it is possible, in specific cases, 
to establish general semi-empirical rules, by means of which it 
is sometimes possible to get a definite picture of the relative po¬ 
sitions of the atomic terms. For example, from a solution of the 
wave equation for a helium atom it was found (p. 202) that, given 
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Table 15 


Atomic terms in nonequivalent electrons (different n) 


Electron 

configuration 

r er ms 

S S 

■s, *s 

s p 

■p, *p 

s d 

'D, 'D 

P P 

>S, 'P. ! D, S S, 4 P, 5 D 

P d 

>P, ‘D, ‘F, J P, ! D, ! F 

d d 

*S, ’P, 'D, 'F, 'G, J S, 2 P. ’D, 9 F, 3 G 

s s s 

2 S (2), 4 S 

s s p 

2 P (2), *P 

s s d 

2 D (2). “D 

s p p 

2 S(2), 2 P(2), ! D (2), *S. 4 P, 4 D 

s p d 

2 P (2), 2 D (2), *F (2). J P, 4 D, 4 F 

P P P 

! S (2), *P (6). 2 D{4), 2 F (2), 4 S, 4 P (3), 4 D (2), 4 F 

2 S(2), 2 P<4), 2 D (6), 2 F(4), 2 G(2), 4 S, 4 P (2), 4 D (3), 4 F (2), 4 G 

2 S (2), *P (4), 2 D (6), ! F (6), 2 G (6), 2 H (4), 2 I (2), 4 S, 4 P (2), 

4 D (3), 4 F (3), 4 G (3), 4 FI (2), 4 I 

p p d 

p d f 


Table 16 


Atomic terms in equivalent electrons (n and l are the same) 


Electron 

configuration 

Terms 

S 2 

‘S 

P 2 

■S, 'D, ! P 

P 8 

2 P, 2 D, 4 S 

P 4 

'S, 'D, 2 P 

P 5 

2 P 

P 6 

'S 

d 2 

’S, ‘D, ’G, S P, *F 

d a 

2 P, 2 D (2), 2 F, 2 G, 2 H, 4 P, 4 F 

d 4 

■S (2), 'D (2), ‘F, 'G (2), 'I, 3 P (2), S D, 2 F (2), S G, ’H, S D 

d* 

2 S, 2 P, 2 D (3), 2 F (2), 2 G (2), 2 H, 2 1, 4 P, 4 D, 4 F, 4 G, 6 S 


the same electron configuration, lowest energy corresponds to par¬ 
allel orientation of spins (S= 1). Extending this conclusion to 
other atoms, it may be concluded that of the entire set of terms 
belonging to a given electron configuration, the lowest terms will 
be those that have the greatest multiplicity. This conclusion is 
corroborated by numerous examples. Thus, according to Table 16, 
the terms ’S, ’D and a P belong to configuration p 2 which is ob¬ 
served, for instance, in the case of the lower terms of C, Si, Ge, 
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Sn, and Pb. According to the preceding rule, the triplet term 
*P should be lowest; this term is indeed the principal term of 
all the enumerated atoms (see Table 18). In exactly the same 
way, the principal term of atoms N, P, As, Sb, and Bi is the 
term 4 S (see Table 18), which has the greatest multiplicity of 
all terms belonging to the configuration p 8 ( 2 P, Z D, and 4 S). 

Natural multiplets. Up till now, when considering the problem 
of the number of components of multiplet (fine) splitting of atom¬ 
ic terms, we left open the question of the magnitude of this 
splitting (called natural splitting in contrast to artificial splitting 
of terms in a magnetic or electric field). Turning to this latter 
problem, t we will consider the simplest case of doublet splitting 
of the terms of an atom (ion) with one outer electron. 

As has already been pointed out (p. 207), multiplet splitting of 
atomic terms results from magnetic interaction of the vectors / 
and s in the atom. For this reason, solution of the problem of 
the magnitude of doublet splitting reduces to calculating the 
energy of interaction of these vectors. Below we give a solution 
to this problem for an atom with one electron and nuclear 
charge Z. 

According to classical electrolynamics, an electron moving 
with velocity v in an electric field of intensity <£, is acted upon 
by a magnetic field of intensity 

where the brackets denote the vector product of vectors <£ and 
v. In coordinates fixed in the moving electron, the vector will be 



Noting that the angular momentum of the electron is 

/ = m [r*v] 

(1 he mass of the nucleus is taken to be infinitely large as com¬ 
pared with the electron mass), we will have, for the vector of 
the magnetic field, 


If the vector of the magnetic moment proper of the electron is 
|i s , then its energy in the magnetic field £ may be written in 
the form: 

A E =-y(iv&) = + J^- cr 4- IV*). 
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Here, the factor 1/2 appears when passing to coordinates fixed 
in the nucleus. The parentheses denote the scalar product of the 

t j 

vectors. Calculating the quantity ^ , we find 
T f l . , 

p-=J /dv— r . n . /(/ + . /f) (/+ l) • 

Further replacing the magnetic moment of the electron by its 
spin, on the basis of formula (24.28) we obtain (ji s and s have 
opposite signs due to the fact that the electron charge is nega 
tive; here, ii s is expressed in the CGSM system): 

e 

u s = —- —s. 
me 

Consequently, the product (|t s ■ l ) is rewritten in the form 
where 

(s-/) = | s 11 /1 cos (s, /); 

I 1 1 and |s | are the absolute values of the vectors l and s, which, 
according to (24.20) and (24.25), are 

\l\ = hVl (/ + 1) and |s| = hVs(s+l) . 

Substituting the expressions obtained for ^ and (|i s •/) into the 
formula for the interaction energy of the vectors l and s and 
introducing the Rydberg constant 

* r> _ 2n 2 me 4 
K “" h 3 

and the fine-structure constant 

e 8 

Ct= r- , 

he ’ 

we transform this formula to 

AE= ipr- n8/ + 1/ 2 ) (/ _|_ i) 1^ 11 s I cos (*> s )- 

The cosine of the angle between vectors l and s may be found 
by using the classical rule of the parallelogram, from which it 
follows that 

ijr=m 2 +isr+2mis|cos(*. S ), 
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or 


I / I I S | COS (l , s): 


(j-t_l)_/(/ + l)_s( s + iU* 
-2 n • 


Using this expression, we finally obtain 

, ^ hRa 2 z 4 j (j + 1) - f(/ + l)-s(s + l) 

— “ n>/(/+V 2 )(/ + l) 2 


(26.15) 


Since the total angular-momentum quantum number j has two 
values, ) = / + */, and i = l — ’/» ( 26 - 3 )- for term-energy changes 
due to interaction of / and s in these two cases, we obtain 


ATit = 


AT^ = 


Ra 2 Z 4 

2n •(/ + */,) (/ + 1) 

Ra 2 Z 4 

2n»/ (/ + >/ 2 ) 


for j = / + ‘/i. 1 
for j = / — r / 2 - j 


(26.16) 


Comparing (26.16) and (22.14) we see that in .the latter for¬ 
mula the relativistic correction, which we rewrite in the form 
(cf. p. 184). 


AT 


p 


Ra 2 Z 4 ( 1 3 \ 

n 3 [i+ l U 4 n) ' 


(26.17) 


has the same order of magnitude as AT/ S . Therefore, when de¬ 
termining the splitting of terms one must also take into account 
the relativistic correction. Combining (26.16) and (26.17), we 
get 

AT*=ATi + AT p = - R -|?(,-^|-i) for ) = < + ’/.. 1 (26 18) 

at-=at.7+at,=£^(-!--|,) for jj 

Taking into account the relation ] = l ± ’/ 2 > formulas (26.18) 
may be given as a single formula: 

AT . =AT .-^(^-l). 

From (26.18) we get, for the doublet splitting of the term of an 
atom (ion) with one electron, 

AT-AT’-ATr-pS^. (26-20) 

Verification of (26.19) and (26.20) in the case °f the hydrogen 
spectrum and also the spectrum of ionised helium He (Z =lb) 
gives good agreement between theory and experiment. 

* An approximate theoretical expression may also be obtained 
lor the magnitude of splitting of the terms of atoms of the alkaline 
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elements and of ions with one outer electron. Taking advantage 
of Bohr concepts concerning penetrating orbits and considering* 
the motion of an outer ( optical ) electron in an atom as motion 
in two ellipses—inner and outer (see p. 158), for each of these el¬ 
lipses we can compute the mean value of Z/r® that enters into 
the expression for the interaction energy of the vectors l and s. 
Substituting the product / (/ —J— 1 / 2 ) (/ —1) in place of n® (cf, the 

formula for given on p. 216), we get 


i nj l (i -f- J / 2 ) (t + 1) 


and 


(?) = 


r i nj/(/ + >/*) (' + 1) 


where Z i is the effective-charge acting on an electron inside the 
atomic core, Z a is the charge acting on an electron in the outer 
part of the orbit (which for a neutral atom may be put equal 
to unity, for a single charged ion, to 2, etc.), ri; and n a = n eff 
are the principal quantum numbers corresponding to both orbits 
(cf. p. 158). Denoting the periods of revolution of the electron in 
these orbits by x { and t a , respectively, we find the mean value 
of Z/r a in the form 




rS tf + T a 

Substituting into the formula t = 2jxmab/p (p. 162), b = a (n ? /n), 

p = hn tp , and a = r,n 2 /Z, we obtain r = (2ranri/Z 2 ) n s and, conse¬ 
quently, • 


= 2nmr\ — 
Z? 


and 


whence we find 


t, = 2jtmrJ ~ , 

a z 


1 


Zi+ z; 


_nf n| r\l(l+'U)(l+l) 

Zf + Zl 


7 * 
j a i 


or, approximately, since Z]^>Zl 

z zf z 2 


+ « + l) 
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Using this formula and 

(s ■ /) = | /11SI cos (/, s) = h 2 1J |2 ~ 1 Y ~ 1 s |2 


for the interaction energy of vectors l and s (see p. 216) 

AE; S = —232^2 (p-) ( s, f) 

we get 

hR« 2 Z?Z 2 in + D-/(/ + l)-s(s + l) 
,s “ nj ff /(/+V.)(f + 1) 2 


Substituting j = /±'/ 2 into this formula and passing to AT, 
we find 

Ra 2 Zf Z 2 (/ + '/ 2 )±'/ 2 


ATjS=± 


nl„l(l + 'k) (/ + 1) 


(26.21) 


From this equation, for the magnitude of doublet splitting of 
termsofan atom or ion with one outer electron AT = AT + — AT - , 
we obtain (omitting the subscript Is) 


Ra 2 Z? Z 2 
n’ ff / (l + 1) ' 


(26.22) 


This expression is called the Lande formula. 

Since the effective charge Z, in the Lande formula is not very 
amenable to theoretical determination, it is usually considered 
a certain empirical parameter. For this reason, in addition to 
(26.22), frequent use is made of an equivalent formula: 


R«’Z In 

n s l (/ + !)’ 


(26.23) 


which may be obtained directly from (26.20) by replacing the 
nuclear charge Z by some effective charge Z efr = Z — z (cf. p. 141) 
and in which the quantity z plays the role of the empirical pa- 

M ^comparison of equations (26.22) and (26.23) with extensive 
experimental material on the width of the doublets of alkaline 
elements and ions isoelectronic to them yields satisfactory agree¬ 
ment of theory and experiment. From these equations it follows 
that the magnitude of doublet splitting AT is determined by the 
values of Z, n. and l. As for AT as a function of Z, since the 
"screening constant" z varies with Z rather slowly (for example, 
[rom a comparison of the splittings of the 2p-term oF lithium 
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and the 3p-term of sodium it follows that when passing from Li 
to Na z increases from 2.0 to 7.5, i. e., by 5.5 units, whereas" 
Z increases by 11 -*-3 = 8 units), theory predicts rapid growth 
of the magnitude of doublet splitting with the atomic number. 
This emerges from a consideration of the data in Table 17, 
which gives the experimental values of the magnitude of split¬ 
ting of lower z P-terms (AT = 2 P 3(2 — 2 Pi/ 2 ) of the alkaline elements. 
The table also gives the appropriate values of Z. 


Table 17 

Doublet splitting of lower 2 P-terms of the atoms of alkaline elements 


Element 

Li 

Na 

K 

Rb 

Cs 

AT, cm -1 

0.34 

17.196 

57.72 

237.60 

554.0 

Z 

3 

11 

19 

37 

55 


Experimental data referring to the multiplet structure of atom¬ 
ic spectra show that the magnitude of natural splitting of terms 
of all elements is found to be very dependent upon the atomic 
number. This relationship is similar to that observed in the case 
of alkaline metals. These findings strongly suggest that the mul¬ 
tiplet Splitting of the terms of all elements, as regards dependence 
on the atomic number of the element,, satisfies a regularity 
similar to (26.22) or (26.23). 

Returning to the doublet terms of alkaline elements and the 
ions corresponding to them, we may further show that the de¬ 
pendence, which follows from (26.22) and (26.23), of the magni¬ 
tude of doublet splitting on the quantum numbers n and / (or 
is in satisfactory agreement with experiment. We note a sharp 
fall in AT with increasing principal quantum number, particularly 
for small n,* and a still greater decrease with increase of the 
number /, i. e., when passing from p- to d-, f-, ... terms (for 
constant n).** 

Another essential thing to point out is the following. As 
will be seen directly from (26.21), the terms that correspond 
to the value of the total angular-momentum quantum number 
j = — l 1 1 /g should lie above the terms with j = / — ’/g. This order 
of terms is actually observed in the case of all double P-terrns 
of alkaline elements for any values of the principal quantum 


* To take an example, the doublet splitting of sodium terms 3p, 4p, 5p, 
6p, 7p, 8p, ... is 17.20, 5.63, 2.52, 1.25, 0.74, .0.47, . . . cm -1 or of rubidium 
terms 5p, 6p, 7p, . . . 237.60, 77.50, 35.09, ... cm -1 . 

** Thus the doublet splitting of rubidium terms 5p and 5d is 237.60 and 
2.96 cm -1 , of the 6p and 6d terms of caesium, 554.0 and 42.8 cm -1 . 
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number n. However, other terms frequently exhibit the reverse 
when a component with a smaller value of j is situated above a 
component with greater j. Such, for instance, are the f-terms of 
the alkaline elements. Cases are observed when the difference 
sign Tj+i'. — Tj-i/, is reversed as n increases. For example, for 
the <J.-terms of rubidium 4d, 5d, 6d, . . . this difference is expressed 
by the following numbers: —0.44, 2.96, 2.26, . . . cm 

Similar cases, when the sign of this difference is not consistent 
with (26.21), have likewise been established for ions with a single 

outer electron. ,, , 

A theoretical investigation of this inconsistency shows that it 
is due to interaction of electrons not accounted for in the theories 
in which this interaction is replaced by the action of a certain 
average electric field. We may add that as a result of considei ing 
the terms of atoms containing different quantities of outer elec¬ 
trons it was established that in those cases when the number of 
equivalent electrons in a given subgroup ( l) does not exceed one 
half of the maximum number for this subgroup, i.e., is less than 
or equal to 2f+ i (see Sec. 27), in the ground state of the atom 
the component of the multiplet term with greatest J = {L4-S) 
lies above the component with J = | L-— S|. These terms are cabled 
regular in contrast to irregular , or inverted terms, in which 
case J = L + S corresponds to the lower-lying component.* For 
example, considering the p-subgroup, the maximum number of 

electrons of which is 2 (2 X 1 -f *) = 6 ’ we mLlst COIlclude 
elements with the number of electrons in this subgroup equal to 
1 2, or 3, i. e., elements in the third, fourth, and fifth groups 

of the Mendeleyev Table, should have regular multiplets in their 
ground state, whereas elements with the number of p-electrons, 
4 5 or 6 should have irregular multiplets. As an illustration of 

this rule we give below the terms of the elements of the second 
and third periods of the Periodic Table that correspond to their 
ground state: 

Li, Na Be, Mg B,_A1 C,Jh K_P 0,$ F^Cl Ne^ Ar 


2 S.,. 


2 Pv. 


*/a 


’P-,. 




Hvperftne structure of terms. We shall now take up briefly the 
question of the so-called hyperfme structure of spectral terms, 
which is very important for the general theory of the atom, in 
particular for nuclear physics. Study of the structure of atomic 
spectra by means of high-resolution instruments (diffraction grat¬ 
ings, interference spectrographs) shows that most spectral lines. 


* Irregular terms are often designated by the subscript- i; for example, 
s Pi, "Pj, etc. 
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which according to the systematics of atomic terms (based on 
account taken of the interaction of vectors l { and should be 
simple, in reality consist of a certain number of closely spaced 
components. For instance, the line of bismuth A,4122 A was found 
to consist of four components with a separation between extreme 
components 0.44 A (2.60 cm" 1 ), the line of thallium X3775 A 
consists of three components, the separation between componerlts 
being 0.16 A (1.15 cm -1 ), etc. Since this hyperfine structure of 
spectral lines is also observed in elements having one isotope (for 
instance, bismuth), it cannot be explained by the isotopic effect 
(see p. 136). What is more, by calculating the magnitude of isotope 
shift from the formula 

AA, = A,^ (26.24) 

(m is the electron mass, M the mean mass, and AM the mass 
difference of the isotopes) obtained from the relation (for heavy 
elements) 

X Ri 

(R t and R 2 are the Rydberg constants for both isotopes) — for 
instance, for isotope splitting of the above-given line of thallium, 
which has two isotopes with atomic weights 203 and 205 — we 
get A^ = 0.0001 A. This is considerably less than that of the 
observed hyperfine splitting AA, = 0.16 A. 

Pauli (1924) proposed seeking an explanation of hyperfine struc¬ 
ture in a certain asymmetry in the nucleus. If it is taken that 
the nucleus has a certain angular momentum (and a magnetic 
moment corresponding thereto), the hyperfine splitting of terms may 
be attributed to the magnetic interaction of nuclear angular momen¬ 
tum with the electronic magnetic moment of the atom. Like the 
earlier considered (p. 215etseq.) spin-orbit coupling of the elec¬ 
tron, this interaction may be expressed in terms of the interaction 
of the vectors i and J, where i is a vector corresponding to the 
nuclear angular momentum (spin). In this case, the total angular- 
momentum vector of the atom F is obtained as a geometric sum 
of the vectors i and J, 

F = i —[— J, (26.25) 

and, consequently, the quantum number (corresponding to it) as 
one of the values 

F=J + i, J + i —1, ..., | J — i |. (26.26) 

Whence, for the number of components of hyperfine structure 
of a teim characterised by the total angular-momentum quantum 
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number J, we obtain 2J + 1 for i^J and 2i + 1 for 1 «s J. By 
determining, from an analysis of the hyperfine structure, the 
number of sublevels into which a simple level is split, it is very 
often possible to establish uniquely the magnitude of the nuclear 
angular momentum, particularly if the relative intensities of the 
components of the hyperfine structure of the spectral lines have 
also been measured. 

By way of illustration let us take the D-line of sodium. From 
the fact that each of the components of this doublet (3p a Pi/ 2 — 
- 3s 2 S./ 2 and 3p 2 P3, 2 —3s 2 S., 2 ) is split into two components, it may 
be concluded that the hyperfine structure of these lines is inde¬ 
pendent of. splitting, of the term 2 P./„»/, (due to the weakness of 
this splitting) and is determined by the splitting of the 2 S-term. 
Whence, for the number i we have i ^ l / 2 . The unknown value 
of i is found from a comparison of the measured ratio of inten¬ 
sities of both components of hyperfine structure with the calculated 
ratio which is equal to the ratio of statistical weights of the 
splitting components of the term 2 S(2F + + 1):(2F_ + 1), where 
F + = i — 1 / 2 and F_ = i —This comparison yields i = 

+ We note that the numbers i for the stable isotopes ol lithium 
Li* and Li’ are equal to 1 and */,, respectively, for both stable 
isotopes of potassium, K aa and K 4 ', i = a / E , for Rb 2S i = s / s , and 
for Cs ,ai i = 7 /i- We thus see t!iat the nuclear s P in of lhe s * ab!e 
isotopes of the* alkaline elements is a quantity of the order of h, 
and for isotopes with even mass numbers (Li s ) i is integral, in 
contrast to isotopes with odd mass numbers. For the three iso¬ 
topes of hydrogen FI*, D*, and T 1 , number i has the values 1, 
and l j t , respectively. We note that from this we may draw the 
conclusion that the spins of the proton and neutron are identical. 

If the spin angular momentum of the nucleus is obtained from 
the number of components of hyperfine splitting of terms, then 
from the magnitude of the splitting (if the number i is known) 
we can determine the magnetic moment of the nucleus. In the 
same way as we calculate the energy of the magnetic interaction 
of orbital and spin angular momenta, which interaction gives 
rise to the fine (multiple!) structure of atomic terms (see p. 215 et 
seq.), we can also calculate the interaction of the magnetic mo¬ 
ment of the electron cloud of the atom (characterised by quantum 
number J) with the magnetic moment of the nucleus (this moment 
is characterised by the number i).* In this case, in place of the 


* We note that for a quadrupole electric moment of the nucleus different 
from zero, the expression for interaction energy of vectors J and I, besides 
the term with cos(J, i), which is analogous to cos (l, s) in AE is , will involve 
a term with cos 2 (J, i). 
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Jj £ 

Bohr magneton [i B = y — (22.35) the formulas for hyperfine split¬ 
ting of terms will involve a quantity 1836 times less, 

*• = 0, (26.27) 

(M p is the proton mass), called the nuclear magneton. Just as the 
ratio of the magnetic moment of an electron to its intrinsic an¬ 
gular momentum (spin) is not equal to 7 2 f~ established for the 
ratio of orbital angular momenta, but should be replaced by the 
quantity g7 a — ( see P* 253), and the factor g (called the gyromag - 

netic factor) is in this case equal to 2, the ratio of the magnetic 
moment of the nucleus to the spin is expressed by the formula 

M'nuc _ p ^ 

Pnuc 2 Mp 

Substituting p n uc = h)^i (i + 1) into this formula and taking into 
account (26.27), we get 

H-nuc = gp 0 Vi (1 + !)■ (26.28) 

Intrinsic angular momenta are usually described not by the abso¬ 
lute values of the angular momenta themselves but by the quantum 
numbers that correspond to them. In other words, on the basis 
of the simplified vector model, the magnitude of the angular mo¬ 
mentum is replaced by its maximum projection as expressed in 
units of h. Applying this procedure to describe the magnetic mo¬ 
ment of the nucleus, \ye obtain, in place of (26.28), 

[W = g(V* (26.29) 

Measurements of the magnetic moments of nuclei yield p nuc of 
the order of the nuclear magneton. For example, the stable iso¬ 
topes of the alkaline elements have the following magnetic mo¬ 
ments (expressed in units of pi 0 ):0.8213 (Li 6 ), 3.2532 (Li 7 ), 2.215 
<Na 23 ), 0.391 (K 39 ), 0.217 (K 41 ), 1.340 (Rb 85 ), and 2.572 (Cs 133 ). 
And since the nuclear magneton p 0 is 1836 times less than the 
Bohr magneton , it follows that the magnitude of hyperfine 
splitting of atomic terms must be roughly three orders less than 
that of multiplet splitting. This conclusion is in good agreement 
with experiment. 

We also give the values of the magnetic moments (again in 
units of fi 0 ) for the isotopes of hydrogen: H 1 (2.7935), D 2 (0.8574), 
and T* (2.9791). Comparing the magnetic moments of H 1 and D 2 
with their spins equal to 5 / 2 (H 1 ) and 1 (D 2 ), we must conclude 
that the neutron also has a magnetic moment, but that this mo¬ 
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ment is negative . Approximately assuming the spins of the pro¬ 
ton and neutron in a deuterium nucleus to be parallel, we find, 
for the magnetic moment of the neutron: 0.8574 — 2.7935 = —1.9361. 
The directly measured magnetic moment of the neutron has a 
close value: — 1.910 + 0.001. We note that a negative magnetic 
moment, which is indicative of opposite directions of spin and 
magnetic moment, i. e., that g<0* is observed in the cases of 
He 3 (-2.131), Be’ (- 1.1747), Ag 1 * 7 (-0.086), Ag m (—0.159), 
and certain other isotopes. 

In addition to the purely spectroscopic method of studying the 
hyperfine structure of atomic terms, wide use has been made of 
the magneto-resonance method developed by Rabi and coworkers 
(1939) and applied in its original or modified form for measuring 
nuclear spin and the nuclear magnetic moment* The underlying 
idea of this method, called the Rabi method , proceeds from the 
possibility of varying the orientation of an atomic magnet in a 
magnetic field (in the sense of space quantisation), i. e., from 
the possibility of accomplishing the quantum transition m —► nT 
by acting upon an atom with long-wave electromagnetic radiation 
or an oscillating magnetic field; the probability of the process 
m—* m' has a maximum value when the frequency of the elec¬ 
tromagnetic field coincides with that of the Larmor precession of 
an atomic magnet (resonance). 

From a consideration of the behaviour of an atomic magnet in 
a homogeneous magnetic field it follows that the action of the 
field in this case reduces to precession of the magnetic moment 
about the direction of the magnetic field (Larmor precession) with 
the frequency 




(26.30) 


(M is the mass of the elementary magnet, $ is the magnetic-field 
intensity). Determining the resonance frequency from experiment, 
we obtain the magnitude of the gyromagnetic factor g*; and from 
the latter, if we know the spin of the nucleus as well, it is easy 
to calculate the magnetic moment of the nucleus from (26.29). 


27. Genesis of the Periodic System of Elements" 

The fact that to each electron in an atom we can assign four 
independent quantum numbers, for example, the numbers n, /, m [y 
and m s ** (while taking into consideration the limitations imposed 

* For various nuclei, the values of the gyromagnetic factor lie between 
a magnitude of the order of 0.1 and several units. 

** In place of the numbers and m s we can also take the numbers 
] = (/ ±'U) and ra^=(j, j - 1.— j + 1, — j). 
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by the Pauli principle) yields a rigorously logical theoretical sub¬ 
stantiation of the existence of closed electron groups in the- 
extra-nuclear structure of the atom. These two principles of the 
quantum theory of the atom {quantisation of electron states and 
the Pauli principle) together with a third rule, according to which 
the ground state of every atom is the state of least energy, provide 
physical proof of the periodic system of elements. The above-men¬ 
tioned quantum numbers can have the following values: n = l, 
2, 3, , , /=0 f 1, 2, . * ♦, n — 1, m £ = ±l ± (t — 1), , , 0 and 

whence it follows that the maximum number of elec¬ 
trons that differ by at least one of the four quantum numbers 
{Pauli principle) for a given value of the principal quantum number is 

/ = n - 1 

2 X (2/ + l) = 2n 2 . (27.1) 

1 = 0 

Thus, in complete agreement with experiment (cf. p. 132) we have 
2n 2 for the maximum number of electrons in the n-quantum elec¬ 
tron group. These electrons are distributed among n subgroups 
with maximum number of electrons in each subgroup equal to 

2(2/ + l). 

In state n=l we get two s-electrons (1 = 0), which form the 
two-electron K-group of the atom. The K-group cannot accommodate 
more than two electrons and is a closed electron group that is 
completed for the first time in the helium atom and does not 
change from then on anywhere in the Periodic Table. Passing to 
the group of electrons that are characterised by n = 2 we note 
that, here, in addition to s-electrons (/ = 0) there can also be 
p-electrons (/ = 1). Namely, we have 2 (2X0+ 1) = 2 s-electrons 
and 2(2X1 + !) = ® p-electrons. In this way we get an eight- 
electron L-group consisting of two subgroups: 2s and 2p. Like 
the K-group, this group, upon completion in neon, remains closed 
to the end of the" Periodic Table. The energy levels that corre¬ 
spond to these groups and subgroups and those that follow (hem 
are shown in Fig. 47, where the maximum number of electrons 
in each group (2n 2 = 2, 8, 18, etc.) and the corresponding values 
of the principal quantum numbers are shown at the left and the 
values oi the azimuthal quantum numbers are given at the bot¬ 
tom. The maximum number of electrons on a given level is shown 
at the right. 

The L-group is followed by the M-group (n = 3). Here we 
have 2 s-electrons, 6 p-electrons, and 2 (2-2+1) = 10 d-electrons 
falling into three subgroups: 3s, 3p, and 3d. Experiment shows 
that the maximum number of electrons (18) for the M-group is 
found only in the heavier elements beginning with copper, Z=29.' 
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But in the case of the three light elements Ar, K, and Ca, even 
the incomplete eight-electron M-group exhibits the properties of 
a closed group. This is suggested by the chemical and physical 
properties of the atom Ar and the ions K + and Ca + + . 

This and similar facts are explained as follows. When passing 
from an element with atomic number Z to the following heavier 
element with number Z —1, i. e., when increasing the nuclear 
charge by unity, the (Z+l)th electron occupies a level to which 
there corresponds the least possible energy (we are speaking about 
the ground states of the atoms). From the filling sequence (ob¬ 
served in experiment) of the electron levels of the first twenty 



1=0 J=f 1=2 2 =/ 

s p d / 


Fig . 47. Electron-shell structure of atoms (schematic) 

elements (ending with Ca) it follows that the level above the 
3p-Ievel is not the 3d-level as should follow from the scheme, in 
Fig. 47, but the 4s-level, since the outer electrons in potassium 
and calcium that follow Ar are 4s-electrons. Raising the three- 
quantum level 3d above the four-quantum level 4s is also obtained 
directly from the statistical model of the atom as calculated 
by the Thomas-Fermi method (see p. 204). 

In the elements following Ca, the levels 4s and 3d overlap. 
This explains all the anomalies that are observed in the ele¬ 
ments beginning with Sc (Z = 21) and ending with Cu (Z = 29). 
As follows from spectroscopic data, the outer electrons of Sc and 
all subsequent elements including Ni (Z = 28) are d-electrons. 
In the element following Ni, copper, the 18-electron M-group is 
completed for the first time. After copper, everything proceeds 
normally at first, but only up to Kr (Z = 36). Here, and in the 
next two elements Rb (Z = 37) and Sr (Z = 38), the growth of 
the N-group stops at eight electrons because the outer electrons 
of Rb and Sr occupy the 5s-level and not the 4d-level. Going 
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further, we again have a series of anomalous elements up to Pd 
(Z = 46), in which the number of N-electrons reaches 18. Further* 
growth of the N-group, the maximum number of electrons of which 
is equal to 2*4 l = 32, temporarily ceases due to a regular growth 
of the O-group (n = 5), which in the Ag atom (Z = 47) has one 
electron (5s) and in Xe (Z = 54) eight electrons (two 5s- and ssx 
5p-electrons). This group, like the N-group, is temporarily “frozen”, 
because in Cs (Z = 55) and Ba (Z = 56) that follow xenon the 
outer electrons are on the 6s-level (P-group). Then there are a 
number of other anomalies that are particularly characteristic of 
elements of the rare-earths group (Z = 58 to 71), where the 41-sub¬ 
group of the N-group is gradually filled up. In Hf {Z = 72) we 
already have a fully completed N-group (32 electrons) and the 
start of a further build-up of the next, O-group. In Au (Z = 79) 
the latter builds up to 18 electrons (the outer electron of Au is 
in the P-group). This number then remains unchanged right up to 
protactinium (Z = 91), which in addition to completed K-, L-, 
M-, and N-groups and an (18 + 2) = 20-electron O-group, has 9 
more electrons in the P-group and 2 electrons in the G-group. 

The distribution (as a rule established spectroscopically) of 
electrons in groups and subgroups for all studied elements is given 

in Table 18. , 

The last column of this table gives the principal terms found 
experimentally. However, there is some ground for finding the 
type of principal term in the simpler cases theoretically as well. 
From a consideration of the interaction of vectors 2, and s, that 
belong to equivalent electrons, that is, electrons with the same 
/. and the same n,, Hund (1927) formulated the following rule: 
of the terms formed by electrons with the same /„ the lowest, 
generally speaking, are the terms that correspond to the greatest 
value of total spin, and fimong these terms the lowest is the 
term with the greatest total orbital angular momentum L. 

Let us consider an atom containing a certain quantity z of 
equivalent electrons in addition to all the electrons that have 
made up the closed groups and subgroups. On the basis of the 
Pauli principle it may be shown that the maximum value of S 

cannot exceed — 3 —, i.e., a number obtained when z = 2/ + 1 — 

half the maximum number of equivalent electrons. We must 
therefore first limit z by the condition z<2/ + l. On this con- 
dition, 

S —S =- (27.2) 

0 °max 2 ’ v I 

which corresponds to all m 9 that are the same and equal to 1/2, 
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Table 18 

Electron configurations and types of terms f 6 r ground states of the atoms 

of the elements 
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Since all m s are the same, the orbital magnetic numbers m s of 
all electrons must be different. Here, the maximum value of 
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orbital angular momentum L, will, obviously, be equal to 
L = L a „ = /^-(/-l) + ...+(^- z + 1 ) = 

= |( 2 / + l-z) = S max (2/ + l-z). (27.3) 

As for z> 2/ > the type of term in this case may be deter¬ 

mined by the following reasoning. Since for z — 2(2/-f-l) we 
have a closed electron subgroup, for which S = 0 and L«=0, by 
eliminating from it a certain number of electrons 2(2/ + 1) — z 
and assigning to the group of eliminated electrons maximum 
values of angular momenta S and L, equal, respectively, to 

S = S max = (2/ + l)-| (27.4) 

and 

L = L max = / + (/-l)+---+[ / - 2 (2^ + 1 ) + z+i] = 

= "(21 + 1) - y] [z - (21 + 1)] = S raax (z - 2/ - 1), (27.5) 

for the remaining z electrons we will have the same values S 

(27.4) and L (27.5). , 

We take advantage of the formulas obtained to determine 
the type of principal terms of elements of the second and third 
periods of the Periodic Table. The outer electron group of these 
elements contains a maximum of 8 electrons distributed in s-and 
p-subgroups. We thus have / = 0 and / = 1. Let us first consider 
the terms of elements with one and two s-electrons (z — 1 and 2) 
For z = 1, we find, from formulas (27.2) and. (27.3), S= 1/2 
and L = 0, i.e., the term S S. For z = 2, we obtain, from formula 
(27 3) L = —S, which is meaningful only when S = L = 0. 
Whence we get *S for the principal term of elements of the sec¬ 
ond group. Since / = 1 , for elements of the third to eighth 
groups we get, from formulas (27.2) and (27.3), S=l/2 (111), 

1 (IV), 3/2 (V), and L=1 (III), 1 (IV), 0 (V); and from for¬ 
mulas (27.4) and (27.5): S=i (VI), 1/2 (VII). 0 VIII), and 
L = 1 (VI), 1 (VII), 0 (VIII), i.e., terms P (HI), P 0 V ), 
' 4 S (V), ! P (VI), 5 P (VII), and ’S (VIII). 

Similarly for the d-subgroup containing 1,2. u elec¬ 

trons, we find, correspondingly, the following groups of terms: 
*D »F J F, S D, “S, ‘D, 4 F, *F, 2 D and 'S. Comparing these and 
the earlier results with the data in Table 18, we find exact 
coincidence of terms observed experimentally with those found 
on the basis of Hund’s rule. , , . 

As for the principal terms of the elements, this rule is appar¬ 
ently satisfied for all elements without exception. Hund assumes 
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that his rule must hold for all cases when the interaction (/ s , S;) 
is small compared with other magnetic interactions. Indeed, giv¬ 
en predominant interaction of the vectors and s jf we are 
then dealing with a transition from Russell-Saunders coupling 
(p. 212) to (j, j) coupling, for which the systematics of atomic 
terms used in formulating the Hund rule does not hold. 

As already pointed out, when L and S are meaningless the 
systematics of atomic terms that uses these numbers obviously 
becomes impossible too. But since the number J, which charac¬ 
terises the total electronic angular-momentum vector 

is conserved, it is this number that is used to describe individual 
terms. We note that cases of (j, j) coupling are most frequently 
encountered among the high excited states of heavy atoms when 
an optical electron with large principal quantum number is so 
far away from the other electrons that its interaction with them 
is secondary as compared with (l, s) interaction. 


28. Intensity of Spectral Lines 

Probabilities of radiative quantum transitions in the atom. The 

intensity of monochromatic radiation with frequency v , cor¬ 
responding to the transition n'—*n, is expressed by. the formula 

I = Ann'N'hv nn , (28.1) 

where A n n' is the number of radiation events per atom per second; 
this is usually (though erroneously) called the radiation probabil¬ 
ity. N' is the number of excited atoms (in the source of radia¬ 
tion) at the initial level n'. 

The absorption-line intensity expressed by the quantity of’ 
absorbed radiant energy AI is determined by the absorption 
probability B nn ' and the number of absorbed atoms N, and may 
be represented by the formula 

AI = -^- Bnn'NhVnn'I. (28.2) 

In (28.2), I denotes the intensity of the incident light. 

According to Einstein, the probabilities A and B are con¬ 
nected by the following relation: 

Bnn^-r^r-f^nn' (28.3) 

8rthv’ n , g 

where g' and g are statistical weights corresponding to the excit- 
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ed and ground states of the atoms. Thus, with the aid of rela¬ 
tionship (28.3) and knowing A we can compute B (and vice 
wersa). 

These quantities may be determined both experimentally and 
theoretically. The experimental determination of the probabilities 

of quantum transitions frequently 
reduces to measuring the area of 
the absorption line, i.e,, 

00 

$ H'( v )dv, 

0 

which is found from the depend¬ 
ence of the absorption coefficient 
p(v) of the appropriate line upon 
the frequency v. We note that 
the intensity distribution within 
the limits of a given spectral 
line (this distribution is characterised by the absorption coeffi¬ 
cient p(v) appears as a curve like that shown in Fig. 48. The 
following relationship obtains between the area of the absorption 
line and the corresponding probability of absorption B nn n 

00 

Bnn ' = ITF\^l fA ( v ^ dv- ( 28 ‘ 4 > 

0 

On this basis we can compute B n n' from the measured area of 
Ihe absorption line. 

Another method for experimental determination of the proba¬ 
bility of quantum transitions, which was first developed by 
Rozhdestvensky (1915), is base*d on the study of anomalous disper¬ 
sion of gases. In this case, for the dependence of the index of 
refraction n on the frequency of light oscillations v, we obtain 
the following expression from classical electron theory: 




Fig 48 . Intensity distribution in 
spectral line (Av = 2v' is line 
width) 


<e and m are the charge and mass of the electron and N, is the 
number of oscillators with a natural frequency Vj), which, in 
terms of quantum mechanics, may be rewritten in the form 


i i e 2 N 
n — 1 = — 
nm 



(28.6) 


Here, f n n' is the so-called oscillator force connected with the prob¬ 
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ability of the corresponding quantum transitions A nn / by the 
relation 


fnn'- 


&n' 


*nn'- - „ „ n ^nrr 

g n SnVv* , 


(28.7) 


Determining the quantity f nn ' by measuring the index of refraction 
n as a function of the frequency v, we find, from (28.7), the 
corresponding values of the light-emission probabilities A nn '- Due 
to the peculiar relationship between n and v near the absorption 
lines v nn ', the Rozhdestvensky method became known as the hook 
method . 

The following reasoning underlies a theoretical (quantum-me¬ 
chanical) determination of the probabilities of quantum transitions. 
According to classical electrodynamics, the intensity of electro¬ 
magnetic radiation of an oscillating dipole is proportional to the 
square of the second derivative of its electric moment P with 
respect to time; whence, for radiation intensity of frequency v, 
we get the following expression: 

j MiiV p j N , ( 28 . 8 ) 

o c* 


where P 0 is the vibration amplitude of the dipole moment. Pro¬ 
ceeding from a statistical interpretation of the wave function, 
the electric dipole moment, which corresponds to an element of 
intra-atomic volume and to the coordinate q, may be expressed 
by the formula ecp n q(p*dV. Whence, integrating over the entire 
atomic volume, we get the sought-for dipole moment of the atom: 

P n ==e Wn^ C P: dV:=e ( 28 9 > 

As may be seen from (28.9), the electric dipole moment of an 
atom in any one of its steady states (n) is a constant. It follows 
therefrom that an atom of quantum mechanics in a steady state 
does not emit light. 

The result obtained appears to be quite natural, since there 
are no grounds for believing that the emission of light associated 
with the transition of an atom from one energy state to another 
could be due to the electric moment of only one of these states. 
Dirac gave the correct solution; light emission by an atom is 
determined by the transition moment computed from the formula 

Pnn' = e Scp n qcp;,dV. (28.10) 

Since n=^=n', expression (28.10), unlike (28.9), contains a time- 

i E' - E 

dependent factor e h (see (23.2)) which ensures that the 
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derivative of the moment P with respect to time is not equal to 
zero. The quantity —^— in the exponent of the time factor is 

the frequency of the light v nn ' emitted by the atom. The transition 
moment may, therefore, be expressed by the formula 

Pn n ' = eq nn -e a,li ' wt (28.11) 

where the factor q nn ' (called the quasi-moment) is the vibration 
amplitude of the transition moment (divided by e), which ampli¬ 
tude is a vector with components 

‘fi=S 'til =J 'i'„y'iv dv ,. 

<© = SV'MV,. (28.12) 

Substituting the square of the modulus of vector eq nn ' into 
formula (28.8) in place of P*, on the basis of (28.1) we obtain 
the following expression for the radiation probability: 

A -' = T^ V nrJ<lnn'| 2 . (28.13) 

According to (28.13), calculation of the radiation probability 
{and, consequently, also the absorption probability) reduces to 
calculating the wave functions for the appropriate states of the 
atom. However, since the latter can be obtained with the required 
accuracy only in a limited number of cases, a theoretical evalua¬ 
tion of the absolute values of probabilities of quantum transitions 
(and, thus, the spectral-line intensities) could not become wide¬ 
spread; these probabilities are chiefly determined by experiment. 

Selection rules. A much simpler theoretical problem is that 

of establishing the possible qyantum transitions, i.e., transitions, 
the probability of which has a finite value. The solution of this 
problem leads to the establishment of so-called selection rules 
and also rules of polarisation of radiation. 

If one of the components of q nn ' is zero, this means that in 
the transition n'—»-n the radiation lacks vibrations in the direc¬ 
tion of the respective coordinate (we have in mind the direction 
of vibrations of the electric vector of a light wave). Whence we 
obtain the rules of polarisation of radiation. However, if q n n , = 0 
for any direction of vibrations, we get the selection rules. In 
this case the transition n f —*n is “forbidden”. The selection rules 
and the rules of polarisation are established by calculating the 
components (28.12) of q nn '. 

We consider the following case, taking advantage of the solu¬ 
tion of the hydrogen-atom problem (Chapter 4). In this case, the 
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components of q nn ' in the direction of axis z(q = rcosft) and in 
the direction perpendicular to z (q = r sin Osin (p and 
q = rsin , 0 , cos(p, or, in complex notation, q = rsinttei 1 ?), Z and 
X + iY, are expressed by the formulas 

Z = fff il5 n i rai '»l)‘, rm ' r8 d rs m’0' cos '9'dM(p, 1 
X + iY = $$ J C 8 -"/ 

Substituting here the expressions for and o|)* obtained from 
a solution of the H-atom problem and evaluating the integrals, 
we find, in particular, that the quantities (28.14) do not become 
zero solely when mj=m £ , m^+l. Indeed, due to separation of 
the variables, each of the expressions in (28.14) may be repre¬ 
sented in the form of a product of three integrals 

Ir(r) MO) I, (<P). 

The simplest one of them, 1^, for both components contains the 
factors 

21C f 2tc / 

Je'^-^dq) and j ± * dq) . 

0 0 

As will readily be seen, the first of these integrals is differ¬ 
ent from zero only when = the second, when m' = m /z hl. 
This means that the radiation associated with the transition 
m'— >m £ = m f l will be polarised in a direction normal to the 
axis z (the electric vector is parallel to the z axis). And the 
radiation corresponding to the transition m' t —j-m / =m' z j-l will 
have an electric vector lying in the xy plane. If the direction 
of the coordinate axes is not specified physically, radiation must 
obey the general selection rule: 

Am, = 0, 1. (28.15) 

The total magnetic quantum number M obeys a similar selection 
rule: 

AM = 0, -j- 1. (28.16) 

Somewhat more involved computations, similar to the fore¬ 
going, lead to appropriate limitations for variations of the num¬ 
ber l (or L). We thus obtain a selection rule for the azimuthal 
quantum number: 

AL = ±l. (28.17) 

From this rule, it follows straightway that only the terms S and P, 
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P and D, etc., can combine, whereas the combinations S—D 
(AL = Hb2), S—S, P—P (AL = 0), etc., are “forbidden” on the* 
basis of rule (28.17)< 

In addition, we note the following selection rules. The total 
angular-momentum quantum number J obeys the rule 

AJ=0,±1. (28.18) 

Moreover, transitions between such levels as are both character¬ 
ised by the numbers J = 0 are “forbidden”. The spin quantum 
number S obeys the selection rule 

AS = 0 (28.19) 

called prohibition of intercombinations. According to this rule, 
combinations of terms are "forbidden” that belong to systems of 
different multiplicity (infercombinations), for instance, to the 
singlet (S = 0) and triplet (S—1) systems of terms. Finally, 
we point to the so-called Laporie rule, according to which the 
only possible combination is between even and odd terms (a term 
is called even or odd depending on whether the sum of the azi¬ 
muthal quantum numbers of all electrons in the atom is even 
or odd). 

From experiment it follows that quantum “prohibitions” are, 
for the most part, not absolutely strict, and “forbidden” lines 
are frequently encountered in atomic spectra, although the inten¬ 
sity is low when compared with ordinary “nonforbidden” lines. 
One of the main reasons for frequent violations of the selection 
rules is that in addition to dipole radiation it is also possible 
to have electromagnetic-wave radiation associated with changes 
in an electric moment of a higher order, primarily in the quad¬ 
ripole moment of the atom (quadrupole radiation) and also mag- 
neiic dipole radiation due* to a change in the dipole magnetic 
moment of the atom. 

The intensity of the quadrupole and magnetic dipole radia¬ 
tions is determined by integrals that differ from the integrals in 
(28.12), which account for the intensity of dipole radiation. For 
example, the intensity of quadrupole radiation depends on inte¬ 
grals of the form dV. For this reason, quadrupole radia¬ 

tion and magnetic dipole radiation obey other selection rules. 
Thus, both these types of radiation are possible only in even- 
even or odd-odd combinations (this rule is the opposite of the 
Laporte rule); further, in the case of quadrupole radiation, we 
have, in place of rule (28.18), a selection rule AJ =0, + 1, + 2 
on the condition that the sum of the total angular-momentum 
quantum numbers of both combining states is not less than two, 
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and also the selection rule AL = 0, + 1, ±2 (for L — O-^ L = 0); 
in the case of magnetic dipole radiation, we have the rule 
AL = 0, -j-1 (in place of rule (28.17) for electric dipole radiation). 
Experience shows that the ratio of intensities of magnetic dipole 
and quadrupole radiations to the intensity of dipole radiation 
is usually 10“ 5 : 1 and 10" B : 1, respectively. 

We may also note a weakening of the rigidity of prohibition 
of intercombinations with increasing atomic number. This weaken¬ 
ing is associated with the fact that, here, interaction^ of the 
orbital and spin angular momenta of the atom becomes stronger 
(it is manifested in an increase in multiplet splitting of the 
terms); theoretically, we may expect strict fulfilment of the 
selection rule AS = 0 only when there is no coupling between L 
and S. 

There are also cases of the selection rules being violated when 
the radiating (or absorbing) atoms are in the outer electric or 
magnetic fields or are subject to the action of fields surrounding 
molecules or ions. Thus, for the case of an electric field, the 
usual lines are those associated with the transitions S — S, P—P 
<AL = 0) f S —D, P — F(AL = 2), S—F, P — G (AL = 3), which 
under ordinary conditions are forbidden by the rule AL = r M. 
These and similar violations of the selection rules in an electric 
field are interpreted theoretically by the fact that the dipole 
electric moments induced in the atoms by an electric field have, 
generally speaking, different values depending on the quantum 
state of the atom. Therefore, transitions of atoms from one 
state into another should definitely be accompanied by a change 
in the induced dipole moment. This is the cause of the finite 
probability of transition, i.e,, of the appearance of radiation 
(forced dipole radiation), which is forbidden under ordinary con¬ 
ditions precisely because of no changes in the dipole moment of 
the atom. 

Average lifetime of excited atoms. The different radiation prob¬ 
ability observed in different cases permits us to pose the ques¬ 
tion of the average lifetime of excited atoms and of the con¬ 
nection of this quantity with the probability of quantum 
transitions. A decrease in the number of excited atoms N' per 
unit time as a result of radiation is obviously equal to 

-—-“—AN' (A is the radiation probability), whence it follows 

that 

N' = Noe- At (28.20) 

where No is the initial number of excited atoms. By introduc- 
ing the concept of average lifetime of an excited atom i. 
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determined by the time interval during which the number of ex¬ 
cited atoms diminishes e = 2.718... times, we get 

' T = X‘ (28-21) 

Thus, the average lifetime of an excited atom turns out equal 
to the inverse magnitude of the probability of the corresponding 
quantum transition (quantity A, which is usually called the 
radiation probability, is in fact the mathematical expectation , 
or the frequency, of this process; physically, A denotes the 
number of transitions accomplished by an excited atom in 
1 second). Whence it follows that the less the radiation proba¬ 
bility, the greater is x. In particular, there should be an es¬ 
pecially long average lifetime in the case of those excited atoms 
whose transition to the ground (or a lower-lying) state is 
forbidden by some selection rule. Such atoms are called meta¬ 
stable. 

The average lifetime is usually computed from measured 

values of A. However, there also exist direct experimental 

T , . Q methods for determining t. One of 
a e these methods (the Wien method) is 

Average lifetime^of a number based on observing attenuation of light 

1 a 0lla in a beam of fast atoms. Measuring 

the distribution of light along the beam, 
which is expressed by the formula 


1 = I 0 e (28.22) 

(I is the light intensity at a certain 
point of the beam x and I 0 is the in¬ 
tensity at a distance x = 0), and 
‘knowing the velocity of the atoms v 
(measured from the Doppler shift of the 
spectral lines), we find r. The values of this quantity measured 
by various methods are given in Table 19. In the second column 
are the states of the atoms to which the given values of x belong. 

The following may be pointed out in connection with the 
data in Table 19. Correlating the values .of x for the terms *P iy 
Zn, Cd, and Hg, which terms correspond to the metastable states 
of these atoms (prohibition of intercombinations) we note a 
decrease in x with increasing atomic number. This fact illustrates 
what was said on p. 239 concerning the laxity of the prohibition , 
of intercombinations. 

A particularly long lifetime is found for a mercury atom in 
the *P 0 state, which is metastable not only by virtue of the 


Atom 

Term 

t. sec 

Li 

3 2 P 

6.5 X 10' 8 

Na 

3 2 P 

1.5 X 10" 8 

Zn 

4 S P, 

l.OX'10 -8 

Cd 

5^ 

2.0 X 10“ 8 

Hg 

6 3 P! 

1.5 X 10"’ 

Hg 

6 3 P 0 

5X 10" s 
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prohibition of intercombinations but also due to the rule J = 
==0y^3 —0, Finally, we note that the lifetimes of the states 
(given in Table 19) of Li and Na, which are ordinary excited 
states, are of the order of 10" 9 —10~ 7 sec. This same order of 
magnitude is obtained for the damping constant of a classical 
oscillator, which constant (according to electrodynamics) is 
expressed by the following formula: 

, x =W-7 r < 28 - 23 > 

where e and m are the charge and mass of the electron, c is 
the speed of light, and X is the wavelength of the radiated light. 
For visible light (X = 5000 A), from this formula we get x of 
the order of 10" 8 sec. 

It may be added that there is a definite relationship between 
the average lifetime of an excited atom t and the width of the 
spectral lines emitted by this atom (the so-called natural width 
observed in rarefied gases at low temperatures), namely, that 
the smaller t, the wider the line. This relationship may be ob¬ 
tained from the uncertainty relation (23.8). Indeed, multiplying 
and dividing the left side of equality (23.8) by At, we can re¬ 
write it (because Ax/At = v and p — mv) in the following form: 
AEAt = h, where AE denotes indeterminacy in energy and At, 
indeterminacy in time. Identifying the first with indeterminacy 
in the difference of the energies of the initial and terminal states 
of the atom, upon which the width of the spectral line depends, 
and At with the average lifetime t, we obtain the required rela¬ 
tionship between the line width and the quantity t. 

We conclude this section by noting that (28.21) is valid 
only in those cases when only one transition is possible to 
lower-lying states (to one of these states). In the case of several 
possible transitions, (28.21) must be replaced by the following 
more general formula: 



where A { is the probability of an ith transition. The quantity 
2Aj is the total probability of all possible transitions from a 
given excited level to all lower-lying levels of the atom. 


29. Atomic Spectra 

Atomic spectra of alkaline elements. The structure of atomic 
spectra is interpreted on the basis of the systematics of atomic 
states and the selection-rules established for the various quan- 

9 -3038 
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turn transitions. In this section we will consider certain 
atomic spectra and will touch on some extranuclear structural 
peculiarities and a number of the properties of atoms conditioned 
by them. 



Fig. 49 is a diagram of the energy levels of caesium constructed 
from an analysis of its optical spectrum. Here, the short hori¬ 
zontal lines depict energy levels (terms); the numbers in the 
symbolic designations of the terms (to the left of each horizontal 
line) represent the values of the appropriate principal quantum 
number. 
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Unlike the simple 2 S-terms, all the remaining terms of the 
caesium atom (this goes for all atoms or ions with one outer 
electron) have a doublet structure. However, it must be noted 
that doublet splitting of the terms 2 D and , 2 F is so small in the 
case of potassium, sodium, and lithium (which are lighter) that 
it is practically absent from the spectra of these elements. That 
is why the level diagram ,of caesium {heaviest of the alkaline 
elements) was taken to illustrate the energy levels of an atom 
with one outer electron. It may be noted that doublet splitting 
of D-terms was detected in the spectrum of Rb and also in the 
spectra of the ions Ca + , Sr + , and certain other heavier ions having 
one outer electron. 

In Sec. 26 we gave a theoretical formula for doublet splitting 
of terms of a hydrogen-like atom (26.20) and also the very similar 
semi-empirical Lande formula (26.22), which he established for 
doublet splitting of the terms of atoms and ions with one outer 
electron. The doublet splittings of the lower P-terms of alkaline 
elements (they illustrate the dependence of the magnitude of 
splitting on the atomic number of the element, Z) were given 
in Table 17 (p. 220). 

In similar manner, the doublet splitting of other terms of 
alkaline elements increases with Z. That is why the doublet 
splitting of D- and F-terms is resolved only in heavy elements. 

Transitions between different levels in Fig. 49 are indicated 
by oblique lines. The number at each line denotes the wave¬ 
length of the corresponding spectral line (in A), This figure 
contains: two members of the principal series of caesium 
( £ P“*S) — the doublet 8943.46/8521.12 {the first member) and 
the doublet 4593.16/4555,26 {the second member of the series); 
the first member of the sharp series ( 2 S— 2 P) — the doublet 
14694.8 13588.1; the two first members of the diffuse series 
( 2 D — E P) — the triplet 36127,34892 30100 (the first member) and 
the triplet 9208.40/9172.23/8761.35 (the second member of the 
series); the first member of the fundamental series { a F-~ J D) —the 
line 10124.1/10025.4, which is an apparent doublet. The apparent 
doublet nature of the lines of the fundamental series is due to 
the smallness of doublet splitting of the 2 F-terms. In reality* 
however, the lines of this series (like the lines of the diffuse 
series) are triplet, which follows from the selection rule AJ = 0, 
± 1, since this rule (in each case) permits three combinations, 
namely: — *D,/ t — 2 P 3i ,*, and —*P i2 in the case 

of the diffuse series (the *D 5/2 — 2 combination is forbidden) 
and combinations 2 F i/a — *F i/a — 2 D tlI , l F :/l — l D*/ t in the 

case of the fundamental series (the *F ? /t — combination is 
forbidden). ; , _ , 


9* 
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: Components of multiplet lines have different intensities de¬ 
termined by the statistical weights of the combining'terms. The’ 
statistical weight of # an atomic term is expressed by the formula 

g = 2J + l, (29.1) 

which is equal to the number of values taken on by the mag¬ 
netic quantum number M (see p. 208). In respect of this quantum 
number, each state is (2J + l)-fold degenerate, since in the 
absence of an external magnetic field all 2J 4" ^ components of 
a term characterised by the quantum number J have the same 
energy (the energy difference between these components arises 
only in a magnetic field and is manifested in the magnetic 
splitting of the term, see Ch. 6). M-degeneracy of terms results 
in the fact that among the N atoms in the state J P, for example, 

we have N atoms in the *P 1/t state and ^4 N atoIlls in 

the *P,/, state. In cases when doublet terms combine with simple 
terms (principal and sharp series), the ratio of the intensities of the 
components of the doublet line should equal the ratio of statistical 
weights of the components of the doublet term (i. e., in the case of the 
term 2 P the quantity (2 X 3/2-)- 1):(2 X 1/2+ 1) = 2:1. In the 
principal and sharp series in the spectra of alkaline elements, 
the intensities of components of doublet lines are indeed in the 
ratio 2:1. Calculation of the ratio of intensities of the compo¬ 
nents of triplet lines in the diffuse series and the fundamental 
series also leads to agreement with experiment (components of 
triplets in the diffuse series in the order that they are given on p. 242 
have intensities in the ratio 5:1:9; component intensities of trip¬ 
lets in the fundamental series in the order shown on p. 242 

are related as 14:1:20). . .... , , .... .. 

The lines of the principal series of alkaline elements (like all 
lines that arise through participation of the ground term of any 
atom) are called resonance lines. When these lines are absorbed, 
the normal atom passes into one of the excited states, thus be¬ 
coming capable, upon the reverse transition to the ground slate, 
of emitting light of the same wavelengths (resonating). The reverse 
emission of light is known as fluorescence. 

Helium spectrum. Fig. 50 is a diagram of the energy levels of 
the helium atom. Due to the strictness of prohibition of intercom¬ 
binations for light elements (see p. 238) we have here two systems 
of terms that do not combine: a system of singlets (the terms of 
parahelium) and a system of triplets (the terms of orthohehum). 
The triplet terms of helium are exceedingly narrow. The differ¬ 
ence between the terms ls2p J P s —ls2p ! Pj is only 0.077 cm , 
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the differeVice between ls2p’P, — ls2p’P 0 is 0.991cm -1 . The 
components of the term ls3d’D have as yet not been separated. 

The normal term of the helium atom is Since the 

next, in height, term is the triplet term !s2s’S,, which does not 
combine with the normal term, the helium atom, in the state 
ls2s s S,, is in a metastable state. The impossibility of radiative 
transition 3 S—► ’S makes radiationless transitions of a metastable 
helium atom to the ground state the only possible ondS. This 
transition may be accomplished in two ways. Namely, by colli¬ 
sion with another particle (an electron, for instance) of sufficient 


He I 



Para.fteli.um 


Orthoheiium 


Fig . 50. Radiation terms and the atomic spectrum 

A* 


energy, the He atom may pass into one of the higher singlet 
states (collision of the first kind), for example, into the l P state, 
from which a radiative'transition to the ground state is allowed. 
The second way is connected with a collision of the second kind , 
i.e., a collision of a metastable He atom with another particle, 
as a result of which the excitation energy is imparted to the 
latter directly. 

The possibility, postulated above, of a radiationless intercom¬ 
bination transition 8 S^ J P due to an electron impact follows 
from the existence of electron exchange , which consists in a free 
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Pi 


(bombarding) electron changing places with one of the electrons 
of the He atom. This exchange is shown diagrammatically (elec¬ 
trons are designated by arrows) as follows: 


e + He(’S) 

t U 

1 23 


He('P) + e. 

II 1 

1 2 3 


As a result, the prohibition of intercombinations is removed and 
the electron can go to the level *P. Electron exchange also makes 
possible a simple interpretation of the possibility of exciting a 
metastable level upon collision of a fast electron with a normal 
helium atom. * 

Convincing experimental proof of the existence of electron 
exchange of this type is given by investigating the so-called excita¬ 
tion functions of the energy levels of atoms. Here, by excitation 
function we understand the dependence '(usually represented 
graphically) of the probability of excitation of a given atomic 
level upon the energy of the bombarding electrons. In this case, 
the intensity of the appropriate spectral line is usually taken as 
the measure of probability of excitation. Studies of various spec¬ 
tral lines lead to the following two principal types of excitation 
functions. One type, which is observed in the excitation of terms 
having the same multiplicity as the principal term of the atom, 
is characterised by a relatively slow build-up of excitation prob¬ 
ability (beginning with a certain threshold corresponding to the 
energy of excitation of the given term K milt ), which attains a 
maximum at electron energies that considerably (usually several¬ 
fold) exceed K min . The other type of excitation functions is ob¬ 
served in the excitation of terms of a different multiplicity than 
that of the principal term (intercombinations). In this latter case, 
the probability of excitatioq rapidly attains a maximum (when 
K—K min does not exceed 2-3 eV) and also rapidly falls off. The 
excitation junctions of the two foregoing types are given^in Fig. 51 
One of them corresponds to the mercury line X 2655 A (4’D, — 2 P,) 
and characterises the probability of excitation of the term 4 D 
tjiat is, the probability of a process in which the multiplicity of 
the atom does not change (the principal term of mercury is *S ). 
The other — the excitation function of the mercury line X 2653 A 
(4*0, — 2*P,) which is close to the first line — characterises the 

* Measurements show that the process of electron exchange in this case is 
accomplished with high probability. For example, the process He {ls2s b)-f- 
j_ e He" (ls2s'S)-j-e-(-0.78 eV for thermal electrons has a cross-section oi 
3 V which is two orders or magnitude in excess of the gas-kinetic 

■ cross-section equal to Jtr 2 = 3X 10 "“ cm 1 , where r is the radius of the helium 
stom. 
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probability of excitation of the term 4 S D 1( i.e., the probability 
of an intercombination transition. 

The different types of excitation functions shown in Fig. 51 
are to be explained as follows. The excitation probability of a 
term is determined by its statistical weight, the magnitude of the 
electric moment corresponding to a given transition, and the elec¬ 
tron velocity. Upon the latter are dependent the magnitude and 
duration of the perturbation that stimulate electron transition in 
the atom. In the case of intercombination transitions we have 



electron exchange of the type described on p. 245. The rapid decrease 
in excitation probability with increasing velocity (energy) of Ibe 
exciting electron, which is observed in the case of intercombina¬ 
tion transitions, is accounted for by a decrease in the time of 
interaction between electron and atom, as a result of which the 
exchange of electrons becomes more and more difficult. 

As shown in Fig. 50, the excitation energy of the metastable 
level of the atom He (’SJ is equal to 19.77 eV. From this figure, 
it follows further that the next, in height, level of excitation of 
helium, level ls2s I S 0 with excitation energy 20.55 eV, is aiso 
metastable inasmuch as transition from this level to both lower- 
lying levels (ls2s*S, and Isis'S,) is forbidden: transition to the 
tirst of these levels is an intercom bination, while transition to 
the second level (the ground level of He) is forbidden by selection 
rules AL = ±1 and J = 0-/-»J=0. 

Mercury spectrum. Fig. 52 is a diagram of the terms of the 
mercury atom. In contrast to helium, we have here a group of 
intercombinations. One of the intense lines of the mercury spec- 
Irum — the resonance line k 2537 A — is the intercombination 
line ’P, — ’S 0 . With the exception of prohibition of intercombi- 
nations, all the other selection rules are fulfilled here, as in the 
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case of the He atom {Fig. 50). Let us examine one of the selec¬ 
tion rules, namely, the rule that excludes combinations of terms 
with J=0. Absence'of the lines *S 0 — ! S n anti 'P, —'S, in the 
mercury spectrum (these lines are actually observed but their 
intensity is very low) indicates that this rule is strict; whence it 
follows that the state 6s6p ! P„ of the mercury atom is metastable. 

The energy-level diagrams of He and Hg in Figs. 50 and 52 
indicate only those terms that are obtained in the excitation of 


Hg I 

Jntercom - 

Singlets s bina.tions , Triplets 



Fig. 52. Radiation terms^and the atomic spectrum of mercury 


one of the electrons. The state of the second electron is held con¬ 
stant (Is in the helium atom and 6s in the mercury atom). Atomic 
terms arising in the excitation of only one electron are called 
normal in contrast to shifted terms that arise in the excitation 
of two and more electrons. This difference is manifested not only 
in the positions of the terms, but in the fact that combinations of 
displaced terms obey different selection rules. For example, in 
transitions when there is h simultaneous change in the state 
of two electrons, the change in the corresponding azimuthal quan¬ 
tum numbers /, and l t turns out to be different from the change 
in the total azimuthal quantum number L, and the selection 
rule for the azimuthal number no longer refers to number L but 
to the numbers L and According to Heisenberg, this selection 
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rule is 

A/, = ±l, A/ i= =0, ±2. 

Experimentally, displaced terms were detected in helium and 
also in atoms and ions with two or more outer electrons. The 
number of shifted terms is particularly great in atoms with com¬ 
plex electronic structure. 

Applications of atomic spectroscopy. We conclude this chapter 
with a brief description of the exceedingly rich and diverse 
applications of the spectroscopy of atoms. Studies of atomic spectra 
played an exceptionally important role in learning about the 
structure of atoms and their properties. The regularities observed 
in atomic spectra made it possible to learn about the finest details 
in the electronic structure of atoms, to find a place for every 
electron in the atom, a place for every element in the Periodic 
Table. Studies of the fine structure of atomic spectra arid their, 
behaviour in external fields of force permitted establishing laws 
of such general phenomena as that of space quantisation. The 
establishment of these laws led to a quantitative interpretation 
of the magnetic properties of atoms and ions. To a large extent, 
the modern development of atomic physics is due to the successes 
of spectroscopy. 

Intimately bound up with atomic spectroscopy is the develop¬ 
ment of one of the most important chapters of theoretical astron¬ 
omy, astrophysics. Spectroscopy tells us about the composition 
of celestial bodies, the velocities of stars and of whole stellar 
systems. 

No less broad and diverse are the purely practical applications 
of atomic spectroscopy. They are mainly concentrated around 
spectral analysis , which is widely employed almost in every 
branch of science and technology. 

The spectroscopic method is a powerful method of analysis 
of ores and minerals and is finding more and more applications. 
Spectral instilments have become a necessary tool in geological 
prospecting, making it possible, under field conditions, to deter¬ 
mine almost at once the content of a useful element in a given 
rock. Natural gases and mineral waters are subjected to spectral 
analysis. Spectroscopic methods are finding ever wider applications 
in soil analysis and in resolving problems of agricultural chemistry. 

Spectral analysis (including X-ray studies) is playing an ex¬ 
ceptional part in metallurgy. The need for precise and rapid 
analyses of specimens in the very process of manufacturing high- 
quality alloys makes the spectroscopic method one of the basic 
analytical methods of the factory laboratory. To take an example, 
spectroscopy has made possible the so-called “express” analysis, 
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which frequently permits practical metallurgical problems to be 
solved within minutes where ordinary chemical methods of anal¬ 
ysis would require Hours. This explains why the spectroscopic 
method of analysis is more and more supplanting conventional 
chemical testing at modern metallurgical and machine-building 
plants. The spectroscopic method ensures rapid and simple sorting 
of alloys and articles, and control of goods. 

Particularly outstanding are the advantages of the spectral 
method when determining minute quantities of impurities because 
this is often beyond the scope of chemistry. Even hundredths of 
a per cent of an impurity can often appreciably alter the prop¬ 
erties of an alloy. The sensitivity of the spectral method may 
be gauged from the fact that in “pure” platinum with impurities 
less than 0.001% this method permits detecting Ca, Sr, Pb, and 
Cu. Spectra show 10" 11 gm of Sr, 1CT 10 gm of Cd, Mn, and Tl, and 
10 -8 gm of Li and Te. Precision of analysis is usually better than 
several per cent of the concentration under study, which is quite 
sufficient for most problems. 

Very great also is the role of spectral analysis in biochemistry 
and medicine where one often has to do with minute quantities 
of substances not amenable to ordinary chemical analysis. The 
great importance of these substances in the activities of a given 
organ, the necessity of localisation and finding the mechanism of 
action of various substances introduced into the body make the 
spectral method an effective method of investigation that plays a 
big role in therapy and diagnostics and in forensic medicine. 
Only in recent years has the spectral method begun to give way 
to a still more sensitive and convenient method based on the use 
of substances labelled with radioactive isotopes. 

Spectral analysis is a convincing illustration of the close, or¬ 
ganic, connection between theory and practice. Without the solu¬ 
tion of intricate problems of atomic spectroscopy, such as that 
of the probabilities of quantum transitions in atoms that determine 
the intensities of the spectral lines, quantitative spectral analysis, 
to which technology is making more and more stringent demands, 
would be impossible. 

The spectral method proceeds from a theory of profound sig¬ 
nificance, yet at the same time is a strictly practical method. 


CHAPTER 6 

THE ATOM IN A FORCE FIELD 


30. Zeeman Effect 

Normal Zeeman effect. As has already been pointed out above 
in a magnetic field each level characterised by the quantum num- 
ber J is split into 2J -f-1 sublevels. The number of these sublev¬ 
els is equal to the number of possible values taken'on by the 
magnetic quantum number M, which determines the magnitude of 
the projection of total angular momentum of the atom on the di¬ 
rection of the magnetic field. The observed splitting of the spectral 
hues in a magnetic field, known as the Zeeman effect (1896), is 
the result of this splitting of terms. The nature of magnetic split’ 
ting of the various lines is exceedingly diverse, but the number 
oi components and the magnitude of splitting of each line satisfy 
simple regularities. Lines associated with a combinalion of the 
same terms (for instance, lines belonging to a single series) have 
the same type of splitting (the same number of components) 
Part oi the splitting components, when observed at right angles 
to the direction of the magnetic field is always polarised parallel 
i * (^-component), while the other components are 

polarised perpendicular to the field (a-component). 

. W simplest case, the Zeeman effect reduces to a symmet¬ 
rical spli tting of the spectral' line v 0 into three components with 
jrequencies v +1 , v 0 , and v_ 1T and the magnitude of splitting 
Av 0 = v +l — — v 0 — v., is equal to 



where pa is the Bohr magneton and H is the magnetic field inten¬ 
sity, this type of splitting is called the nor mat' Zeeman effect ** 
It is observed, for instance, in the system of singlets of He and 
the group ol alkaline earth elements and also in the spectra of 


* ?J. ectric y e ^ or in a U S ht ra y oscillates parallel to the field. 
Sommerfeld i e n r i y 91 ° 6 . n ° rmaI Zeeman e£feCt W3S develo P ed b V Deb y e and 
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Zn Cd, and Hg. Fig. 53 is a photograph of a normal triplet for 
one of the single lines of cadmium, 6438.47 A ('Pj — ‘D 2 transition). 
Let us'find out its origin. 

In a magnetic field, the energy of an atom va¬ 
ries by the magnitude 

AE = Mp B H. (30.2) 

Consequently, the total energy of the atom in the 
upper ('P,) and lower (’D 2 ) states in a magnetic 

field is equal to E' = E 0 -j-M'p B H and E = E 0 -|- 
-j-Mp B H, respectively, whence it follows that 



h n 1 


El-E, 


M'B 


H 


Fig. 53. Normal 
Zeeman triplet 
of single line of 
cadmium 6438.47 
A ( J P — ] D tran¬ 
sition). Top, 
jT-component; 
bottom, two 
C-components 


u r H 

= v 0 + AM^-- 

Since according to the selection rule for the mag¬ 
netic quantum number (p. 237) AM = +1 or 0, 
we get the following values from the foregoing equa¬ 
tion for the frequencies of a normal triplet: 

v +1 = v 0 + Av c , v 0 , v., = v # — Av 0 . 

The components v +1 and v_, of a normal triplet are polarised 
perpendicular to the field (o), the components v 0 , parallel to the 
field (n). It is easy to figure out this type of polarisation on the 
basis of the rules of polarisation established in 
Sec. 28: evaluating the components Z and X+iY 
of the quasi-moment q nn ' we saw that compo¬ 
nent Z, which corresponds to oscillations of the 
electric vector parallel to the field (it-component 
of radiation), disappears for all AM>0, while 
the complex component X^iY, perpendicular 
to the field (the a-component of radiation), is 
different from zero only when AM=+1. 

Anomalous Zeeman effect. However, magnetic 
splitting of the majority of spectral lines, for 
instance the lines of the triplet system of cad¬ 
mium and the lines of the alkaline elements, is 
much more complicated. We can judge of the 
nature of line splitting in the spectrum of al¬ 
kaline elements from Fig. 54, which shows the 
D-lines of sodium, U 5895.93/5889.96 A( 2 P— l S 
transition). Above are the D-lines in the 
absence of a magnetic field, below, the same 



Fig. 54. Zeeman 
splitting of D-lines 
of sodium XX 
5895.93 ,'5889.96 A 
(*P^ £ S doublet). 
Top, without field; 
bottom, with mag¬ 
netic field 
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lines in a magnetic field. It will be seen that one of the compo¬ 
nents of the D-doublet (the 2 Pi /a — z Si /a line) in a magnetic field, 
is split into 4 components, the second (the *P% — *Si/ 2 line), into 6. 
In Fig. 55, the splitting of the doublet S P— £ S and the triplet 
2 D — 2 P is compared with a normal Zeeman triplet. The dashes 
above the line refer to jt-components, under the line, to a-compo- 
nents. The numbers to the right indicate the observed distance of 
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Fig. 55. Magnetic splitting of lines in the normal 
(upper) and anomalous Zeeman effect 


each component of splitting from the initial line (v„) in units of 
normal splitting Av 0 = p B H/h (the numbers in brackets refer to 
n-components, the others, to cr-components). 

The Zeeman effect that exhibits a complex splitting of spectral 
lines is called anomalous. The observed complexity oi the splitting 
is due to the fact that the change in energy of the atom in a 
magnetic field in this case is expressed not by equation (30.2), 
but by the more involved formula 


AE=gMp B H 

where g is the Lande splitting factor equal to 

„ , i J(J + I) + S(S+i)-L(L + l) 

s 2J(J + 1) 


(30.3) 

(30.4) 


It will readily be seen that in the case of single terms the Lande 
factor takes on the value 1 and (30.3 passes into (30.2). Indeed, 
for a single term S = 0, as a result of which the numbers J and L 

















































254 


ATOM IN FORCE FIELD 


[Ch 6 


coincide and g (30.4) is unity. Thus, (30.2) may be regarded as a 
special case of the more general equation (30.3). 

The fact that the / Lande factor is not equal to unity in the 
case of multiplet terms (which is what produces the complex pat¬ 
tern of splitting of these terms in a magnetic field), is, in the 
final analysis, due to the “anomalous" value of the relation of 
the magnetic moment of the electron to its angular momentum 
(see p. 189). Let us illustrate this using the simplest case of the 
doublet S-term. Here, we have L = 0 and S = '/ ? and, hence, 
J =S, M = Ms, and also p = ps and p = p s . We write the gener¬ 
al expression for the energy of an atom in a magnetic field 
E=E 0 -j-p'H (p' is the projection of the magnetic moment of 
the atom on the direction of the field), and on the basis of the 
relations pl/p s ==e/m and p' = hM s we get pi = h (e/m) M s = 
= 2 M s pb, or, in other words, AE = E — E 0 = 2 MpbH. In the 
case of the term ( 2 S) under consideration, the Lande factor thus 
has the value 2. It will readily be seen that the same value of g 
is obtained also from (30.4). To summarise, then, we have calculated 
two values of the Lande factor referring to two extreme cases, 
S = 0 and L = 0, and equal to 1 and 2. In all .intermediate cases 
the values of g are computed from equation (30..4) and lie within 
the limits l</g<//2. 

The Lande formula (30.4) may be obtained from the vector 
model of the atom. The projections of the magnetic moment and 
angular momentum of the atom on the direction of the magnetic 
field may be represented in the form 

p' = p L cos(L, H)+ ps cos (S, H) (30.5) 

and 

p' = p L cos(L, H) + PsCOs(S, H) (30.6) 

» 

where pl, ps, Pl and ps are the orbital angular momentum and 
spin angular momentum and orbital and spin magnetic moments. 
Substituting into (30.6) 

p' = hM, Pl =^“Pl and 
m 

Ps = —Ps, 

we get 

Pl cos (L, H)-t-^-fXsCOS (S, H)J, 

which, together with (30.5), yields 

p'^Mps + yPsCOS(S, H)(p B = |-^) • 



(30.7) 
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Due to the rapid precession of the vector S (like L) around vec¬ 
tor J, which in turn precesses about the direction of the magnetic 
field, the mean values of the components of these vectors on the 
direction normal to the axis of precession become zero, from which 
it follows that 

p s cos(S, H) = psCos(S, J)cos(J, H) 


M e 

or, inasmuch as cos(J, H)=h — and ps = — Ps, 

-^-ps cos (S, H)=Mp B -y cos(S, J). 

Further, from a triangle constructed on the vectors S, L, and J, 
we find 


whence 


and 


Pl = P 2 + Ps — 2pp s cos(S, J), 
P 2 + P 2 s - p 2 l 


cos(S, J) = 


-^-ps cos(S, H) = Mp B 


2 PPs 

P 2 + Ps-P 2 l 

2p 2 


Substituting the last expression into (30.7) and utilising the quan¬ 
tum-mechanical expressions of moments 

p = h/j(J + l), p L = h/L(L+l) and 
p s = h/S(S+l), 

and also the equation 

p' = gMp B 

that follows from (30.3), we get the Lande formula (30.4). 

The Lande formula makes it possible 
to determine g and, hence, the change 
in energy in a magnetic field in the 
case of most terms of many atoms. The 
computed values of the splitting factor 
for various terms of the alkaline metals 
are given in Table 20. 

On the basis of the numbers of this 
table, we obtain, for the separations 
between various components of magne¬ 
tic splitting of terms and the initial 
term expressed in units of normal split- 


Table 20 

Lande splitting factor values 
For doublet terms 


Term J 

L 

J = ]/2 3/2 5/2 7/2 

2 

s 

0 

2 

2 

P 

1 

2/3 4/3 

2 

D 

2 

4/5 6/5 

2 

F 

3 

6/7 8/7 
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ting Av 0 =fieH/h, i.e., for the quantity 
, AE/^b h 

' x/—=g M - 


the values given in Table 21. These data permit us to compute 
the splitting of different lines in a magnetic field. 


Table 21 

Magnitudes of magnetic splitting of doublet terms 


Term 

M 

g 

Mg 

*5./, 

i/2, - i/2 

2 

i. -1 


1/2, - 1/2 

2/3 

1/3, - 1/3 

*P'I* 

3/2, i/2, - 1/2, -3/2 

4/3 

6/3, 2/3, -2/3, -6/3 


3/2, 1/2. — 1/2, —3/2 

4/5 

6/5, 2/5, -2/5, -6/5 

! D«; a 

5/2, 3/2, 1/2 — 1/2, — 3/2, — 5/2 

6/5 

15/5, 9/5, 3/5, — 3/5, — 9/5, — 15/5 


From this table, on the basis of equation 
V = V 0 + (M'g' — Mg) Av 0 

derived from (30.3), we find, for the components of splitting of 
the line 

v ( i) == 2 P 1 / 2 _ ! S i / 2) the values v = v<» + 7 s Av ^±*1^0 

and for the line vW = *P* u — a S., a , the values v = v< 0 2 > ^ 7s Av o> 
v^ 2) = + = Av 0 , v^* 1 + ’/,Av 0 . Comparing these data with the experi¬ 
mentally obtained pattern .of magnetic splitting of the D-lines 
(Fig. 54), we readily see the complete agreement of theoretical 
and experimental data as regards both the number of splitting 
components and the magnitude of splitting. The polarisation of 
splitting components as indicated by the selection rules is also 
in complete agreement with experiment. The splitting of the 
D-doublet and of appropriate terms in a magnetic field is given 
in Fig. 56, which also indicates the polarisation of the separate 
components (it- and a-components). 

Paschen-Back effect. The anomalous Zeeman effect has the fol¬ 
lowing peculiarity. With increasing magnetic field intensity, line 
splitting increases in proportion to the field until the separate 
splitting components of two adjacent tines of a given spectral 
multiplet begin to overlap. At this point, which corresponds to 
transition from a weak field to a strong field, the picture changes. 
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Some components merge, the intensity of others decreases with further 
increase in field intensity; as a result, given a sufficiently strong 
field, in place of the multiplet with its complex splitting there 
remain three lines with normal splitting Av 0 = v + 1 — v 0 = v o — 
— v_, = p. B H/h, i.e,, the normal Zeeman triplet. This phenome¬ 
non is known as the Paschen-Back effect (1912). The conversion 
of a complex multiplet (corresponding to this effect) for the case 


V 


M Mg 
,—1-! + fe + r /3 

IfTf*-* 



6 7z no 

E 3TTT 

V-+. 

4 


M Mg 



Fig. 56 . Splitting of terms 2 P 5/2 , 2 P l/a and 2 S ]/a and of 
components of sodium D-doublet in a magnetic field 


of the D-lines of sodium ( 2 P — 2 S) is shown diagrammaticallv 
in Fig. 57. 

In accord with what has been said, a weak field is that which 
causes splitting of terms that is less than natural splitting, i. e., 
less than the separation between components of the given multiplet. 
Conversely, magnetic splitting in a strong field is greater than 
natural splitting Whence it follows that the concepts ol weak 
and strong fields are relative and are determined by the magnitude 
of natural splitting of the terms. 

If for the measure of splitting of a term in an external magnetic 
field we take the magnitude of splitting in the normal Zeeman 
effect and substitute, into (30.2), the value of the Bohr magneton 
(Pb =9.23 X 10 _ai CGSM) and the Planck constant (h = 
= 6.62X 1 0~ 57 erg sec),, we obtain Av 0 = O.47 X lO^H cm" 1 , 
whence it is seen that a field of intensity 10,000 oersteds splits 
a term into 2Av n 1 cm" 1 . Comparing this value with the natural 
splitting of the first member of the principal series of sodium 
and lithium (doublet P-term), 17.18 and 0.34 cm”*, we see that 
a 10,000-oersted field is strong with respect to the lithium term 
under consideration, whereas with respect to the corresponding 
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sodium term it is still weak. In accordance with this conclusion, 
experiment shows that the doublet of lithium X 6707.85 A, 
AX 0.13 A, unlike the D-lines of sodium, exhibits a complete 
picture of the Paschen-Back effect in a field of the order of 10 4 
oersteds. 


(Q) 


Av 


normal 




normal 


1 

/> ; A 

■JKh 

( v / \ \ 


V 1 


/ ^ 


r i i 

mm ]■* 01/11 


■Av. 


normal 


A V normal ^\ 


H 



Fig. 57. Splitting of sodium D-doub!et in a weak and a strong magnetic 

field 


More precise definitions* of a weak field and a strong field 
provide the key to an understanding of this phenomenon. Indeed, 
from the fact that a change in the pattern of splitting that leads 
to a normal triplet sets in when magnetic splitting becomes com¬ 
parable to natural splitting, it follows that the effect of a strong 
field is greater than the effect of the intra-atomic field that gives 
rise to mutual quantisation of the vectors L and S and the associat¬ 
ed natural splitting of the term (see Sec. 26). 

From this we must conclude that the behaviour of an atom in 
a strong magnetic field must be determined by the behaviour of 
each of the vectors L and S separately ; the interaction of the 
vectors as such should be regarded as a slight perturbation which 
may be ignored in sufficiently strong external fields. In this case, 
due to independent quantisation (in the external magnetic field) 
of the vectors L and S, we must assign to them independent mag- 
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netic quantum numbers M L "and M s . This is illustrated in Fig. 58, 
which gives the positions of the vectors L and S, corresponding 
to the term 2 P, in a weak (left) and strong (right) magnetic field 
(simplified vector model). 

Using the quantum numbers M L and M s , the change in energy 
of an atom in a strong magnetic field may be represented by the 
equation 

AE = (M l +2Ms)jjl b H, 

(30.8) 

whence, on the basis of se¬ 
lection rules established for 
the case of strong magnetic 
fields, 

AM l =0, +1 and AMs = 0, 

(30.9) 

we get a normal Zeeman 
triplet with components 

' , + .= :V o + Av 0. V 0. 

v_i = v 0 —Av 0 . 

The centre of this triplet v 0 
lies between the components 
of the initial (natural) doub¬ 
let v 1( v 2 at distances of v 2 — 

— •v 0 = 7 a (V 2 — V,) and v 0 — 

— v , = 7»( v 2 — v ,)> respec- 
tively. 

Fig. 59 gives a full picture of change in the nature of splitting 
of doublet terms 2 S and 2 P when passing from a weak to a strong 
field. On the left of this figure are two levels: 2 S and 2 P; the 
energy of interaction of the vectors' L and S is disregarded (the 
2 P level is simple). The difference of these levels is equal to a 
certain quantity W 0 . In reality, however, the 2 P level is split 
(due to interaction of the vectors L and S) into two sublevels 
2 Pi/ 2 and 2 P 3j 2 with energy W 0 -[-AE + and W 0 -j-AE_; note that 

j"KS ± ~|’ = 1:2* The arrows v i an d v g in Fig. 59 denote the transi¬ 
tions 2 Pi/ 2 — 2 Si/ 2 and 2 Pa/ 2 — 2 S 1/2 (natural doublet). In a weak 
magnetic field, the 2 Pi/ a) a/ 2 levels are split into six levels and the 
2 Si/ 2 level into two. The allowed combinations between these levels 
yield 10 components of the anomalous Zeeman effect as shown by the 
10 arrows in Fig. 59. The six 2 P levels in a strong magnetic field pass 
into six new levels, two of which coincide. It is precisely the energy 


Weak field 

S L 


Strong field 
s i 


.A. _ 

m * 

—%i - i-J.— -, 


I s 


l s 


s I 


S l 


X _iif. 


- M 


- H 


Fig 5d Space quantisation of the vectors 
L and S in a weak and a strong mag¬ 
netic field 
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W 0 = hv 0 that corresponds to the coinciding levels. The remaining^ 
four levels are situated above or below the W 0 level by the amount p B H 
and 2 [x b H respectively. Two components of the *S level possess energy 
p B H and— p B H. The allowed combinations AMl = 0, + 1 and 
AMs = 0 of the five upper with the two lower levels yield six 



Fig . 59 . The terms 2 P 3 / 2 . Z P,, 2 and 2 S 1/2 in a weak and a strong 

magnetic field 

» 

lines coinciding in pairs (Fig. 59). These are the normal triplet 
with components 

= V 0 -j- Av 0 (cr); v 0 = v 0 (jt) and v_, = v 0 — Av 0 (c). 

The centre of this triplet v 0 lies between the components of the 
natural doublet (v l# v 2 ) at distances of 

V, ——V,) and v 0 — v, = ~ (v 2 — v.) 

(also see Fig. 56). 

The foregoing interpretation of the Paschen-Back effect also 
explains why prohibition of intercombinations is not strict. As has 
already been pointed out (p. 240), there is a definite relationship 
between the intensity of intercombination lines and the mag¬ 
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nitude of multiplet splitting of corresponding terms. As 
further confirmation of this thesis we give Table 22, in which the 
probabilities of transitions ’P, — *S 0 (A=l/t) are correlated with 
the magnitudes of natural splitting of lower 3 P-terms of the ele¬ 
ment analogue Zn, Cd, and Hg. The above-mentioned parallelism 
between A and multiplet splitting is evident from this table. It is 
readily accounted for on the basis of the data given in this section*. 
As we know, the magnitude of multiplet splitting is determined 
by the energy of interaction of the vectors L and S. The stronger 
this interaction, the greater the splitting of the term. Further, it 
may be asserted that the stronger the interaction (L, S), the weaker, 
relatively, should be the interaction of individual Si(S=:2 s i)- 
Here we have a close analogy with the Paschen-Back effect, where 
strong interaction of the vectors L and S with an external mag¬ 
netic field disrupts the mutual coupling of these vectors. For this 
reason, we should expect that with enhanced (L, S) interaction, 
the individual vectors s s will become more mobile and, hence, the 
vector S, more readily “changeable”. Since a strong (L, S) inter¬ 
action corresponds to a greater magnitude o\ multiplet splitting of 
the term and since, further, the intercombination transition is 
associated precisely with a change in the S vector, it may be 
concluded that the probability of intercombination transitions 
should increase with the magnitude of splitting of terms, an il¬ 
lustration of which is Table 22. 


Table 22 

Multiplet splitting and transition probabilities in Zn, Cd, and Hg 


E Semen l 

Zn 

Cd 

Hg 

‘P.-’P,, cm ' 1 

389 

1172 

4261 

— B P 0 » cm -1 

190 

542 

1767 

A, sec’ 1 

i x io r ' 

5 X 10 5 

1.5X 10’ 


31. Stark Effect 

Stark effect in hydrogen. Another important force field, in addi¬ 
tion to the magnetic field, is the electric field. The action of an 
electric field on an atom consists in polarisation of the atom. In 
addition, in an electric field of axial symmetry the magnetic mo¬ 
ment of the atom is space-quantised. As a result, the initial 
energy levels of the atom change, and this is manifested in changes 
in its spectrum, The action of an electric field on the spectrum 
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of hydrogen was discovered by Stark (1913) who observed the „ 
splitting of Balmer lines. This phenomenon is exhibited by the 
spectra of all elements and became known as the Stark effect . 

Detailed investigations of electric splitting of the Balmer lines 
demonstrated that each line in an electric field is split into a 
certain number of components, that this number increases with 
the serial number of the line n (principal quantum number of a 
variable term); observation perpendicular to the direction of the 
electric field shows that the components are polarised in part par¬ 
allel to the field (n-components) and in part, perpendicular to 
the field (a-components). The components of Stark-splitting group 
symmetrically about the initial line (this symmetry is absent in 
the case of other elements) at distances that are multiples of a 
certain minimum distance (Av 0 ). The magnitude of splitting in¬ 
creases in proportion to the field intensity (only hydrogen lines 
obey this law). 

A rigorous solution of the problem of an atom in an electric 
field is possible only in the case of a hydrogen atom (or ion with 
one electron). Here, the action of the electric field is accounted 
for by the introduction, into the Schrodinger equation (23.13), of 
an “external” energy ez where (5 is the electric-field intensity 
with a direction parallel to the z axis, and ez is the dipole moment 
induced in the atom. This is in addition to the “internal” potential 
e 2 Z 

energy of the atom —. In this case, the Schrodinger equation 
will have the form 

Ai|> + ? £(E + ^-ezffi)i|> = 0. (31.1) 

Introduction of parabolic coordinates g, q, qq connected with the 
coordinates x, y, z by the relations 

x = £qsinq>, y = £qcosq), z = y(£ 2 — q 2 ), 

leads to separation of the variables in equation (31.1) and, hence, 
to the possibility of solving it by a method - similar to that of 
solving an unperturbed problem. As a result, for the atomic energy 
in this case we get a rapidly converging power series of the form 

E = E° + E ?<£+ E2@ 2 + ... (31.2) 

A similar result was obtained by Schwarzschild and Epstein as 
early as 1916 on the basis of the Bohr theory. An evaluation of 
the coefficients of this series E°, Ej, Eg, ... shows that all its 
terms, beginning with the third, may be discarded without affect¬ 
ing the accuracy of the solution. Then the expression for the 
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energy of a hydrogen atom (or an ion with one electron) in an 
electric field takes on the following form: 


e=e°+e;(£ 


hRZ 2 

n 2 


3h 2 

8Jt 2 meZ 


(n, —n.) n<£. 


(31.3) 


As will be seen from this equation the solution of the problem, 
to a zero approximation (@ = 0), is identical with the solution of 
the unperturbed problem. The first sufficiently precise approxima¬ 
tion yields the Stark effect of the first order relative to the elec¬ 
tric-field intensity (linear Stark effect). The coefficient 


e;= 


3h 2 


"8Jt 2 meZ 


( n i — n a ) n, 


which characterises the action of the electric field, is determined 
by three quantum numbers: the principal quantum number n and 
the numbers n, and n 2 with which it is connected by the relation 

n — 1 -j-n, + n,-f“^ 

where only X may be identified with one of the earlier introduced 
quantum numbers, namely, with the absolute value of the orbital 
magnetic number irq: fc=|irq|*; n, and n 2 , like X, are integral 
positive numbers and have the values 0, 1, v 2, ..., (q—1). 

The linear dependence of the magnitude of electric splitting of 
hydrogen terms, E — E°, upon the numbers n, and n 2 , and also 
the fact that both these numbers can assume the same values 
account for the symmetrical nature of the splitting. Indeed, noting 
that n t , n 2 ^0 and X^n —1, from expression (31.3) we get the 
following pattern of splitting of the first four terms of the H atom 

f Table 23, where C== 3 2 h ==r- - —r—) . 

\ 8ji 2 me h (n, — n 2 ) n/ 

From Table 23 it is seen that the number of splitting compo¬ 
nents rapidly increases with the principal quantum number: 
term n = l does not split at all, term n = 2 splits into 3 compo¬ 
nents, n = 3, into 6, n=4, into 10: In the latter two terms, 
certain components coincide, so that for the term n = 3 we ob¬ 
tain five components with different energy and for the term n = 4, 
seven. It is easy to see that in general the number of splitting 
components of a term characterised by the principal quantum 
number n, is equal to 2n — 1. 

By combining these 2n—1 components of a given term with 
2n'— 1 components of some other term we get (2n—1) (2n'—1) 
lines. Thus, the Balmer line H a (M>562.79 A, n = 2, n' = 3) will 


* Since the angle <p, in the polar and parabolic coordinate frames, denotes 
the equatorial angle. 
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Table 23 

Splitting of the tlrms of the hydrogen atom in an electric field 



~3 


split into 15 components, the line (^4861.33 A, n — 2, n'™4) 
into 21 components, etc. The lines that correspond to A?. = 0, in 
accordance with the rule of polarisation for m, (see p. 236) when 
observing in a direction perpendicular to the field, should be 

polarised parallel to the field 
(n-components), while the 
lines that correspond to Ah— 1, 
perpendicular to the field 
(a-components). 

Fig. 60a gives an example 
of all the 15 components of 
Stark splitting of the H* line 
computed from the following 
formula (which follows from 

(31.3)) 

v = + c [3 < n i — n *) “ 

— 2(n t —n,)]; 


'4 ~32 234 


- 4-3-2 234' 

JT 


~$-5 


-3 0 } 
0 
a) 


i ii i 


5 6 


-tot 
6 


Fig. 60. Splitting of H line in an electric 
held: a) calculated, b) observed 


above are the jt- comporients, 
below, the a-components. The 
numbers under each line in Fig, 60 represent the factor in square 
brackets in the preceding formula. Fig. 60b gives the experimentally 
observed splitting components of the H a line. A comparison of these 
two figures shows that the computed lines coincide with the 
experimentally found lines both as regards the magnitude of split¬ 
ting and the polarisation of the components. It may be added 
that good coincidence is also obtained for the intensities of the 
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components (we have in view relative intensities).* The absence, 
in Fig. 60b of certain lines found in theory is, apparently, due 
to their low intensity. The situation is similar in the*case of 
other Balmer lines of hydrogen and He + lines that have been 
studied. 

Stark effect in complex atoms. Unlike the hydrogen lines, line 
splitting of other elements in an electric field is unsymmetrical 
relative to their original position in the spectrum. An idea of 
the nature of Stark splitting of terms and spectral lines in this 
case may be had from Fig. 61, which shows the Stark effect of 
the D-doublet of sodium ' Mt5895.93/5889.96 A ( 2 Pw 3 ,8/ a — 2 Sw a ). In 
this figure, the dashed lines designate the original terms, the 
transitions ( 2 Pl/ 2 — 2 Si/ a and 2 Pn/ 2 — 2 Si/ 2 ) that correspond to them, 
and the original doublet (below). The solid lines denote the terms, 
transitions, and lines in an electric field. In accordance with the 
fact that the energy of the induced dipole (see below) is negative, 
the energy of the atom in all three states ( a P 8 / a , 2 P/ 2 , and 2 S./ 2 ) 
in .an electric field diminishes , and this decrease in energy is 
more appreciable for the upper terms, as a result of which the 
spectrum is shifted towards longer wavelengths. Fig. 62 gives 
the amount of shift (AX) of the lines of the potassium doublet 
2 P t a /a — 2 Si ! ? XX 4047.20/4044.14 A as a function of the electric 
field intensity.. It is seen that AX, for all three components, 
varies in proportion to the square of the field intensity ( quad¬ 
ratic Stark effect). * 

The quantum-mechanical theory of the quadratic Stark effect 
of complex atoms was given in 1927 by Unsold. For the magni¬ 
tude of term splitting, Unsold obtained the following equations** 

f (n 2 - L 2 ) (L 2 - M 2 ) [n 2 - (L + l) 2 ] [(L + l) 2 - M] ) 

at __ 9ef , 4L 2 -1 4(L + 1) 2 -1 } 

16h 4 c 2 R 2 l Tl-i-Tl Tl —Tl+i t 

(31.4) 

where Tl is the term under consideration (characterised by 
quantum numbers n and L), Tl-i and Tl + i are adjacent terms 
characterised by the same value of n. 

The diverse nature of Stark splitting of the spectral lines of hy¬ 
drogen and of the lines of many-electron atoms is vividly inter¬ 
preted by the Bohr-Sommerfeld model of the atom, according to 


* The theoretical distribution of intensity among components of line 
splitting has been disregarded in Fig. 60a. 

** This equation was derived for a weak electric field, with multiplet 
splitting of the term ignored. Earlier (1922), a similar equation was derived 
by Becker on the basis of the Bohr theory. At large n, the equations coin¬ 
cide. 
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which the motion of an electron in a many-electron atom may 
he regarded as motion in a rapidly precessing orbit (see Sec. 22). * 
The electric centre of gravity of such an orbit coincides with 
the nucleus, as a result of which the mean shift of the electron 
with respect to the nucleus (z) becomes zero. For this reason, 
the Stark effect of the first order should, in the case of such 
atoms, be absent (at least in relatively weak fields, see below). 
Designating the polarisation coefficient of an atom by a, we ob¬ 
tain, for the induced dipole moment that arises due to polarisa¬ 
tion of the atom in an electric field, the quantity a® and for the 
-energy of polarisation, the quantity 

E = — aj(£d<£ = — (31.5) 

0 

i.e., the quadratic effect, which is actually observed in the 
spectra of many-electron atoms. 

• The nature of the change of atomic terms in an electric field 
may be established on the basis of a vector model of the atom. 
In the case of a weak field, the action of the latter may.be re¬ 
garded as a slight perturbation that does not disrupt the coupling 
between the vectors L and S (that form the vector J). The direction 
of the electric field fixes in space the direction of the z-axis, on 
which the vector J is projected; projections of the latter (in units 
of h)assume the values M = -h J, 4-{J — l),.*- 

Since the polarising action of an electric field on an atom 
depends on the orientation of the latter with respect to the field 
direction (the orientation is determined by M), one should expect 
splitting of the term. However, unlike magnetic splitting, the 
number of components of electric splitting of a term is not equal 
to 2J --j- 1 (the number of different values of M) but to a magni¬ 
tude roughly half that, since the energy of an atom in an exter¬ 
nal electric field is determined by the square of the number M 
and, consequently, is the same in two states that differ only by 
the opposite direction of the projections of vector J (+M and — M), 
indeed, since the polarisability of an atom and, consequently, 
its energy in an electric field (31.4) does not depend on the di¬ 
rection of rotation of the electrons and is determined only by the 
general distribution of electricity in the atom with respect to the' 
field direction, this energy in states -[~M and —M should be one 
and the same. Denoting the absolute values of projections of the 
vector J by Q = [M| and the coefficients of polarisation that 
correspond to different orientations of an atom in an electric field 
by .we will obtain as piany different coefficients and, hence, 
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the same number of splitting components of the term 



a Q & 2 
“2h ’ 


as the number Q assumes values (for a given J), namely, J 1 - 
in the case of integral J and J -J- 7* in the case of half integral J. 
In this case, all components that correspond to £2^=0 are doubly 
degenerate. Therefore, when a magnetic field is superposed on an 
electric field, each such component splits into two (corresponding 
to -|-M and —M) and we get the number of components that 
correspond to the case of a magnetic field, i.e., 2J-J-1. 



Fig. 61 t Stark effect 
of sodium D-lines. 
Dashed portions in¬ 
dicate terms and 
lines in the absence 
- of a field 


Fig . 62. Electric splitting of po¬ 
tassium doublet 2 P,/ 2>a / a — 2 S l/2 


Let us now consider the earlier examined example (Figs. 61 
and 62) of terms 2 Si/ 2 , 2 P l/a and 2 P< 2 . To one degree or another 
(depending upon the appropriate coefficients of polarisation a) y 
all three terms are shifted towards lower energies. In addition, 
the latter one is split into two components (J-j- 1 / a = 2) in an 
electric field. We thus obtain two components 2 P(Q = */ , ’/ 2 ) 
and one compotent each of 2P Va and 2 S V3 (Q = 7 2 ). Combining 
three components 2 P with the 2 S-term, we get three lines: 


3 /a - -2>. /a (U = 7. — u = 7,), z Pa /2 - Z <> 1/2 (Q' = v 2 - 

and 2 P Va - 2 S V2 (Q' = 7 2 _Q = 7 2 ). 


lx) 


Passing to strong fields, when the magnitude of electric split¬ 
ting becomes greater than the natural splitting of the given 
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multiplet term, the interaction of vectors L and S may be regard¬ 
ed as a slight perturbation superposed on the action of the* 
external field. In# this case, the vector L is quantised as 
an independent vector (cf. the Paschen-Back effect), and each 
term is split into 2L-^1 components, of which only L-f-1 
have different energy. To describe these components, use is made 
of the number A = |Ml| and the symbols 2 (A = 0), II(A=1), 
A(A = 2), Space quantisation of the vector L in an electric 
field causes it to precess about the lines of force of the field, 
as a result of which the mean value of the L-vector component 
perpendicular to the field becomes zero. The spin S is quantised 
in a magnetic field produced by the L(A)-vector component paral¬ 
lel to the fielcf; this is manifested in the fine structure of each 
A-component. 

A = 1 - 

_^ L -A=Q -- -, - - 
* +• 

A-0 - - 


£ 


Fig. 63. Term n = 2 in a weak and a strong 
electric field 

In strong electric fields, the quadratic relationship of the mag¬ 
nitude of Stark splitting (or shift) of lines that is observed for 
weak fields is replaced by a linear one, and as a result the form 
of the spectrum begins, more or less, to resemble the pattern of 
splitting of hydrogen lines. Let us take Fig. 63, which gives 
a schematic picture of the behaviour of term n = 2 in an electric 
field. Here, the level n = 2 corresponds to the hydrogen term 

— r . In reality, however, this term is split into two terms —^ and 

n i 

R 

—that correspond to two possible values of the azimuthal quan¬ 
ts 

turn number, L = 0 and 1. In a weak electric field, these terms 
are split into three terms corresponding to the values of the 
number J=f=L = 1 (two terms) and 0 (one term). Here we take 
J = L, because interaction of spin with the orbital angular mo¬ 
mentum is disregarded. In a strong field, these three terms also 
pass into 2n—1=3 terms with symmetrical splitting (Stark 
effect in hydrogen). Transition to the linear effect is due to 
disturbance of processional motion of the electrons in the atom, 
as a result of which the linear effect in a weak field cancels. 
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Comparing Figs. 63 and 59 we see that the change in the 
pattern ot electrical splitting of terms when passing from weak 
to strong fields is, to some extent, analogous to the Paschen-Back 
effect. However, this analogy is stopped by the fact that the 
effects of higher orders (AT = a©4- b© ! -f . . .) that disturb the 
symmetry of splitting increase with stronger electric fields. These 
effects are also found in the hydrogen spectrum (in fields of in¬ 
tensity exceeding 10 s V/cm). For this reason, Fig. 63 must be 
regarded as an idealised scheme that is not accomplished in re¬ 
ality. 

The Stark effect in a molecular field. A series of facts indicates 
that the action of a molecular field can, in many cases, be re¬ 
duced to the action of an electric field. The action of a molecular 
field frequently manifests itself in broadening of spectral lines, 
which is due to the interaction of atoms and molecules in their 
collisions (collision broadening). Without going into a considera¬ 
tion of other causes of broadening of spectral iines (the Doppler 
effect, for instance), we merely note that when the main part 
is played by collision broadening there is observed a parallelism 
between the measured line width and the magnitude of their 
electrical splitting calculated from the linear Stark effect. Whence 
it may be concluded that in these cases the cause of line broad¬ 
ening is the action of the electrical molecular field on the atom¬ 
ic terms. The fact that discrete splitting components are not ob¬ 
served is due to in homogeneity of the molecular field, it may be 
added that according to Holtsmark the intensity of a medium mo¬ 
lecular electric field may be computed from the following formulas: 
© = 3.25 eN’^V/cm when the field is created by ions, © = 
— 4.54 PN V/cm when the field is produced by dipoles, and 
<£ = 5.5QN'k v/cm when the field is produced by quadrupotes 
Here, N denotes the number of ions or molecules in one cubic 
centimetre, € is the ion charge, P the dipole, and Q the quadru- 
pole moments of the molecule. 

Under certain conditions, in addition to broadening one can 
observe also a splitting of lines under the action of the molecular 
field, similar to the splitting in an external field. Thus, a study 
of the ultraviolet absorption spectrum of mercury in various liquid 
solvents (water, alcohol, hexane) shows (Reichardt and Bonhoeffer, 
1931) that in place of the resonance line 2537 A (*P, —’S 0 ) there 
aie two lines, which, to a certain degree (dependent on the nature 
of the solvent and the temperature of the solution), are shifted rela¬ 
tive to the resonance line. We may assume that these lines are com¬ 
ponents of Stark splitting of the line A2537 A. This is supported 
both by the number of components and the order of magnitude of 
the mean electric field calculated from line splitting. Indeed, since 
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for an excited term 8 P 1( L= 1 and for the principal term 'S a , L = 0, 
the first one of them should split into L + 1 —2 components, while* 
the second does noi split (L+l = l). It is as a result of the 
combination of two splitting components of the term 8 P, with 
the term 1 S 0 that there appear two lines in the absorption spec¬ 
trum of a mercury solution: n (’P^ A—1) — 2 ('S 0 , A = 0) and 
2 ("P,, A=0) — 2 ('S , A = 0). 

A comparison of the magnitude of the observed splitting with 
the splitting of line X2537 A in an external electric field of in¬ 
tensity 10 5 V/cm yields, for the molecular field (on the assump¬ 
tion of the quadratic effect), an intensity of about 30 X 10* V/cm, 
which is in good agreement with the values obtained from other 
data. 

It may be added that extension of the Stark effect theory to 
atoms in crystals led to the development of a theory of the 
crystalline field, which represents an important division of theo¬ 
retical (quantum) chemistry. 


CHAPTER 7 

THE NATURE OF CHEMICAL FORCES. THE MOLECULE 
32. Electro valent Bond 

Electronic concepts in chemistry. Studies of atomic spectra, to 
which chapters 5 and 6 were devoted, show that all the basic 
spectral regularities are a clear reflection of peculiarities in the 
electronic structure and of the nature of the electronic states of 
the atom. Quite different is the situation as regards the chemical 
properties of atoms. True, the electronic structure and the elec¬ 
tronic states are also essential in manifestations of the chemical 
properties of atoms. Hewever, there is no sense in considering 
the chemical properties of an isolated atom because these prop- 
erties are manifested only in the presence of other atoms with 
which the given atom interacts chemically. In other words, the 
effects of chemical properties of an atom, and, hence, these 
properties themselves belong not to a single atom but to an en¬ 
semble of atoms (in the simplest case, two atoms), the interaction 
of which leads to the formation of a molecule. For this reason, 
in contrast to the spectral properties of atoms, the investigation 
of their chemical properties, like the study of the chemical 
forces as such, is naturally based on a study of the structure 
of molecules and their physical and chemical properties. 

The various combinations of atoms of one or several elements in 
a molecule give rise to the diversity (over a million) of chemical 
substances found in nature or created artificially. The modern 
concept of the molecule (like that of 'the atom) came from chem¬ 
istry. One of the first to introduce into science the concept of 
molecules was the founder of physical chemistry, Lomonosov, 
whose ideas in various branches of knowledge were many decades 
ahead of scientific thought in the leading countries of the West. 
Calling atoms elements, molecules corpuscles, and chemical sub¬ 
stances fundamentals, Lomonosov wrote in 1741: “Corpuscles differ 
when their elements differ and are combined in different ways or 
in different numbers; it is upon this that the infinite diversity 
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of bodies depends. A fundamental is a body consisting of identi¬ 
cal corpuscles. A mixed body is one that consists of two or 
several fundamentals so combined that each separate corpuscle 
contains fundamentals in the same ratio ... as the entire mixed 
body.” From these words we see that already for Lomonosov 
constancy in the composition of chemical compounds was not an 
unsettled question, as many scientists in later years still con¬ 
sidered it. 

An essential contribution to the development of an understand¬ 
ing of the structure of molecules was made by Butlerov who 
created the theory of chemical structure (1861), the underlying 
principle of which is: “Starting with the concept that each chem¬ 
ical atom that makes up a body participates in the formation 
of this body and operates via a specific quantity of force inherent 
in it (affinity), I call chemical structure a distribution of action 
of this force, as a result of which the chemical atoms (acting 
upon one another directly or indirectly) combine into a chemical 
particle. And further: “The chemical nature of a complex particle 
is determined by the nature of the elementary component parts 
their number, and chemical structure." 

Butlerov’s views on the mutual influence of atoms in a mole¬ 
cule were Further developed in the works of his pupil Markovni- 
kov. The Butlerov-Markovnikov doctrine on the mutual effect of 
atoms became one of the chief components of the theory of struc¬ 
ture. However, the chemically established structural peculiarities 
of different classes of compounds and also numerous empirical 
regularities and rules were purely descriptive and required an 
interpretation from the point of view of the internal structure 
of molecules, i.e., theoretically. This could be done only through 
physics, which had always played a particularly important role 
in structural studies of matter and which became still more im¬ 
portant with the advent ef the electron theory of the atom. 
Attempts to explain chemical facts on the basis of the latter led 
to definite concepts concerning the structure and chemical proper¬ 
ties of molecules known as electronic concepts in chemistry. 

The main problem with which chemistry confronted the electron 
theory of the atom was that of the nature of chemical forces. 
This is a problem of the physical substantiation of the very 
existence of molecules. Attempts to resolve this problem within 
the fi amework of the Bohr theory of the atom were unsuccessful 
and a proper solution began to emerge only with the advent of 
quantum mechanics. However, due to the fundamental fact that 
chemical forces are of an electrical nut lire f certain phenomena or 
groups of phenomena could be interpreted qualitatively and could 
be given a model-type interpretation even within the framework 
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of the Bohr electron theory of the atom. This includes the problem 
of electrodalent chemical bonding. 

Kossel theory. The classical theory of valence deals with such 
concepts as valence numbers, the type of chemical bond (single, 
double, and triple bonds), saturated and unsaturated compounds, 
etc. These concepts require a physical interpretation. The first 
successful attempt at such an interpretation of the phenomenon 
of chemical reactivity and valence numbers was marie in 1916 by 
Kossel, who proceeded on the basis of the Bohr theory of the atom 
and Mendeleyev’s Periodic Tabie. The approach yielded the closed 
nature of the outer eight-electron shells in the atoms of the inert 
gases, which for this reason were extremely stable physically and 
saturated chemically. In the opinion of Kossel, underlying the 
chemical activity of every atom is its tendency to a closed outer 
electron shell imitating the electronic structure of an inert-gas 
atom. 

We distinguish valence with respect to hydrogen, or positive 
valence, and with respect to fluorine, or negative valence. Positive 
valence is determined quantitatively by the number of atoms of 
hydrogen that a given atom is capable of substituting in a chem¬ 
ical compound. Negative valence is determined by the number 
o! atoms of fluorine (or a double number of atoms of oxygen) 
that are subject to substitution. Considering the maximum posi¬ 
tive valence of various elements (we, of course, disregard “ano¬ 
malous” elements), i.e., the valence that these elements have in 
their saturated compounds, it will readily be seen that it corre¬ 
sponds exactly to the number of the vertical column of the Periodic 
Table in which the given element lies. To illustrate, sodium, in 
the first column, is univalent (NaF, Na z O), magnesium is bivalent 
MgO), aluminium is trivalent (AIFJ. silicon is tetravaient 
(SiF 4 , SiOJ, phosphorus is pentavalent (PF,, P s 0 3 ), sulphur is 
hexavalent (SF a , SO,), chlorine is septivalent (C) a 0,). The valence 
of inert Ar, in the zero column, is zero. On the other hand, the 
number cf outer electrons of an atom is also equal to the. number 
of the corresponding column. Consequently, 'the maximum positive 
valence of an element is equal to the number of its outer electrons. 
For this reason, the outer electrons of an atom are frequently 
called valence electrons 

!t will readily be seen that the maximum negative valence of 
an element is equal to the difference between the number 8 and 
the number of outer electrons. Thus, silicon is tetravaient (SiH ) 
phosphorus is trivalent (PH } ), sulphur is bivalent (H.S). chlorine 
is univalent (HC1), Consequently, as was noticed by Abegg and 
Bod lander as far back as 1904, the sum of maximum valences 
(positive and negative) is eight, which is the number of electrons 
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in the L- or M-group (incomplete). This indicates a connection be¬ 
tween the valence of an atom and its outer electrons. 

It is these regularities related to the stability of the inactive 
eight-electron shell of the atoms of the inert gases that lead to the 
concept of atomic valence developed by Kossel. According to this 
theory, each atom with an incomplete and, therefore, chemically 
active outer electron group strives towards a complete eight-electron 
outer shell. This can obviously be done either by the atom giving 
up its extra (outer) electrons or by acquiring- the needed electrons 
from other atoms. In the first case the atom is ionised positively 
exposing a complete inner group of electrons, in the second case, 
it is ionised negatively and completes its outer electron group at 
the expense of extraneous electrons. The probability of a given 
process is determined by how advantageous it is energetically- 
Thus, the atoms Na and Mg, which readily give up their outer 
electrons due to comparatively low ionisation potentials, are ionised 
positively. The Na atom with eight M-electrons, i. e., Na + 7 extra 
electrons would, energetically, be an extremely unstable system, 
because due to its comparatively low charge (Z=ll) the Na 
nucleus would not be able to hold 18 electrons. Conversely, the 
Cl atom with 7 outer electrons readily acquires the missing elec¬ 
tron, because an enormous energy is required to tear 7 electrons 
out of the Cl + 7 ion. We recall that the negative chlorine ion Cl’, 
even in the free state, has less energy than the system Cl + elec¬ 
tron (positive electron affinity). 

Due to the low ionisation potentials of atoms o[ the alkaline 
elements (Me) and to the great electron affinity of the halo¬ 
gen atoms (X), MeX compounds are readily formed when these 
two combine. This is a process that proceeds, according to Kossel, 
by the scheme 

Me+X — Me + eX —Me + X" 

Oppositely charged ions that form this compound mutually attract 
in accordance with the Coulomb law; the force of this attraction 
is what gives the compound its strength. 

On Kassel's theory, a similar scheme is followed in the formation 
of all heteropolar chemical compounds. Thus, on this theory the 
saturation of positive chemical affinity, i.e., the manifestation of 
positive valence, consists in the atom giving up its valence (outer) 
electrons, which are captured by the other atoms (combining with 
this atom) that saturate their negative affinity in this way. 

A somewhat generalised Kossel theory of valence can also accom¬ 
modate definite classes of complex compounds, which, according to 
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Werner, are characterised by what is known as coordination bond¬ 
ing. These compounds go beyond the conventional concepts of va¬ 
lence and make up a special group. The characteristic peculiarity 
of this group is that the maximum valence of a given atom is 
independent of the number of the group in the Periodic Table in 
which this atom occurs. Assuming a purely formal existence of 
special supplementary valences alongside the principal ordinary 
valence, one may introduce a coordination number which is equal 
io the sum of the principal and supplementary valences of the 
given atom and determines the number of univalent atoms or radi¬ 
cals that can combine directly with this atom By way of illus¬ 
tration, let us consider the complex compounds Ni (CO) 4 , Fe(CO) s> 
and Mo(CO) 6 . Since the valence of the CO group is 2, the coordin¬ 
ation numbers, of Ni, Fe, and Mo must be 8, 10, and 12, respec¬ 
tively. It is readily seen that these numbers are equal to the 
number of missing electrons required to bring the electron shell of 
the given atom up to the closed shell of the inert-gas atom in the 
immediate vicinity. Indeed, the electrons in the outer shells of 
these atoms are distributed as follows: 

Atom 3s 3p 3d 4s 4p 4d 4f 5s 5p 
Fe 2 6 6 2 

Ni 2 6 8 2 

Kr 2 6 10 2 6 

Mo 2 6 10 2 6 5 1 

Xe 2 6 10 2 6 10 2 6 

We see that Kr has 10 electrons more than Fe and 8 more 
than Ni, and Xe has 12 more electrons than Mo. This leads to 
the conclusion that the complex compounds under consideration 
are completed systems, the central atom of which has a completed 
symmetrical shell of the corresponding inert gas. The electrons of 
atoms or atomic groups (CO) that are in the immediate vicinity 
of the central atom participate, together with the valence electrons 
of this atom, in the formation of this shell. 

Kossel’s theory, which reduces chemical interaction to purely 
electrostatic forces, is quantitatively applicable only to a very- 
limited range of compounds called ionic or heteropolar . These com¬ 
pounds have a series of characteristic physical and chemical 
properties of which the outstanding are ionic structure of their 
crystal lattices, electrolytic dissociation of their solutions and 
melts, high melting points, specific spectral properties, etc. The 
ionic structure of the molecules of these compounds permit con¬ 
sidering the chemical intramolecular forces that condition the 
stability of ionic molecules as forces of electrostatic (Coulomb) 
attraction between oppositely charged ions. It must, however, be 
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borne in mind that this representation, like any model, is arbi¬ 
trary. 

The theory of Wnic molecules A quantitative theory of ionic 
molecules was given by Born and Heisenberg in 1925. This theory 
proceeds from Born's theory of crystal lattices, which is based 
on the following concepts. In the simplest case of cubic ionic 
lattices, the potential energy of unit volume of the lattice may, 
approximately, be represented in the form 


where the term — ^ is the attraction-force potential that expresses 
the mutual potential energy of oppositely charged ions consid¬ 
ered as point charges, while the term-|-^ is the repulsive-force 
potential. Equilibrium of ions in a crystal is determined by the 
condition 



= 0 


where r @ is the equilibrium distance between ions (lattice constant ). 
From this condition we have 


whence for the energy of the lattice we get 

«=-4f> -i (-?)”"]• <® 22) 

The equilibrium energy, accordingly, turns out equal to 

u — Ezii — . (32.3) 


The lattice constant r„ is determined from X-ray analysis of the 
crystal. The quantities a and n are found from measurements of 
the heat of formation of the crystal from the atoms (Q). of the 
ionisation potential (1) of an electropositive atom, and of the 
electron affinity (E) of an electronegative atom, and also from 
the compressibility of the crystal. Indeed, the molecular energy 
of the crystal lattice U 0 = Vu» (V is the rnolar volume), on the 
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basis of the following circular process, 


Me + X-^MeX]- 

'“t 


Me+X' 


U n 


is connected with the quantities Q, I, and E by the relation 

U 0 = Q + eI — E. (32.4) 

Thus, the energy of the lattice U 0 may be determined by measur¬ 
ing Q, I, and E. As for the compressibility of the crystal, by 
proceeding from the definition of the coefficient of bulk compressi¬ 
bility, x, 


it is possible, due to the fact that 


— and d P — d * 
dV dUU dV~ dV 2 


to express the quantity — as 


J_ v r d2U /' dr V | dU d * r l 

x V [dr 2 [d-Vj ' dr dV 2 J ‘ 

Noting that the volume of the crtystal V = Nr’, where N is the 
number of molecules in the volume V (and NrJ=l), we find, 
from this expression and from (32.2), 


Knowing r 0 , x 0 , and u 0 , it is possible to determine a and n from 
the latter relation and (32.3), Thus, for ions with the electronic 
structure of neon (Na + and F~, for instance), we can obtain 
a value of n close to 7, for ions with the electronic structure of 
Ar (for example, K + and Cl - ), the value n = 9, for ions with 
the electronic structure of Kr and Xe, values of n =& 10 and 12, 
respectively. As may be seen from (32.3), the magnitude of lattice 
energy is but relatively slightly affected by a change in n. For 
this reason, a single value of n is often used when considering 
crystals of one type. For. instance, n = 9 is often taken for crys¬ 
tals like NaCl. In the case of crystals of this type, a magni¬ 
tude of the order of unity is obtained for the constant a, called 
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the Madelung constant . In the general case, this constant may he 
calculated from the, geometrical structure of the crystal. 

Born and Heisenberg calculate the bond energy of NaCl-type 
ionic molecules taking into account the following interactions: 

1) Coulomb attraction of free ion charges ^2) mutual re¬ 
pulsion of ions, the potential of which they assume equal to 
(see above); 3) attraction of free ion charges by dipoles 


e Pi 


ejL 

r 


p i and p 2 that appear due to polarisation of the ions 
and, finally, 4) interaction of the dipoles Thus, taking 

into account also the quasi-elastic energy of dipoles + (^) 

(a, and a 2 are coefficients of polarisation of the ions), we have, 
for the potential energy of an ionic molecule (considering the 
energy of the molecule dissociated into ions equal to zero), 




be 2 ep t ep 2 


e“ , ue- epj 

T + 7 _ 7 


P 


2a j 


2a 2 

dU 


From the conditions of polarised equilibrium, -^ = 0 and 


4U = o, we have: 
3p 2 


a,e , 2a, i a 2 e , 2a, _ 

Pi == “p 1 p~~ P2 P2 “P \~~ J.3 Pi j 

whence, expanding into a power series in terms of 1/r, we find 


Pi 

P 2 


a j e , 2& 1 a 2 e 

r a \ r 5 


and 


a,e 


2a,a.e 


4a;a;;e 


Substituting p, and p 2 into the expression for U and disregarding 
powers of r above the ninth, we get 


U: 


e a (a, 4- a i) e 2 2a,ia 2 e 2 , _ be 2 
7 2r* r’ r 9 


The potential energy of a mole:u’e consists of two parts: 
U = U l + U 1 . The first, 

2 («,+«,) e 2 


U,= 


2r 4 


, 2 W! <0 , 
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corresponds to the force of attraction, the second, 

U,=£'>(), 

to the force of repulsion. In Fig. 64, both parts of the potential 
energy are represented by the curves U, (r) and U.(r). Since the 
second and third terms in the 
expression for U, become percep¬ 
tible only for small r, at suffi¬ 
ciently large distances the quan¬ 
tity Uj is determined almost sole¬ 
ly by the term e 2 /r, and the ap¬ 
propriate portion of the curve 
U, (r) is a first-order hyperbola. 

At these distances, the energy U 
is totally determined by U,, be¬ 
cause U 2 is here also practically 
zero. But at short distances, the 
curve U, passes into a higher- 
order hyperbola, deviating from 
the original first-order hyperbola 
(dashed line). Here, U 2 already 
becomes noticeable and increases 
rapidly with decreasing distance 



Fig. 64. Interaction energy of ions 
in ionic molecule 


(in accordance with a ninth-order hyperbola). Addition of the curves 
U and U 2 yields the curve U, which corresponds to total poten¬ 
tial energy of an ionic molecule This curve has a minimum at 
a certain definite distance r e which corresponds to the equilibrium 
position (equilibrium distance). When r<r c the quantity U increases 
rapidly, passing through zero into the region of positive values 
which corresponds to a preponderance of repulsion forces 

The quantity r e is determined by the third condition of equili¬ 
brium, —0, which expresses equilibrium of all forces inside 
a molecule. This condition leads to the equality 


j i 2 (a 3 -|~ 2 ) i 14a 1 q 2 


9b 


Substituting b into the expression for U, we obtain for the 
energy of the molecule in an equilibrium state, the expression 


u.=— r - 


- + 
9 t 


5 (°h i 4a 1 a, 


18ri 


9ri 


(32.5) 
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U 0 is connected with the energy of dissociation of the mol : 
ecule into two ions by the relation 

' Dj = — U 0 . (32.6) 

Thus, Di may be computed from (32.5) if the appropriate values 
of r e and a are known. We note that D, is connected with the 
energy of dissociation of the molecule into neutral atoms D by 
the relation 

D^D + el —E. (32.7) 

Table 24 gives the values of r e obtained by the electron dif¬ 
fraction method * for molecules of the NaCl type. 


T | b 1 e 24 

Equilibrium distances between ions in NaCl-type molecules 


Mole¬ 

cule 

r e , A 

Mole¬ 

cule 

r e , A 

Mole¬ 

cule 

r e , A 

Mole¬ 

cule 

r e , A 

NaCl 

2.51:1=0.03 

KC1 

2.79+0.02 

j RbCl 

2.89+0.01 

CsCl 

3.06+0.03 

NaBr 

2.64=t0.01 

KBr 

2.94+0.03 

RbBr 

3.06+0.02 

CsBr 

3.14+0.03 

Nal 

2.90=t0.02 

KI 

3.23+0.01 

| Rbl 

3.26=^0.02 

Csl 

3.41-^0.03 


Table 25 gives the values of polarisation coefficients for a num¬ 
ber of cations and anions. 


Table 25 

Polarisation coefficients of ions (in cm 8 ) 


Ion 

Li + 

Na + 

K + 

* 

Rb + 

Cs + 

F" 

cr 

Br~ 

I” 

aklO 24 

0.075 

0.21 

0.87 

1.81 

2.79 

0.99 

3.05 

4.17 

6-28 


The values of the heats of dissociation (in eV) of molecules 
of alkali-halogen salts as calculated by means of (32.5) from 
the data in Table 24 are given in Table 26 (D it calc ) together 


* During recent years, the following highly accurate values of r e 
(^-0 0001 to d=O.OOG3 A) have been obtained from microwave spectra; 2.3453 
(CsF), 2.3606 (NaCl), 2.6666 (KCl), 2.7867 (RbO), 2.9062 (CsCl), 2.1704 (LiRr), 
2.5020 (NaBr), 2.8207 (KBr), 2.9448 (RbRr), 3.0720 (CsBr), 2,3919 (LiI), 
2.7115 (Nal), 3,0478 (KI), 3.1769 (Rbl), 3.3150 (Csl). These data are notice* 
ably different from those in Table 24; however, the cause for this difference 
has not yet been definitely established. 
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with the values of these quantities measured thermochemically 

/D ) T a b 1 e 26 

t ^ i, meas/ * 

Dissociation heats of molecules of NaCl-type salts (in eV) 


Molecule 

D l, eak 

^i, meas 

Mo lecule 

calc 

^1, me a s 

NaCl 

NaBr 

Nal 

KCl 

KBr 

KI 

5.40 

5.18 

4.75 

4 ,83 
4.61 
4,21 

5,27 

5.01 

4.62 

4.96 

4.53 

4.04 

RbCl 

RbBr 

Rbl 

CsCl 

CsBr 

Csl 

4.69 

4.45 

4.20 

4.44 

4.36 

4.02 

4.75 

4.36 

3.87 

4.53 

4-13 

3.65 


It will be seen from this table that the discrepancy between cal¬ 
culated and- measured values of D f does not, in most cases, ex¬ 
ceed several per cent.* 

Reverting to Fig. 64, it will be 
distance r t . is the (ess the deeper the 
potential energy U, i.e., the greater 
of the molecule. The magnitude of r t 
by considering that the energy of the molecule in the equilibrium 

position is equal to — — . Whence, for the magnitude of r e we 

r g 

find r. = ^. {32.8) 


seen that the equilibrium 
minimum of the curve of 
the energy of dissociation 
may be roughly evaluated 


O; 


Decrease of r e with increasing bonding strength of the molecule 
(D^ is observed not only in the case of ionic molecules, as will 
be seen later on. 

The foregoing electrostatic theory permits calculating both 
the dissociation energy and certain other constants of an ionic 
molecule, its dipole moment and frequency of natural oscillations. 


* Apparently, the most precise values are. to be considered those of 
Di mea8 given in the accompanying table, in which they are correlated with 
values of D () caIc obtained by means of values of r e calculated from micro- 
wave spectra: 


Molecule 

Dj, calc | 

Di, rreas 

Molecule 

calc 

Di, meas 

NaCl 

5.85 

5.58 

KCl 

5.13 

4.94 

NaBr 

5.57 

5.39 

KBr 

4.87 

! 4.74 

Nal 

5.21 

5.04 

KI 

4.65 

4.45 


It will readily be seen that here, too, the discrepancy between calculated 
and measured values of Dj does not exceed several per cent. 
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The dipole moment of this type of molecule may be put equal to. 

/ p = er e —p, —p 2 . (32.9) 

Substituting, into this formula, the expressions given on p. 278 
for the moments p t and p 2 and utilising the numerical values of 
the constants r e and a from Tables 24 and 25, it is possible to 
calculate the dipole moment of molecules of this type. The val¬ 
ues, thus calculated, of the dipole moments are given in Table 27 
(P cflc ). From a comparison of the calculated values with the meas¬ 
ured values (P meas ) it follows that the accuracy of calculation 
is about 10°/ 0 . 

Table 27 

Dipole moments of the molecules of halogen salts Li, Na, K, 
and Cs (in debyes *) 


Molecule 

Li Br 

Ul 

NaC] 

KCI 

KBr 

K1 

CsF 

CsCI 

C$1 

Peak 

5,9 

6.0 

8.3 

10.6 

10.9 

n .8 

7.0 

9/7 

ii ;o 

P 

6.2 

6,6 

8.5 

10.5 

10,4 

11 05 

7.9 

10.4 

12 J 


The frequency of natural oscillations co may be determined 
from an equation for small oscillations: 

M = — k (r — r e ) (32.10) 


where M= r JhTh j S the reduced mass of the molecule (m. and 

mrfm 2 v 1 

m 2 are the atomic masses), and k is the quasi-elastic force con¬ 
stant. The latter may be found by expanding the potential energy 
of the molecule into a Taylor series: 



r) + M — 

1 e; i 2 l dr 2 


(r-r e ) 2 + ... 


Here, the subscript 0 is used to denote the values U, ^,etc.» 
for r = r e . By confining the series to the first three terms of the 
expansion, we obtain, since 
dition), 

= U o+4(^) 0 ( r - r e)S (32.11) 


d\J 


— j =0 (the equilibrium-force con- 


1 debye = 10~ 24 CGSE. 
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whence for the quasi-elastic force we find 

f = — k(r — r e ) = — (|^) o ( r — r e)> 

and, consequently, k — • The numerical value of the con¬ 

stant k can be obtained'by using the foregoing values of r e and a. 

Solution of equation (32.10) for the frequency of natural os¬ 
cillations yields the following expression: 

< 3212 > 

The values of to (co ca , c ) calculated from this formula are given 
in Table 28 along with the measured values (co meas ). 


Table 28 


Oscillation frequencies of NaCl-type molecules 


Molecule 

NaCl 

NrtUr 

Nal 

KCI 

KBr 

Kl 

RbCl 

RbBr 

Rbl 

CsF 

CsCl 

CsBr 

Csl 

u> C[ 1 i c , cm 1 

414 

353 

296 

308 

243 

199 

256 

184 

152 

455 

221 

168 

126 

“ mea3 cm ' 1 

366 

302 

258 

281 

213 

173 

228| 

166 

128 

385 

209 

130 

101 


Coincidence of calculated and measured values of bond energy 
and other constants of this type of molecule to the degree of ac¬ 
curacy that the approximate nature of the theory * admits, shows 
that at least in the case of ionic compounds the treatment of forces 
of chemical interaction as electrostatic forces has some exper¬ 
imental justification. However, despite these successes of the 
electrostatic theory in its application to a special case of ionic 
compounds, it in no way solves the general problem of the na¬ 
ture of chemical bonding. For a long time this problem remained 
unsolved. All the failures to resolve it during the period that 


* Quantitative agreement between theory and experiment is obtained if 
for the potential energy of the molecule we take (in place of the expression 
on p. 278) the expression 

TT e 2 K + ct^e 2 2a 1 a 2 e 2 , A „- r / P _^ 

L T"-2r* F ^ Ae r 6 

proposed by Zimm and Mayer. The constants A, p, and c in this expression 
are determined from the condition ^0 and from the coefficient of 

bulk compressibility and the potential of van der Waals forces. 
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preceded the advent of quantum mechanics were due to inade¬ 
quate information about the electron. Naturally, the problem of 
chemical bonding could be solved only on the basis of quantum 
mechanics, the application of which to problems of chemical 
structure was a new stage in the development of theoretical chem¬ 
istry. The quantum-mechanical interpretation of chemical regu¬ 
larities and facts emerged as a new trend in the development of 
the theory that became known as quantum chemistry . 


33. Covalent Bond 


Theory of the hydrogen molecule. One of the greatest attain¬ 
ments of quantum chemistry was a clarification of the nature of 
the chemical bond. The first step in the application of quantum 
mechanics to the problem of chemical bonding was the approxi¬ 
mate quantum-mechanical analysis of the hydrogen molecule car¬ 
ried out by Heitler and London (1927), 

Quantum chemistry proceeds from the wave equation, the form 
of which depends on the degree of complexity of the molecule. 
In the case of the hydrogen molecule, the wave equation is 


where 



(33.1) 


denotes the potential energy of the molecule. In the expression 
for the latter, r ai and r bi denote the distances of the /th electron 
from one (a) and the other (b) nucleus, respectively; r lst is the 
distance between the electrons; r is the distance between the nu¬ 
clei, which distance, upon solution of the equation, may be re¬ 
garded as a constant parameter (fixed nuclei)\ E is the total 
energy of the molecule. 

Like a similar equation for a two-electron atom (see Sec. 25), 
equation (33.1) does not permit of an exact solution. We, there¬ 
fore, have to resort again to approximate methods of calculation. 
The problem of the hydrogen molecule was solved by Heitler and 
London by means of perturbation theory, which had earlier been 
applied by Heisenberg to a solution of the helium-atom problem 
(see Sec. 25). 

In this method, to calculate the energy of perturbation, which 
determines the energy of interaction of the atoms, one has to 
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know the “zero solution”, i.e., the solution which corresponds 
to the unperturbed problem (absence of interaction between atoms). 
In this case (r = oo), equation (33.1) breaks down into two equa¬ 
tions that are identical with equation (24.1) for the H atom. 
The general zero solution that satisfies the set of these equations 
(i.e., the original wave equation for r=oo) is the function 
^ 3 ( 1 ) %(2), which corresponds to the binding of the first elec¬ 
tron to nucleus a and of the second to nucleus b. This solution 
leads to atomic interaction due to the so-called dispersion forces 
(see p .445 et seq>). In the case of H atoms, these forces are in¬ 
significant and cannot account for the observed binding strength 
of the atoms (suffice it to say that the stability of the H ? mole¬ 
cule is not less than — even somewhat exceeds—the stability of 
the ionic molecule NaCl). 

Due to indistinguishability of the electrons, the function which 
corresponds to binding of the second electron to nucleus a and 
the first to nucleus b is also a solution of equation (33.1) when 
r—^ 00 . For this reason, a more general solution of the problem 
is the linear combination of the two previous solutions, i.e., 
the function 

^ = t a (l)^(2)±^ a (2)i|) b (l). (33.2) 

In the Heitler-London method, the assumption is made that this 
function, which is an exact solution of equation (33.1) for large 
distances between atoms, may be regarded as an approximate 
solution for small interatomic distances. The square of function 
(33.2), 

• l^r = |^a(l)| 2 |%(2)| 2 + l^(2)Nt t ,(l)| 2 ± 

±2tMlHb (2) (2) ^bO). 


multiplied by the normalising factor 


(the integral S is 


/2(1±S) 

given below) yields the distribution of electrons in the molecule; 
here, the first two terms in the expression for which 

correspond to electrons fixed in the respective atoms, are very 
frequently incorrectly (inasmuch as we assume the electrons to 
be distinguishable, though in reality this is not so) interpreted 
as terms that determine the electrostatic (Coulomb) part of the 
interaction energy of the atoms; the third term involves the so- 
called exchange energy. In actuality, however, as was shown ear¬ 
lier (p. 200), it is unjustifiable to divide the energy into Coulomb 
and exchange energy. For this reason, the terms “Coulomb energy” 
and “Coulomb integral”, like the terms “exchange energy” and 
“exchange integral”, are conventional and do not correspond to 
any concrete physical quantity. 
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Computation of the perturbatipn energy (interaction of atoms) 
by means of function (33.2) yields the energy of interaction IV 
which may be represented in the form 

U=E-2E 0 =H^A. (33.3) 


Here, C, A, and S are integrals: 

0 = e a C [- f + r - +11 (1) I 2 Wt, (2) I 2 dVjdV,, 

J L 1 bi 1 a2 1 12 1 ^ 

L + r - + |1 (1) ^b (1) (2) ^b (2) dVjdVj, 




r bi 


S=S^ a (l)^b(l)^ (2) * b (2) dV,dV 2 


The first (C) is conditionally called Coulomb, the second (A), 
exchange; E 0 is the energy of the ground state of the H atom 
(2E 0 is the energy of the H 2 molecule computed to a zero ap¬ 
proximation and equal to the sum of the energies of two isolated 
atoms of H). 

Evaluation of the integrals C and A shows both of them to 
be negative ; for all values of r, the integral A is greater , in ab¬ 
solute magnitude, than C. The integral S is less than 1. We thus 
obtain two values of energy of the H 2 molecule, 


and 


U + 


C. +A 
1+S 


<0 




The first corresponds to a stable state of the molecule, the sec¬ 
ond to an unstable state. 

Calculating the probability density |t|;| 2 for the electron cloud, 
it may be shown that in the stable state of the molecule, the 
distribution of density corresponds to a concentration of electrons 
(electron cloud) between nuclei , whereas in the unstable state the 
electrons tend to move away from the centre of the molecule. 
The distribution of density for both states of the H 2 molecule is 
given in Fig. 65 a and b (in the form of isolines of density). 
The first (a) corresponds to the stable state of the molecule, the 
second (b) to the unstable siatfe. 

Guided by the Pauli principle, we may demonstrate that in 
the stable state of the H t molecule, the total spin S must equal 
zero, whiiepin the unstable state 5=1. Indeed, since according 
to the Pauli principle, the total wave function (including the 
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spin function) in any state of the molecule must be antisymmet¬ 
ric (cf. p. 202) and since to the stable state of the molecule (UJ 
(here corresponds a symmetric orbital function (1) iK (2) + 
4 -f (2)^ t (1)> and to the unstable state, the antisymmetric func¬ 
tion'^ (1) ipb (2) — (2) % (1), to the first we must assign an 

antisymmetric function, and to the second a symmetric spin junc¬ 
tion. And since the spin function Sa corresponds to S = 0 and 
S* to S = l, we gel the singlet state as the stable (ground) slate 
of the H s molecule and the triplet state as the unstable state. 
Thus, a pair of valence electrons with antiparallel spins (S = 0) 
denotes attraction, while a pair with parallel spins (S=l) de- 
notes repulsion. 


th 


Fig. 65. Distribution of charge density of elec¬ 
tron cloud in stable (a) and unstable (b) state 
of a hydrogen molecule 




The Heitler-London theory, despite its approximate nature, 
made it possible to account for a fundamental fact of chemistry- 
attraction between neutral atoms and the formation of covalent 
chemical bonding. However, calculation to a first approximation 
could not, naturally, yield good quantitative agreement with ex¬ 
periment. Fig. 66 gives curves, obtained by Sugiura using the 
Heitler-London method, for the energy of a H 2 molecule as a func¬ 
tion of the interatomic distances (potential-energy curves) for 
stable (’2) and unstable 0 2) states (solid lines). The figure also 
gives the actual curves (dashed lines) obtained from experiment 
mid by means of a more precise calculation (see below). Discrep- 
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any assumptions that fundamentally limit the applicability of 
calculations solely to simple molecules. Therefore, these calcula¬ 
tions and the interpretation (based on them) of many earlier 
chemical views can, obviously, be extended also to complex (poly¬ 
atomic) molecules. True, -.due to their complexity, the calcula¬ 
tions in this case are nearly always purely qualitative or semi- 
quantitative. 

The above-discussed Heitler-London method, which was origi¬ 
nally applied to the analysis of the H 2 molecule and extended 
to other molecules, became known as the method of electron pairs 
(Slater, Pauling). Its characteristic feature, which becomes evi¬ 
dent already in the case of the simplest molecules, such as H 2 
and H 2 + , is the fact that it takes into account two or more struc¬ 
tures that do not correspond to any actual states of the molecule 
and that play a purely auxiliary role .in the analysis. For the 
molecules H 2 and H 2 + , such auxiliary structures are H a (1 > —|— H b (2) 
and H a (2) -j- H b (1) (see p. 285) and, respectively, H a -|-Hb and 
H a *-|-H b i n the case of more complex molecules, one must take 
into account, in addition to structures associated with indistin- 
guishability of electrons or nuclei (as in the case of H 2 and H 2 + ), 
structures that correspond to different distribution of chemical 
bonds between atoms in a molecule. To find these structures, it 
is common to use valence schemes in which each pair of atoms 
with antiparallel electron spins is connected by a line, as is com¬ 
mon practice in chemistry for denoting single chemical bonds.* 
As Rumer has shown by means of quantum mechanics, given N 
electrons capable of participating in more than one chemical bond 
(such bonds are called nonlocalised bonds), the number of differ¬ 
ent independent, or canonical, valence schemes is 

N.J 

(*)-(*+')■■ 


For example, six electrons participate in the nonlocalised bonds 
of the benzene molecule and, consequently, according to the 

above formula we have five independent valence schemes. Taking 
into account only electrons participating in nonlocalised bonds, 
these five schemes may be represented as follows: 


• In the so-called resonance theory , these schemes are called resonance 

structures (see p. 291). 
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To a zero approximation, in the method of electron pairs, 
each valence scheme is described by a certain wave function ,* 
while the total wave function, which corresponds to a given state 
of the molecule, is, according to quantum mechanics, a linear 
combination of functions 

' F = 2a i i|) i , (33.4) 

where the coefficients a- describe the portion of appropriate dis¬ 
tribution of valence bonds in a given slate of the molecule de¬ 
scribed, to a zero approximation, by the wave function 'K. ** In 
the general case, the coefficients a-, are found from the condition 
of minimum energy ol the molecule. In certain cases the relative 
values of these coefficients may be evaluated even without calcu¬ 
lating the energy. Inasmuch as the interaction energy diminishes 
very rapidly as the distance between the interacting atoms*** in¬ 
creases, we may take it that in the case of benzene the quanti¬ 
ties a,, which are, obviously, the same for the first two valence 
schemes (which correspond to the structure of the benzene molecule 
as proposed by Kekule), will significantly exceed a t for the three 
latter schemes (Dewar structures), i,e., a, =a,>a s , a„ a . And 
so, in this same zero approximation, we may write ‘ ‘ 

l T = a (ipj —j— xpj.), 

in other words, the structure of a benzene molecule may, approx¬ 
imately, be regarded as the result of superimposing two Kekule 
structures. Due to the symmetry of the benzene molecule (this 
symmetry is retained even when one takes into account all five 
valence schemes), the bond between each pair of adjacent atoms 
of carbon comes out intermediate between the simple C —C and 
double C — C bonds (aromatic bond), and all six carbon-carbon 
bonds in the C„H 0 molecule are equivalent. We note that the sym¬ 
metry of the C 0 H g molecule follows from various chemical and 
physical data. Thus, spectroscopic data indicate that benzene 


The ipj [unctions include auxiliary structures that correspond to indis- 
tinguishability of electrons or nuclei. 

** In the resonance theory, the coefficients a, express the weights of ap-‘ 
propriate structures. F 

*** Roughly as e r °'\ where r 0 is a constant that may be called the radius 
oj action of exchange forces. 
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possesses an axis of symmetry of the sixth order. The measured 
distance between adjacent atoms of carbon has only one value 
and is 1.40 A, which is intermediate between the length of the 
isolated C — C (1.54 A) and C = C (1.32 A) bonds. It may also 
be added that benzene, like other aromatic compounds, has a de¬ 
cidedly anisotropic diamagnetic susceptibility, which is satisfac¬ 
torily accounted for only when one assumes that all the electrons 
participating in nonlocalised bonds (so-called pi-electrons) are gen¬ 
eralised and the molecule has, in a certain sense, the properties 
of a superconductor. * 

A large number of different classes of compounds was consid¬ 
ered by means of zero-approximation valence schemes of the elec¬ 
tron-pair method. This method explained the existence of numer¬ 
ous compounds that cannot be depicted by ordinary structural 
formulas. These include, primarily, compounds with conjugated 
bonds, in particular, organic compounds with alternating double 
and simple carbon-carbon bonds, ions of the type H 3 0 + , C0 3 , 

etc. Calculations showed a direct relationship between the diverse 
properties of these molecules and their structures. 

It should, however, be'kept in mind that the zero approxima¬ 
tion of the electron-pair method is very crude and that the va¬ 
lence schemes in this method are only a computational procedure 
and are not accomplished in real molecules. Still less sense is 
there to speak of resonance of valence schemes or of the resonance 
of structures as a special quantum-mechanical phenomenon. This 
is the chief methodological error of the resonance theory, which 
interprets one of the peculiarities of the approximate method of 
electron pairs as‘ an expression of objective reality. Suffice it to 
say here that in other approximate methods or in other approxi¬ 
mations of the electron-pair method, there are no valence schemes 
(“resonating structures’") at all. However, if we disregard the in¬ 
terpretation of the electron-pair method in the resonance theory, 
it must be admitted that the calculations performed on the basis 
of this method are correct, within the limits of their accuracy, 
of course. The great advantage of the zero approximation of the 
electron-pair method is that it is pictorial, which is absent from 
all the other more precise methods or more exact approximations 
of this method and which occasionally allows for a correct in¬ 
terpretation of experimental facts without performing extremely 
involved computations. 

We shall now deal with certain results of approximate methods 
in which it is taken that the interaction energy of two adjacent 


* The diamagnetic anisotropy of benzene and other aromatic compounds 

was studied by Pauling, London, and others. 
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atoms in a molecule is independent of the surrounding atoms 
(Heitler, Rumer). This assumption is somewhat justified by the 
frequently observed approximate constancy of the bond energy of 
a given pair of atoms (see Sec. 49). Without going into the de- 
tails of calculations that reduce to evaluating integrals like those 
of C, A, and S of the H 2 problem, we confine ourselves to the 
following result. For the energy of a molecule consisting of a 
central polyvalent atom A (with valence V) and the atoms B- around 
it (with valences while 2V\ = V), we get the expression 
e = -C-(AB 1 )-(AB 2 )-...+ 

+ (B 1 B i ) + (B 1 B 3 ) + (B 1 B i ) + . . . (33.5) 

Here (on the condition that the interaction energy is divided into 
a Coulomb part and an exchange part), C is the absolute mag¬ 
nitude of energy of Coulomb interaction of all parts of the mol¬ 
ecule, the terms (ABj) represent the absolute magnitude of energy 
of exchange interaction between atoms A and B i? (B;B k ) is the 
absolute magnitude of energy of exchange interaction between 
atoms Bj and B k . From (33.5) it follows that the exchange in¬ 
teraction of atom A with atoms B ; (like the Coulomb interaction) 
corresponds to attraction (minus sign), while the exchange inter¬ 
action of atoms B, and B k corresponds to repulsion (plus sign). 

Let us also consider the case of interaction of three univalent 
atoms A, B, and C (London). Calculation of the energy of such 
a system shows that the interaction energy is significantly differ¬ 
ent for states that correspond to different multiplicity of the sys¬ 
tem. We have already encountered a relationship between mul¬ 
tiplicity (determined by 25+1) and stability of a system in the 
case of the H a molecule, where the singlet slate (% S = 0) was 
stable and the triplet ( 3 S, S= 1} was unstable. Since a univalent 
atom has one valence electron and, consequently, has S — l j 
the multiplicity of the system under consideration of three uni¬ 
valent atoms A, B, C may be found by calculating the total 
spin S, which is composed of three spins S, with values of */ 
According to the rule of addition of vectors we find that S = *T 
and +, hence, 2S+1=4 and 2. For the first case (maximum 
multiplicity), computation of the interaction energy of the system 
yields 


E = - C+ (AB) + (AC) + (BC), (33.6) 

i.e., the mutual exchange repulsion of al! three atoms. 

But in the case of 2S+1=2, for the interaction energy of the 
system we get the expression 
E = — C± 

± ]/(AB) 2 + (AC) 2 + (BC) 2 — (AB) (AC; — (AB) (BC) — (AC) (BC) . 

(33.7) 
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Here, of the two solutions that correspond to the two signs of the 
square root, the first (plus sign) refers to a definitely unstable state of 
l he system (E>0). Now to decide the question of the stability of the 
second state (minus sign), it must he demonstrated that the energy 
E has a minimum for a certain geometric configuration of the 
system. Due to the mathematical complexity of this problem in 
its general form, we confine ourselves to a consideration of a par¬ 
ticular case that corresponds to such a state of the system when 
one of the atoms (for instance, the C atom) is removed to an ap¬ 
preciable distance from the others. In this case, we can obviously 
consider the terms (AC) ! , (BC) ! , and (AC) (BC) in expression (33.7) 
small compared with the others. Then we have 


E — C — V"(AB) 2 — (AB) (BC) — (AB) (AC) 


C—(AB) 


(AC) d~ (BC) 


(33.8) 


From this equality it follows that atoms A and B are ai tract ed 
(stable state of molecule AB), and the removed atom C is repelled 
by them, it will be noted that this repulsion of the atom by a 
stable molecule gives rise to the necessity of activation in reactions 
like 

AB+C=AC+B, 


which is in complete agreement with experiment. The experimen¬ 
tally observed activation energy is, obviously, the energy necessary 
to overcome the mutual repulsion of the reacting particles. 

Equation (33.8) may likewise be regarded as proof of the funda¬ 
mental fact long since established in chemistry of the saturation, 
of chemical forces, which is manifested in a constancy of composi¬ 
tion of chemical compounds and in the stoichiometry of reactions. 
The saturation of chemical forces first received substantiation in 
quantum mechanics. 

Summarising the result of a quantum-mechanical analysis of a 
system of three hydrogen atoms, we may conclude that saturation 
is due to mutual exchange repulsion of electrons with parallel 
spins. To illustrate the correctness of this conclusion let us exam¬ 
ine the following examples. From the fact that molecules HeH 
are not observed, it follows that the H atom and the He atom, in 
ground states, mutually repel. Indeed, in the ground slate of the 
He {'SJ atom its two electrons have antiparallel spins. When the 
atoms He and H approach, the hydrogen electron can, generally 
speaking, exchange with each of the Tie electrons. However, as a 
result of exchange with an electron with spin antiparallel to the 
spin of the hydrogen electron, there should arise a state of the 
helium atom that is forbidden by the Pauli principle because in 
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this state both electrons have the same quantum numbers. Consequent¬ 
ly, only the exchange oi electrons with parallel spins is possible; but' 
this leads to exchanf^ repulsion of He and H atoms. Similar reason¬ 
ing suggests the mutual repulsion of an H atom and an H„ mole¬ 
cule, which again is evident from (33.8) Further, inasmuch as the 
electronic structures of the inert-gas atoms are built up of pairs 
of electrons with antiparallel spins, these atoms (like the helium 
atom) repel the hydrogen atom (like any other atom), thus account¬ 
ing for the experimentally observed inertness of Ne, Ar, Kr, and 
the other inert gases. Of the same nature is the mutual repulsion 
of ions (at small distances) that have the same electronic struc¬ 
tures as those of the inert gases, for instance, the Na + and Cl" ions; 
by virtue of opposite charges, these ions attract at large distances 
and repel at small distances when the exchange forces of repulsion 
(with a small radius of action) become predominant (see Sec. 32), 
Of the very same nature is the mutual repulsion of saiurated mole¬ 
cules that finds expression in the extreme difficulty with which 
they interact chemically. 

Atomic and ionic molecules. Thus far when considering molecules 
to a zero approximation in the electron-pair theory, we have not 
taken into account such valence schemes as correspond to an ionic 
structure of the molecule. Yet when the Coulomb attraction be¬ 
tween the ions is sufficiently great, these schemes may make a sub¬ 
stantial contribution to the energy of the molecule. * Bearing this 
in view, even when calculating the energy of an H 5 molecule, one 
must take into account (in addition to the covalent scheme H — H) 
the schemes H + — H“ and H“ — H + , i.e., instead of the wave 
function (33.2) we must take the function which may be represented 
by the sum 

^ = a^ a t + bip ion (33.9) 

where, in the zero approximation of the electron-pair method, 
is the function (33.2) while ifh™ is a wave function corresponding 
to ionic schemes.. True, in the case of H a , a very great energy cor¬ 
responds to the ionic schemes due to the large ionisation potential 
and the low electron affinity of the H atom' For this reason, the 
coefficient b comes out much smaller than the coefficient a. From 
an approximate analysis of the H 2 molecule, it follows that if the 
exchange interaction of the H atoms yields 80% of the bond 
energy of H 2 , then the energy due to the ionic structure of the 
molecule amounts to only 5% (the remaining 15% is accounted for 
by the Coulomb interaction of the H atoms in the H 2 molecule). 

However, in the case of other molecules, the contribution of the 
ionic valence scheme to the energy of the chemical bond may be¬ 
come very great. Such, for instance, is the case of halogen hydrides, 
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particularly hydrogen fluoride, where, due to the large bond 
energy of the HF molecule and the considerable electron affinity 
of the F atom, the energy corresponding to the ionic valence scheme 
(at distances close to equilibrium) turns 
out higher than that corresponding to 
the covalent scheme. This is seen from 
Fig. 67, which gives the potential ^curves 
(calculated by Pauling) that correspond 
to the ionic and covalent structures of 
HX molecules (dashed lines) together with 
the actual potential curves (solid lines) 
of these molecules. The figure shows 
that the calculated “ionic” curve HF in¬ 
tersects the “covalent” curve. However, 
if we take into account both the “cova¬ 
lent” and “ionic” components of the 
wave function, it turns out that in real¬ 
ity these potential curves do not in¬ 
tersect: one curve passes smoothly into 
the other; the covalent curve passes into 
the ionic curve. These new curves are 
the actual curves of potential energy of 
the HF molecule (see Fig. 67). Whence 
it follows that for an HF molecule the 
coefficients a and b in (33.9) must have 
close values. 

Predominance of ionic structure is 
particularly great in the case of mole¬ 
cules of the halogen salts of alkali met¬ 
als, where, due to the small difference 
between the ionisation potential of an 
alkali metal atom and the electron af¬ 
finity of the halogen atom, the “ionic” 
curve in the region of small interatomic 
distances lies considerably lower than the 
“covalent” curve. From an analysis of 
these molecules it follows that the energy 
corresponding to the cova lent scheme 
does not exceed several per cent of the 
total energy, i.e., the bond energy practically fits the ionic valent 
scheme. This conclusion is in complete agreement with the theory 
of ionic molecules of Born and Heisenberg (p. 276 et seq.). Fig. 68 
shows the potential-energy curves of the NaCl molecule. It is seen 
that the NaCl molecule, the ground state of which is composed of 
states of the ions Na + and Cl~, dissociates into neutral atoms^ 
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We must therefore ascertain the absence of any direct relationship 
between the origin of terms of ionic molecules and the nature of 
ihe products of their* dissociation. 

From the foregoing it follows that the concepts of an atomic 

molecule as a molecule the 
ground state of which is com¬ 
posed of the states of’neutral 
atoms, and the concept of an 
ionic molecule the ground 
state of which is composed of 
the ionic states of the atoms, 
are relative and applicable 
only in limiting cases. The 
ground states of the molecules 
are described by functions 
(33.9). Here, the following 
three cases are possible: 1) 
a b. In this case, the ground 
level of the molecule is deter¬ 
mined almost exclusively by 
the function of at , i.e., the 
ground state of the molecule 
originates from the states of neutral atoms (atomic molecule). 
2) a <<; b. In this case the molecule is ionic. 3) Finally, it may 



Fig. 68. Potenti al-energy curves oi NaCl 
molecule. I is the ionisation potential 
of a sodium atom, E is the electron 
affinity of a chlorine atom 



Fig. 6% Potential-energy curves of an atomic (a) and an ionic (b) 
molecule. D is the energy of dissociation of the ground state of the 

molecule 


be conceived that a and b are of the same order of magnitude. In this 
case, obviously, the concepts of atomic and ionic molecules are 
purely relative; in other words, when a predominates one may 
provisionally speak of an atomic molecule, and when b predomi¬ 
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nates, of an ionic molecule. It may be noted that the theoretical 
relationship between the coefficients a and b is ordinarily found 
from the minimum energy. 

The atomic or ionic character of a molecule may sometimes be 
established on the basis of various empirical criteria. For instance, 
from the foregoing we get the London criterion . Let us consider 
Fig. 69, a and b. Fig. 69 a shows an ionic curve (I) and an 
atomic curve (II) of potential energy of molecule AB for the case 
when the ionic level lies considerably higher than the atomic (atomic 
molecule). Fig. 69 b gives the same curves for an ionic molecule, 
The horizontal asymptotes of the ionic and atomic curves are 
separated by a distance el—E. It is seen that while in the case 
of the atomic molecule a continuation of the hyperbolic branch 
(dashed line) of the ionic curve (1) intersects the abscissa axis 
(zero level) at a distance r s which is comparable with the equilib¬ 
rium distance of the molecule r e ; in the case of an ionic molecule, 
this branch intersects the zero level at a distance r 6 that appreci¬ 
ably exceeds r e . Since the hyperbolic branch of the ionic curve is 
expressed by the equation 

U(r)=--- e | + (eI-E), 
for r s , which corresponds to U = 0, we have 



Table 29 contains data on determining the structure of certain 
molecules on the basis of the London criterion. 

In the case of two-atomic molecules, and also nonsymmetric 
polyatomic molecules, the ratio between ip at and i|> ion (33.9) and 
the corresponding distribution of the density of the electron cloud 
of the molecule are frequently manifested in polarity of chemical 
bonds. This polarity is particularly great in ionic molecules in 
which the chemical interaction of the atoms (ions) can be described 
by means of electrostatic (Coulomb) forces. Conversely, in the H 2 
molecule, as in general in symmetric molecules consisting of the 
same atoms (for instance, N 2 , O t , F,), Coulomb interaction, as 
well as the role of ionic structures (^ ion ) becomes subordinate and 
the chemical bond is mainly determined by exchange forces: the 
chemical bonds in such molecules are nonpolar. But in molecules 
that are intermediate between these two extreme types (in the gener¬ 
al case, in an AB molecule consisting of different atoms) i|? at 
and i|i ion must obviously enter into T f in comparable portions, and 
the degree of polarity of the molecule must vary in line with the 
relationship of these quantities. 
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Table 29 


The structural nature of molecules determined by the London criterion 


Molecule 

- T~ 

el, eV 

E, eV 

^ A 

V A 

Structure 

h 2 

13.53 

0.74 

1.12 

0.74 

Atomic 

HF 

13.53 

3.62 

1.45 

0.92 

? 

HC1 

13.53 

3.79 

1.48 

1.28 

Atomic 

HBr 

13.53 

3.56 

1.44 

1.41 


HI 

13.53 

3.19 

1.39 

1.60 


KF 

4.32 

3.62 

21 

(2.31) 

Ionic 

KC1 

4.32 

3.79 

27 

2.79 


KBr 

4.32 

3.56 

19 

2.94 

” 

KI 

4.32 

3.19 

13 

3.23 



The more different the electrical properties of the atoms compris¬ 
ing a molecule, the more asymmetric its electronic structure and 
the more substantial the contribution, to the bond, of Coulomb 
interaction of atoms (ions) and, accordingly, the greater the dipole 
moment of the molecule, inasmuch as absence of symmetry of the 
electronic structure may be interpreted as the presence of certain 
effective charges in both atoms of the molecule. 

The degree of asymmetry of the electronic structure of the mole¬ 
cule and the direction of shift of its electron cloud are determined 
by the relationship of electronegativities of the atoms that make 
up the molecule. According to Mulliken, the sum of the ionisation 
potential of an atom and its electron affinity is a measure of the 
electronegativity of the atom. This may be substantiated as follows. 
We consider the conversion of two neutral atoms A and B into 
pairs of ions A + -j-B" and A'-fBA In the first case, the total 
change in energy is equal to eh A — E B , in the second case, eI B — E A 
(Ia and la are ionisation potentials, E A and E B are electron 
affinities of atoms A and B). For identical electronegativities of 
both atoms these energy changes will, obviously, be equal; whence 
it follows that el A + E A =eI B + E B ; that is, the sums el’-j- E are 
equal. The following is a table of the values of electronegativities 
for several elements in kcal/gm-atom (after Mulliken)*; 

Element F Cl Br I H Li 

el + E 586 452 418 382 328 135 

It is seen that the electronegativities of the halogens and hydro¬ 
gen fall off in the order F>Cl>Br>I>H. From this it fol- 


* These values were obtained by means of the ionisation potential which 
corresponds to removal of the sole unpaired electron. 
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lows that the electron clouds in moiecuiesof halogen hydrides (HX) 
must he displaced towards the halogen, and the more considerably 
the lighter the halogen. Consequently, the dipole moments of HX 
molecules should be related as HF)> HC1 HBr]> HI. Indeed, 
experiment gives the following values of dipole moments of these 

compounds: 1.74 (HE), 1.03 (HC1), 0,79 (HBr), and 0.38 (HI) de- 

byes. In contrast to halogens, the electronegativity of alkaline 
elements is less than that of hydrogen. From this we conclude 

that the electron cloud in the hydride molecules of the alkaline 

elements must be shifted towards the H atom.* 

The difference in electronegativities is particularly great in the 
case of halogens (X) and alkaline elements (Me). For this reason, 
in MeX molecules the electron cloud of the pair oi valence electrons 
is so much shifted towards the X atom that it practically localises 
on this atom, so that grounds appear for speaking of the ionic 
structure of the molecule Me + X~. An experimental confirmation of 
this conclusion is the close agreement of measured values of the 
bond energy and of other molecular constants of alkaline-halogen 
salts witli these values computed on the assumption that MeX mole¬ 
cules are built up from ions, the electrostatic interaction of which 
is responsible for the chemical bond in the molecule (see Sec. 32). 

From the foregoing we can conclude that ionic, or electrovalent, 
bonding is a limiting case of chemical bonding, when the electron 
cloud of a pair of electrons that are responsible for the chemical 
bond is shifted to such an extent towards the electronegative atom 
(hat these electrons will actually belong to the latter. But in the 
overwhelming majority of cases the cloud of valence electrons is 
only more or less shifted towards one of the atoms from the sym¬ 
metrical position that it would occupy if the electrical properties 
of atoms comprising the molecule were the same. Bearing in mind 
both limiting cases (the symmetric electron cloud and the ionic 
structure), one may, in a relative way, speak of the real structure 
of a molecule as a certain intermediate structure between these 
limiting structures. 

Due to the difference in physical and chemical properties of mole¬ 
cules with covalent and electrovalent bonds, and also insofar as 
the limiting cases of purely ionic or purely covalent bonds are 
comparatively rare, it is meaningful to speak of the degree of 
electrovalence or the degree of polarity of chemical bonds. The 
natural measure of this tatter quantity is the electric dipole moment 
(see Sec. 46) inherent in the bond. 

* This is corroborated by X-ray studies of crystal lattices of the hydrides 
of alkaline elements in which the H atom is negative. Related to this is 
also the large dipole moment of hydride molecules: thus, the computed mo¬ 
ment of LiH comes out equal to 6.04 debyes. 
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34. Theory of Valency 

Valence theory (within the [ramework of the electron-pair theory). 

The most important generalisation of the results of a quantum- 
mechanical analysis of simple molecules is the theory of electron 
pairs (frequently called the theory of spin valence ), which under¬ 
lies present-day views of covalent bonds. The formal precursor of 
the spin theory is the theory of Lewis and Langmuir, in which a 
pair of electrons is correlated with each valence line in classical 
chemistry (simple bond). This view is supported by the experiment¬ 
al fact that, with few exceptions, all unsaturated and, for this 
reason, chemically unstable compounds have an odd number of 
electrons. The molecules of such compounds have a series of specific 
properties, for instance, a marked ability for dimerisation; they 
usually have intense coloration, a paramagnetic moment and other 
properties characteristic of a chemically unstable molecule. Such, 
for example, are, for the most part, free radicals (and also free 
atoms). In contrast, saturated compounds have an even number of 
electrons, yet are diamagnetic, etc. 

A common feature of the Lewis-Langmuir theory and the earlier 
considered Kossel theory (p. 273) is the concept of a tendency of the 
atoms towards an eight-electron outer shell (octet). However, unlike 
the Kossel theory, the Lewis-Langmuir theory allows for the partic¬ 
ipation of a single electron simultaneously in two octets. Thus, 
using Lewis’ symbolism, where each outer electron is represented 
by a dot, the chlorine molecule may be represented schematically 
as follows: 


Here, the pair of valence electrons that takes the place of the 
valence line of classical chernistry (Cl —Cl) belongs simultaneously 
to both atoms, the electron shells of which thus acquire the needed 
completion. In exactly the same way, the CC1 4 molecule is repre¬ 
sented in the form 

:C1: 

:C1:C:CT: 


where in the carbon octet there participate four chlorine electrons 
that are simultaneously part of the octets of the respective chlorine 
atoms. 

In the Lewis-Langmuir theory, double and triple bonds are 
designated by two and three pairs of dots, respectively; for 
example, 
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H H 

C:: C and H:C:::C:H. 

H H 

We now have four and six electrons each participating in two 
carbon octets. The remaining four and, accordingly, two electrons 
of each carbon octet are, at the same time, involved in a two- 
electron shell of two hydrogen atoms and, respectively, one hy¬ 
drogen atom. 

A two-electron shell that corresponds to a stable two-electron 
shell of the He atom is accomplished in the H, (H:H) molecule. 

Using Lewis symbolism, the ionic molecule NaCl may be repre¬ 
sented as 

Na + :C1:-. 

Here, in contrast, for instance, with the homopolar molecule Cl a , 
each electron participates only in one octet (the inner electrons of 
the Na + ion are not shown). 

The nature of homopolar bonding, which remained unsettled in 
the Lewis-Langmuir theory, was solved as follows in the quantum- 
mechanical theory. From an analysis of the hydrogen molecule and 
certain other of the simplest molecules, we may draw the general 
conclusion that the underlying factor in the chemical interaction 
of atoms is electrical interaction of the component electrons and 
nuclei and that a simple chemical bond (for example, H —H or 
Cl — Cl) is represented by a pair of electrons with antiparallel 

spins. - 

The possibility of correlating the valence line of classical chem¬ 
istry with the electron pair (at least in the case of the simplest 
molecules) gives theoretical substantiation to the Lewis-Langmuir 
theory, which is corroborated in general outline by experiment. 
Since in the case of homopolar bonding each pair of connecting 
electrons includes, as a rule, electrons belonging to different atoms, 
the valence of the atom should be determined by the number of 
its unpaired electrons (V). Since this number also determines the 
total spin of an atom in a given quantum state, equal, obviously, 
to S = 1/2V, we must have the following relation between the 
valence of the atom and its spin or the multiplicity of the cor¬ 
responding term M = 2S~1-1: 

V = M— 1, (34.1) 

which means that the valence of the atom in the given state must 
be less than the multiplicity of the corresponding term by unity. 
The semi-empirical view of valence electrons as unpaired outer 
electrons of an atom turns out to be extremely fruitful in clari¬ 
fying various peculiarities of chemical bonds. And those cases when 
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a formal use of this concept leads to contradictions with the facts 
help to extend our knowledge of the nature of chemical linkage. 

According to spectroscopic findings, the following terms corre¬ 
spond to the ground states of elements of the second and third 
series of the Periodic Table (see Table 18): 

Li, Na Be, Mg B, A1 C, Si N, P 0, S F, Cl Ne, Ar 
2 S ! S 2 P S P 4 S S P 2 P J S 


Whence, on the basis of (34.1), we find that Li, Na, B, Al, F 
and Cl must be univalent, C, Si, O, and S, bivalent, N and P, 
trivalent, while the valence of Be, Mg, Ne, and Ar must be equal 
to zero. As regards the valences of Li, Na, 0, F, Ne, and Ar, the 
theoretical values coincide with the experimentally found values. 
But in other cases, the theoretical valences are less than the experi¬ 
mental. 

Thus, from (34.1) we find V —0 for the valence of Be and Mg, 
while in reality these elements are bivalent. This discrepancy be¬ 
tween theory and experiment is accounted for by the fact that in the 
formation of a chemical compound both spins of a closed pair (s 2 ) 
of outer electrons of Be and Mg become parallel, which must 
involve the excitation of one of the electrons (for example, we may 
assume that a 2s-electron of Be becomes a 2p-electron, and a 
3s-electron of Mg, a 3p-electron). Thus, in reality we have excita- 
tion, of valence in the process of chemical interaction (Mecke). 

The supposition of excitation of valence of the “nonva lent” atoms 
Be and Mg during the formation of molecules from these and other 
atoms is, obviously, tantamount to the assumption that the ground 
states of the corresponding molecules should arise out of the excit- 
ed states of “nonvalent” atoms. The following facts support this 
view. The ground state of the BeO molecule (the same goes for 
the MgO molecule) is a singlet (S^O). If this state were composed 
of ground states of the atoms Be (Mg) and 0, which are the states 
S(L = 0) and 3 P(S=1), it would have to be a triplet. But when 
the 0( 3 P) atom interacts with an excited Be (or Mg) atom, for 
instance, with an atom in the state 3 P(S=1), we get states of the 
BeO (MgO) molecule with spin 2, 1, or 0, that is, quintet, trip¬ 
let, and singlet states, one of which (the singlet) is the ground 
state of the molecules BeO and MgO. 

The assumption that the ground state of the BeO molecule (and 
this goes for the molecules MgO, CaO, SrO, BaO, ZnO, CdO, HgO 
too) is associated with an excited state of the Be atom (Mg, Ca, 
Sr, Ba, Zn, Cd, Hg, respectively) is likewise confirmed by the 
following data. For example, considering the formation of mole¬ 
cules BeCl and BeCl 2 as a reaction of atoms Be and Cl and, respec¬ 
tively, the reaction of a Cl atom with a BeCl molecule, we should 
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expect that due to the expenditure of energy associated with exci¬ 
tation of the valence of Be, the thermal effect of the Be-[-Cl = 
= BeCl(D,) reaction should be substantially less than that of the 
reaction BeCl -|-Cl = BeCl 2 (D 2 ). 

Since there are no experimental 
data for BeCl and BeCl 2 , 
we take the appropriate data 
for the halogen salts Zn, Cd, 
and Hg as given in Table 30. 

From this table it follows that 
D, are indeed much less (by a 
factor of 2 to 4) than D 2 , 
which is naturally accounted for 
on the basis of excitation of 
valence. 

The participation of excited 
states in a chemical bond is a 
very common occurrence. For in¬ 
stance, according to Mecke, va¬ 
lence 4 of carbon, which is a component part of organic com¬ 
pounds, is due to the excited state 5 S (the excitation energy of 
which is 95.9 kcal/gm-atom). As we saw earlier, a carbon atom 
in the ground state ( 3 P) must be bivalent. The valence excitation 
of the C atom, when it passes from the bivalent state to the tet- 
ravalent state, follows directly from a comparison of the thermal 
effects of the reactions C -j- O = CO-f 256 kcal/mol (D,) and 
C0-f0 = C0 2 -(- 126 kcal/mol (D 2 ). We note here that unlike the 
earlier considered cases of formation of halogen compounds Zn, 
Cd, and Hg from atoms, D, turns out not less but more than D z . 
This is connected with valence excitation in the second stage of 
the reaction instead of the first stage. 

Further, halogen valences above 1 should also be considered as 
associated with excited states of the atom, like the valences of 
elements of the sixth group that exceed 2. Comparing the excita¬ 
tion energy of the lowest state 4 P(V = 3) of atoms F, Cl, and 
Br, equal to 292.7, 205.6, and 180.3 kcal/gm-atom, we see that the 
excitation energy of the F atom is roughly F/„ times the excita¬ 
tion energy of Cl and Br. There is just about the same difference 
in the case of excitation energies of the lowest state S S(V = 4) 
of atoms O, S, Se, and Te, which are 210.8, 150.4, 137.7, and 
126.5 kcal/gm-atom, respectively. As was first shown by London, 
it is with this difference that we should connect the fact that 
whereas F and O have only valences 1 and 2, respectively, all 
the other elements of the seventh and sixth groups have diffeient 
(including higher) valences. 


Table 30 


The separation energy of halogen 
atoms in the molecules MeX and 
MeX 2 (in kcal/mol) 


Me 

Zn 

Cd 

Cd 

Hg 

Hg 

Hg 

X 

Cl 

Cl 

I 

Cl 

Br 

I 

D. 

50.5 

46 

32 

30 

23 

14 

d 2 

105 

104 

50 

75 

67 

57 
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Another illustration of valence excitation is the activation 
energy in certain reactions where atoms combine directly. Thus', 
an investigation o£ the thermal decomposition of nitrous oxide 
N 2 0 shows that this reaction, which proceeds as N 2 0-^N 2 -f0, 
involves an activation energy of about 60 kcal/mol. Whence, since 
the separation energy of an O atom from the N 2 0 molecule is 
38.7 kcal/mol, we find, for the activation energy of the reverse 
reaction, i.e., N z -fO = N i O, 60 — 39=21 kcal/mol. In this 
case, the necessity of activation is evident from Fig. 70,* which 



N z rr;+o ( 3 pj 


Fig. 70. Interaction between N 2 molecule and 
O atom in the formation of an N 2 0 molecule 


shows schematically the curves of potential energy of the system 
N 2 -^-0: the repulsion curve corresponding to an absence of chem¬ 
ical interaction between the nonvalenl molecule N ± ('l) and the 
atom O and a curve corresponding to the stable molecule N 2 0 
formed from the bivalent excited molecule N 2 (*l) and the atom O. 
According to Fig. 70, N a and 0, which are in the ground state, 
mutually repel; however, the system overcomes this repulsion (at 
the expense of activation energy) and passes into a stable ground 
state of the molecule N 2 0. It is further seen that the necessary 
activation energy represents but a comparatively small portion of 
the excitation energy of the nitrogen molecule. Similar ratios 
occur also in other cases, which explains the comparative ease of 
valence excitation. 

The participation of excited states in chemical linkage (this 
gives rise to the higher valences of a number of elements) shows 


Strictly speaking, the potential energy of the triatomic molecule N 2 0 
as a function of the distances between atoms is denoted by potential surfaces 
and not curves. Therefore Fig. 70 is schematic. In its construction it was 
taken that the distance between the nitrogen atoms remains constant, which 
enables us, approximately, to regard this molecule as a diatomic molecule 
and represent its energy by potential curves. 
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(lint formula (34.1) is of limited value and is applicable only in 
cases when the generation of energy during formation of new chem¬ 
ical bonds does not cover energy expenditure connected with 
valence excitation, i.e., when valence excitation is energetically 
Impossible and for this reason actually does not take place, other¬ 
wise there is or can be valence excitation, as a result of which 
the valence of the atom will be greater than the number of 
unpaired electrons in its ground state. 

Hybridisation. However, only in certain cases, in particular, 
in 1 fie case of weak fields, is it permissible to identify a given 
valent state of an atom in a molecule with some electron state of 
an isolated atom. In the general case these states must be distin¬ 
guished, Essentially, this difference lies in the fact that to both 
indicated states there correspond different electron configurations 
because for an isolated atom the latter (For instance, configura¬ 
tions sp, sd, sp*. sp\ etc.) do not, generally speaking, correspond 
to the valent states of an atom. Let us illustrate this using ele¬ 
ments of the second group. As we have already seen, from the 
viewpoint of the theory of spin valence, valence 2 of these elements 
is associated with an excited triplet state to which an electron 
configuration sp corresponds. If this configuration corresponded to 
a bivalent state of the atom, one would have to conclude that 
one of the valence electrons is an s-electron, while the second is 
a p-electron. Hence, chemical bonds accomplished with these 
electrons (both the Hg —Cl bonds in the HgC! 2 molecule, for 
example) would have to be nonequivalent, but this contradicts 
experimental findings. Thus, from the experimental fact of the 
equivalence of these bonds there follows the identity of the states 
of both valence electrons in the valent state of the atom. In the 
quantum-mechanical theory of chemical bonding this fact is inter¬ 
preted as follows. In the valent state of the atom, which corre¬ 
sponds to the excited electron state sp, each of the two valence 
electrons is in a mixed, so-cailed hybridised, state and not in the 
s- or p-state. The hybridised state is obtained from these two states 
and is described by a wave function that is a linear combination 
of functions corresponding to the s- and p-states. Analysis shows 
that hybrid functions ensure maximum overlapping of electron 
clouds and, hence, the strongest linkage. 

In the same way, the electron configuration of the tetravalent 
state of carbon is not identical with the sp 5 configuration of the 
excited atom C ( S S) that corresponds to it, and it is not true to 
state that three of the four valence electrons of the C atom are 
p-electrons, while the fourth is an s-electron. Actually, all four 
electrons of tetra valent carbon are the same because due to hybrid¬ 
isation there are four identical hybridised states in place of three 
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tv and one s-state; in particular, this is apparent from the identity 

of all four C —H bonds in the CH 4 molecule, the C — Cl bonds 

in the CCl 4 molecule, etc. 

Sigma- and pi-bonds. All the foregoing examples have to do 
with the case of a simple chemical bond, also called sigma-bond, 
in this instance. The electron cloud of the electrons that effect 
this bond is distributed symmetrically about the line connecting 
the nuclei. Experimental proof of such symmetry of an electron 

cloud in the sigma-bond is the possibility, found in the thermo¬ 



jr- electron electron 

Fig. 71. Model of double (a + rt)-bond 


dynamic and other properties of the molecule, of a free (usually 
somewhat inhibited) rotation of one part of the molecule relative 
to the other, which is connected with it via a sigma-bond (see 
p 349). To take the simplest possible example, we have the ethane 

molecule H,C — CH t . ■ , , , Th 

The sigma-bond may be lormed both by s- and p-electrons. the 
chemical bonds in all saturated compounds are always sigma-bonds. 

In contrast to saturated compounds, unsaturated and aromatic 
compounds possess, together with sigma-bonds that bind the skel¬ 
eton of the molecule, a special type of bond called pi-bonus, the 
peculiarity of these bonds, which are formed by a pair of 
p-electrons is due to the absence of axial symmetry of the e ectron 
cloud that they form. As a result of mutual overlapping of electron 
clouds of the two p-(n-)electrons, there are formed (on both sides 
of the line connecting the nuclei) two “bridges” that impart a 
specific rigidity* to the pi-bond. Every double bond for instance, 
a bond between carbon atoms in the ethylene molecule H,C — LHj, 

* The electron cloud of the pi-bond has two planes of symmetry that 
pass through the line connecting the nuclei. 
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consists of a sigma- and a pi-bond (Fig. 71). Because of this rigid¬ 
ity of the pi-bond, the relative rotation of parts of the molecule 
connected by a double bond becomes impossible and is actually 
not observed. 

This is found, in particular, in cis-trans-isomerism that is, in 
the existence of substances of identical composition, but of differ¬ 
ent geometry expressed in a different relative arrangement of the 
parts of the molecule arid leading to differences in the physico- 
chemicaI properties of the isomers. Classical examples of cis-trans- 
isomerism are fumaric acid: 


and maleic acid: 


HOOC x H 

/C = C(^ (trans) 

H 7 X COOH 


HOOC. 

H- 


C = C 


/ 

\ 


COOH 

H 


(cis). 


I lie rigidity of the C = C-bond in this and similar cases is so 
great that the transition of one isomeric form into another is not 
observed under ordinary conditions. It can occur only when the 
molecule is acted upon by a sufficiently strong agent that weakens 
(lie double bond, for instance, absorption of light by the molecule 
lphotochemical isomerisation). It may be presumed that at least 
us regards photochemical reactions tautomeric conversion is 
accomplished as a result of the transformation of the double bond 
into a simple bond (when the molecule is excited), which trans¬ 
formation leads to the possibility of free rotation. In this case. 
Hie reaction scheme may be represented as follows: 


R \ / H R \ /H R. ,R 

>c=c/ - )c-c< _ >c=c/ 

7 X R H- I 1 7 R H 7 


H 


H 


Directed valency. The peculiarities of symmetry of the cloud 
of p-electrons also explains the experimentally observed phenom¬ 
enon of directed valence bonds (directed valences) which is the 
underlying principle of stereochemistry, or the theory of ihe 
geometric, spatial structure of chemical compounds. The first 
ex peri mental proof of the spatial structure of compounds was 
obtained by van’t Hoff and LeBel, who correlated the phenomenon 
1)1 optical isomerism with the spatial structure of isomeric mole- 
i iiles, thus laying the foundations of stereochemistry, which has 
liL'Corne an integral part of the theory of chemical structure. At 
present, as a result of numerous experimental investigations into 
the geometric structure of molecules, it has been established that 
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in addition to molecules of linear and planar form we find triam 
gular and pyramidal molecules, tetrahedral molecules, zigzag, 
catenary, ring-like / molecules, etc. This diversity of molecular 
shapes was explained on the basis of wave mechanics (Pauling), 

which proved exceedingly fruitful in this 
question. 

One can obviously speak of the spa¬ 
tial molecular structure due to directed 
valence bonds in the case of molecules 
with more than two atoms, that is, 
beginning with triatomic molecules. 
Since both valence electrons of the 
oxygen atom are p-electrons, the cloud 
of which has two mutually perpendi¬ 
cular directions of maximum charge 
density, as shown in Fig. 72, the O—H 
bonds in the H 2 0 molecule should be 
at an angle close to 90°, in other 
words, a water molecule should have a triangular shape. This 
follows from the principle of quantum mechanics that a maximum 
overlapping of electron clouds corresponds to the formation of a 
chemical bond, as a result of which the H atoms should be added 
to the O atom in the directions of the axes of the p-electrons of 
the O atom, as is shown in Fig. 72. This conclusion is fully 
corroborated by experiment, in accordance with which the H 2 0 
molecule has the shape of an equilateral triangle with an angle 
H—o—H of 105°. Similar in structure are the molecules H 2 S 
(angle H—S—H equal to 92°), H 2 Se (angle H—Se—H, 91°), F 2 0 
(angle F—O—F, 104°), C1 2 0 (angle Cl—O—Cl, 111°), C1 2 S (angle 
Cl—S—Cl, 100°), etc. 

The fact that in molecules of this type the angles between 
the same bonds are, in most cases, greater than 90° is explained 
by the mutual repulsion of electrons with parallel spins belonging 
to different atoms in the molecule. 

Unlike the molecules under consideration, molecules of type 
MeX 2 (the Me atom is that of an element of the second group, 
X = F, Cl, Br, I) and also of type MeXR (R is a radical), in 
which the valence state of the central atom corresponds to 
sp-hybridisation (see p. 305), have a symmetric linear structure.* 

Further, the occurrence of directed valences of the atoms of 
nitrogen, phosphorus, arsenic, and antimony with their three 
valence p-electrons is manifested in the pyramidal shape of the 


* We note that also the [FHF] ion with bivalent hydrogen H , the 
valence electrons of which are s-electrons, has a linear structure. 



Fig, 72. Directed valency 
(oxygen atom) 
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molecules NH,, PH,, NF S , PF,, PCI,, PBr,, AsF s , AsCl,, AsBr,, 
SbCl„ etc. However, the molecules of analogous compounds of 
elements of the third group (BC1 3 , BBr JP A1CI,, etc.) have a plane 
symmetric shape due to the fact that in the trivalent state of 
the central atom, as a result of hybridisation of one electron 
s-state and two p-states, there appear three identical states to 
which there correspond three electron clouds with axes in a single 
plane spaced 120° apart. The molecules C1F, and BrF a are also 
plane, but unlike the molecules of elements of the third group 
they are not symmetrical. 

1'he four directed carbon valences are tetrahedral (which has 
been known since the time of van’t Hoff and LeBel) and are 
manifested in the tetrahedral structure of molecules of such 
compounds as CH 4 , CCIj (and analogous compounds of silicon, 
titanium, germanium, and tin). This is also due to structural 
peculiarities of the electron cloud of the valence electrons of the 
C atom: as we have already pointed out, as a result of the 
hybridisation of one s-state and three p- 
■dnle.s there appear four identical electron 
stales, to which four identical bonds of a 
tetrahedral C atom correspond. These bonds 
are directed along the diagonals of a reg¬ 
ular tetrahedron and form angles of 109‘28' 
between each other. 

In complete agreement with experiment¬ 
al findings, it follows from quantum-me¬ 
chanical analysis that in different com¬ 
pounds the carbon atom may be in different 
valence states with a characteristic (for each 
of them) structure of the electron cloud. Thus, 
m saturated compounds the C atom always 
has a tetrahedral electron-cloud configu¬ 
ration corresponding to four sigma-bonds: 
whence the tetrahedral structure of molecules like methane and the 
oilier structural peculiarities of saturated compounds. In unsaturat- 
nl compounds with double bond, the C atom forms three sym¬ 
metric sigma-bonds that lie in one plane at angles of 120° and 
one pi-bond; the cloud of each of the p-electrons effecting this 
1 11 ’nd has an axis of symmetry normal to the plane of the sigma- 
hond, as shown in Fig. 73. In compounds of this type and also in 
in uniat ic compounds, the C atom is called trigonal (in contrast 
In letrahedral). * 


* The valence state of the C atom in diamond corresponds to tetrahed¬ 
ral, and in graphite, to trigonal carbon. 


a 


/ \ 



Fig. 73, Trigonal atom of 
carbon. Goud of p* (jt-) 
electron shown by dashed 
line (schematic). Axis of 
electron is perpendicular 
to plane of drawing 























310 


NATURE OF CHEMICAL FORCES. MOLECULE 


[Ch. 7 


The triple carbon bond C = C consists of two pi-bonds and one 
sigma-bond. The simplest molecules with triple bonds are lineaf 
in form. Such, for example, are the acetylene molecules HC = CH,* 
the molecules of prussic acid HC = N, dicyanogen N = C — C = N> 
etc, 

The foregoing facts are a brilliant illustration of the valuable 
contribution that quantum mechanics has made to the theory of 
the spatial structure of molecules by giving a physical substantia¬ 
tion to many important principles of stereochemistry. 

Valence theory (within the framework of the method of molecular 
orbits)* The theory of spin valence and its equivalent method of 
electron pairs, which is one of several possible approaches to the 
problem of chemical bonding, do not provide a complete solution 
to this problem. Above all, this method is limited by the existence 
of bonds which are not provided for by pains of electrons with 
anti parallel spins. Such, for instance, is the bond in the molecular 
hydrogen ion that is effected by a single electron and has 

rather considerable strength (the heat of dissociation of is 

61.1 kcal/mol, which is more than that of halogen molecules; the 
heat of dissociation of the strongest of these — chlorine —is 

57.2 kcal/mol). The 0 = 0 bond in the oxygen molecule is effected 
by a single pair of electrons with antiparallel spins and one pair 
with parallel spins {which, for example, is manifested in the para¬ 
magnetism of O t ), With regard to the 0 2 molecule, it should be 
pointed out that the demand for antiparallelness of spins in each 
pair of bonding electrons {which demand also follows from the 
necessity of satisfying the Pauli principle) is obligatory only in 
those cases when the s-electrons are valent. But when, for example, 
the p-electrons are valent, as in the case of the 0 2 molecule, the 
Pauli principle can, generally speaking, be satisfied even without 
the mutual compensation of spins of the pair. However, such cases 
are rather rare. 

Further, we know of cases of chemical bonds effected by three 
electrons {for instance, the bond between C atoms in the benzene 
molecule). There are other kinds of bonds that do not fit into the 
theory of electron pairs {in the zero approximation of this theory). 
The inadequacy of the latter theory** is also evident from the 
following facts: the failure to find molecules of second-group 
elements and hydrogen containing two H (MeH 2 ) atoms with 


* However, in the excited state, the C 2 H 2 molecule is bent with an angle 
C—C—H equal to 120°. 

** We should bear in mind here that to a higher approximation the meth¬ 
od of electron pairs may be used to describe all types of chemical linkage. 
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considerable (physical) stability of unsaturated molecules (MeH 
radicals), the chemical stability of molecules with an odd number 
° r electrons, such as NO and CIO,, the stability of free radicals 
for instance, the radical of triphenylmethyl (C ( H.),C, etc. All 
lliese and similar facts can be interpreted on the standpoint that 
a very significant role in the formation of chemical bonds is 
played by energy relationships, which are not always taken into 
account in the qualitative conclusions of the primitive theory of 
spin valence. In the final analysis, the decisive factor determining 
I lie stability of a given chemical compound or the possibility of 
its existence is the change in energy associated with the formation 
of the compound. 

hrom this point of view, the most general approach is that 
developed by Mu Hi ken, Hund, Herzberg, and Leonard-Jones, which 
slates (hat all the electrons in a molecule are divided into bonding 
electrons, the energy of which diminishes during the formation of 
a nialmile, and uniibonding electrons, the energy of which increases 
(luriup I III. 1 prtuT.ss Mulliken introduced yet another, intermediate, 
group of nnnbmding electrons, the energy of which practically 
docs not change during the formation of a molecule. In the first 
(dace, these are the elections of the inner, most strongly bound, 
groups. In accordance with the Pauli principle, both the bonding 
and the anti bonding electrons ordinarily occur in the molecule in 
l la fo, m of pairs with anti parallel spins, it is necessary, however 

In stress the fact that in contrast to the theory of spin valence! 

I lie valence line here does not necessarily correspond to a pair of 
electrons with antiparallel spins (cf. the O s molecule, p. 310) and 
I lie unpaired electron is not necessarily a valence electron. On this 
view, the chemical stability of an “unsaturated" (according to the 
I henry of spin valence) NO molecule or the chemical activity of 
Ihe “saturated" molecules P = P* or BH, is readily accounted for 

I nr example, the activity of BH,, which is manifested in the 

jurl that the chemically saturated molecules are the molecules 
B u ll„ and not BH,, should, obviously, be attributed to the pres- 
die BH, cloud, of electrons capable of becoming bonding 

idl'd ions in the formation of B 2 H, out of two BH. molecules. 

\Vilh respect to electronic structure, the BH a molecule may be 

likened to an oxygen atom with the same number of electrons (8). 


I lie chemical instability of P, as compared with N, is evident from 
Mb* Lh 1 mat in phosphorus vapour at moderately high temperatures we find 
l , mnlmiles and not P 2 molecules. Accordingly, the heat of formation of P 
"!' ‘ ,1 iw “ JV 1S Positive and equal to 54,5 kcal/mol, whereas, due to the 
,7"‘ m N 4, mo ecules, we must consider the heat of their formation out 
ui I wo N, molecules as close to zero. 
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From this viewpoint, to a saturated boron hydride one can assign 
the structure H S B = BH S , which is similar to the structure of an 
oxygen molecule (J = 0.* The radicals CH, and NH, to which 
everything said of BH S is applicable, are analogues of BH S . Simi¬ 
larly, we can also interpret the radicals CN, NO, CO, CC1 3 , etc., 
by attributing the chemical activity to the radical not to the 
electronic structure of the atoms C or N but to the radical as a 
whole. 

The presence of bonding and anti bonding electrons in molecules 
follows directly from a correlation of the heats of dissociation of 
neutral and ionised molecules. For example, from the fact_ that 
the heat of dissociation of a molecular ion of hydrogen (2.65 eV) 
is less than that of the molecule H 2 (4.48 eV), we can conclude 
that both electrons in the stable state of the H 2 ('2) molecule 
that form the bond H — FI are bonding electrons. In contrast to 
the *2 state, in the unstable state ’2 of the H, molecule, one 
electron is a bonding electron and one is an anti bonding electron 
(inasmuch as the Pauli principle requires that one of the electrons 
should pass to a two-quantum level; this involves a considerable 
rise in the energy of the molecule), as a result of which there is 
no bond. For the same reason there is no bond in the He a mole¬ 
cule where we have two bonding and two anti bonding electrons. 
Insofar as chemical bonding is ordinarily effected by a pair of 
electrons, it may be concluded that the kind of chemical bond 
(the number of valence lines) is determined by the difference 
between the number of pairs of bonding electrons and the number 
of pairs of anti bonding electrons. Equality in the number of both 
sets of electrons signifies that there is no bond. This rule is, of 
course, purely qualitative because the same bonding effect (in the 
sense of bond energy) or the same anti bonding effect is attributed 
to each pair of electrons. * 

Disregarding the inner K-electrons and finding the distribution 
of electrons in the molecules of N a and CO (taking into account 
the Pauli principle), we may show that there should be four pairs 
of bonding and one pair of anti bonding electrons in the electronic 
structure of these molecules in the ground state, whence we have 
a triple bond, as in the molecule N 2 and in CO. The predomi¬ 
nance of bonding electrons among the most weakly bound electrons 
in these molecules is evident from a comparison of the heats of 
dissociation of the latter with the heats of dissociation of ionised 
molecules, which can be calculated on the basis of the circular 
process 


* We should, however, point out that the B 2 H, molecule is diamagnetic 
whereas oxygen is paramagnetic. 
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el„ 

AB <—— AB + -fe 
D | el | D + 

A-j-B < -A + B + -\-e 

from known ionisation potentials of atoms (I) and molecules (I m ) 
from the equation 

D + = D + eI-eI m . (34.2) 

The values of ionisation potentials of a number of molecules and 
atoms are given in Table 31, from which, using (34.2), we find 
D, D for the molecules N s and CO. The decrease in heat of 
dissociation when passing from a molecule to an ion is an indi¬ 
cation that a bonding electron has been removed. 

Table 31 


Ionisation potentials of some molecules and atoms 


MoUcuU 

Hi 

N, 

CO 

O a 

NO 

Cl a 

Br a 

l a 

HC1 

HBr 

HI 

1m* ^ 

15.43 

15,65 

14,01 

12.08 

9.23 

11.48 

10.55 

9.28 

12.74 

11.62 

10.38 


A [am 

H 

N 

c 

0 

C! 

Br 

I, V 

13.53 

14.46 

11.22 

13.55 

12.96 

11.80 


In contrast to molecules H 2 , N. 2 , and CO, in all other cases 
1)^.^>D, whence we must conclude that the antibonding electrons 
nre removed in ionisation of the molecule. 

The concept of bonding and antibonding electrons is mathemat¬ 
ically formulated in the method of molecular orbits , the physical 
essence of which consists in the following. To bare nuclei, which 
ore visualised as fixed at a specific'and constant distance from 
one another (when considering a diatomic molecule), we add 
electrons, one after the other, and determine the configuration 
of the resultant electronic system; here we are guided by the Pauli 
principle and the facts about electron configurations obtained 
(mm atomic spectra. The state of each electron is described by 
n certain wave function that characterises an appropriate molec¬ 
ular orbit , the properties of which determine the role of the 
given electron in the chemical bond. The mathematical solution 
of the molecular problem via the method of molecular orbits 
reduces to finding the wave function of the molecule (which 
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is expressed in terms of molecular orbits of the electrons) and to 
calculating its energy. 

The state of a given electron in an isolated atom A is charac¬ 
terised by the wave function ^a (atomic orbit). When another 
atom B approaches atom A the state of the electron changes. For 
a sufficiently large distance between atoms A and B, this altered 
state may be approximately described by the wave function 
(molecular orbit), which is a linear combination of the functions 
if) A and ipB corresponding to the occurrence of the electron in 
atoms A and B respectively (atomic orbits), i.e., by the function 
■»|j + = ipAor the function — tya* The first of these 

functions (\p + ) corresponds to the state of a bonding electron 

because in this case we have = ipA , Be., an 

increase in the density of the electron cloud in the space between 
the nuclei of atoms A and B, which enhances their mutual 
attraction. Function ip_ corresponds to the state of an aniibond¬ 
ing electron; the probability or its occurrence between nuclei A 
and B is reduced (the minus sign in the expression ip 1 ), which 
signifies a tendency of the electron to pass into an atomic orbit 
with consequent decrease in stability of the molecule. 

As has already been pointed out, the molecular orbits of 
electrons are calculated in terms of the atomic orbits of the 
respective atoms. However, there is another approximate way of 
finding the molecular orbits. We imagine the nuclei to be 
merged, thus obtaining an atom that corresponds to the initial 
molecule, which may be called a united atom. Here, the molec¬ 
ular orbits and the respective molecular terms pass into orbits 
and terms of the corresponding united atom. We thus obtain an 
approximate picture of the molecular orbits in terms of the atomic 
orbits of a united atom. Calculation of molecular orbits by this 
method is the more precise the smaller the distance between 
nuclei. Since, on the contrary, the molecular orbits calculated 
by means of the first method, i.e., in terms of the atomic 
orbits of the atoms comprising the molecule, give the most 
precise description of the actual slate of the molecule only for 
large distances between nuclei, it may be assumed that the 
molecular orbits for internuclear distances close to equilibrium 
may be obtained by interpolating between the molecular orbits 
obtained by these two methods. The interpolation method plays a 
particularly large part in determining the character and order of 
the terms of diatomic molecules. 


* Strictly speaking, these formulas hold only for the case when atoms A 
and B are the same. In the general case of different A and B, each of the 
functions , i|) A and 'ijig is multiplied by the factors c a and Cg, respectively. 
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To determine the interrelations of the method of molecular 
orbits and the method of electronic pairs, we correlate these two 
methods by applying them to the hydrogen molecule. As we saw 
earlier (p. 289), the wave function corresponding to a stable state 
of the H 2 molecule may be written, to a first approximation, in 
the electron-pair method as 

= 'I’A (1) IpB (2) + 1|?B (1) 1|>A (2). 

Expressing the molecular orbits of both electrons in terms of 
atomic orbits and assuming the motion of one electron as inde¬ 
pendent of that of the other, i.e., disregarding interaction of 
electrons, we have, in the method of molecular orbits (to the 
same first approximation), 

^ = Na vl)+l|>B (1)] N>A (2)+1pB (2)] = IpA (1)^B (2)4- 
4-^b (1) (2) + ^a OHa (2)4-^b (1) ipB (2). 

Comparing these two expressions, we see that the wave function 
calculated by the method of molecular orbits contains two terms 
other than those corresponding to the location of one electron 
near nucleus A and the other near nucleus B. These terms 
correspond to finding both electrons near one or the other of the 
nuclei, i.e., to two possible ionic structures of the molecule: 
11 "H + and H + H~, which were not taken into consideration in 
the method of electron pairs (however, see p. 289). 

In the expression of the wave function calculated by the method 
of molecular orbits, the terms corresponding to ionic structures 
appear with the same coefficient (1) as the first two terms. 
Taking into consideration the fact that mutual repulsion of 
electrons (which we disregard in this method) must diminish the 
probability of both electrons being near one nucleus, i.e., the 
probability of accomplishing ionic structures, their role in the 
method of molecular orbits must be considered exaggerated. One 
of the consequences of this fact is that the method of molecular 
orbits is inadequate to account for the saturation capacity of 
chemical forces. We thus arrive at the conclusion that both 
methods (that of electron pairs as employed by Heitler and 
London, and that of molecular orbits) are one-sided and, for that 
reason, inadequate. Their restricted nature lies in the fact that 
Hie first method, which precludes the possibility of two electrons 
being located simultaneously at one nucleus, underestimates the 
role of ionic structures of molecules, whereas the second method, 
which ignores the mutual repulsion of the electrons and, for this 
reason, allows for an equal probability of finding both electrons 
near each one of the nuclei, overestimates the ionic structures. 
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a quasi-molecule are precisely those that arise from the levels of 
the colliding atoms as a result of electrical splitting of these 
levels. Whence it folfows that the greater the magnitude of this 
splitting, i.e., the stronger the interaction of the colliding atoms, 
the more considerably the levels of the quasi-molecule must differ 
from the levels of these atoms. Under the conditions at hand 
(fluorescence), the interaction energy has an order of magnitude 
kT, which is several hunderds of calories per gram-molecule. For 
this reason, the levels of the quasi-molecule are very close to the 
atomic levels, and corresponding lines are detected in the form 
of satellites of ordinary lines of the given element. However, in 
interactions, the energies of which are expressed in thousands and 
tens of thousands of calories (tenths of an eV and eV’s), which 
is the case when a given pair of atoms forms a stable compound, 
the difference in the energy levels of the molecule and of the 
corresponding isolated atoms may become so large that the spectra 
of both will lie in different regions. 

Table 32 gives the lower levels of certain molecules (E m ), for 
which the characteristic feature is a comparatively weak interaction 
of the constituent atoms, * together with the levels of the respective 
atoms (E a ). ** The energy levels of these molecules are not so 
close to the levels of their constituent atoms as in the case of the 
quasi-molecules KAr, HgAr, etc.; however, the genetic relation 
between atomic and molecular levels is obvious here. 

In contrast to the comparatively unstable molecules of this 
kind, in the molecules 0 2 , N a , NO, CO, etc., the heats of dissoci¬ 
ation of which exceed 100,000 cal/mol (D>5 eV), the genetic 
relation of molecular levels with the levels of the corresponding 
atoms is masked by an intense distortion of the atomic levels. 
Nevertheless, even here this relation can in many cases be estab¬ 
lished unambiguously (see below). 

We thus arrive at the following basic conclusion: the electronic 
levels of molecules originate from the levels of the atoms that 
constitute the molecule as a result of Stark splitting in the 
electric field of the molecule . 

Systematics of terms of diatomic molecules. Molecular terms may 
be calculated theoretically. In the simplest case of a molecule 
with one electron (molecular ion H^~) the wave function depends 
upon the coordinates of the electron x, y, z, the distances between 


* Here, as usual, the measure of atomic interaction is the heat of dis¬ 
sociation (D) given in the second column in Table 32. 

** Quantities E m and E a are the energy differences between the given 
and the ground levels of the respective molecule or atom. The symbols of 
the corresponding levels (terms) are given in parentheses. 
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the nuclei r and the angles # and cp, which determine the direction 
of the axis of the molecule. 

Table 32 


Lower molecular levels of relatively unstable molecules and levels 
of atoms (in eV); <D is the heat of dissociation) 


Molecule 

D, eV 

E m 


Li a 

1.14 

1.74 

2.54 

(’2) \ 

(’n) / 

1 

.85 

(2 2 P- 

-2 2 S) 

Na 2 

0,76 

1 .81 
2.51 

(’2) 1 
enj t 

2 

.09 

(3 2 P- 

-3 2 S) 

K a 

0.51 

1.44 

1 .90 

(’2) \ 

C nj ) 

1 

.60 

(4 2 P- 

-4 2 S) 

CdH 

0.68 

2.82 

3.50 

( 2 n> \ 

( z 2) f 

3 

.94 

(5 3 P- 

-5 l S) 



5.25 

( 2 2) 

5, 

.40 

(5’P- 

-5 J S) 

HgH 

0,37 

3.32 

4.20 

(■n> l 

(■2) r 

4 

.87 

(6’P- 

-6’S) 


Assuming an approximate separation of variables, we may put 
\p = l|5(x, y, Z, r, ft, <p) = ^el ( X > y- Z ) 'H’vibCO 'Protl®. <P)- 


In this case, the energy of the molecule can also be approximately 
represented as the sum of the electronic, vibrational, and rotational 
energies: E = E el + E vi „ -j- E rot . Hence we get three differential 
wave equations, the solution of which will give the electronic, 
vibrational, and rotational energies. E el is obtained by solving 
the wave equation tor the function i|) e | (electronic wave function). 

The molecule as a quantum-mechanical system differs from an 
atom in the sense that in the molecule the electrons occur in the 
field of two or several nuclei and not one. For this reason, even 
in the case of a single electron in a molecule (H^) the field acting 
on it will not have central symmetry. Considering the distance 
between nuclei (protons) r as a certain constant parameter, we 
will have the following Schrodinger equation: 

A^ el + 2 -£(E eI -V)^ el = 0. (35.1) 

In this equation, V is the potential energy of the electron in the 
field of both nuclei, 































320 


MOLECULAR SPECTRA 


[Ch. 8 


where r, and r 8 are the distances of the electron from the first 
and second nuclei, respectively. 

From an analysis^of equation (35.1) it follows that, like the 
wave equation for an atom with one electron, it has solutions 
for any positive value of energy .and only for certain discrete 
values of negative energy. The first solutions (positive E) corre¬ 
spond to the unstable state of the ion H+ divided into the H atom 
and the H + ion, which are separated by the distance r and have 
an energy in excess of that of their interaction for r = oo, the 
second solutions (negative E) correspond to discrete (quantised) 
states of the Hi/" ion. The set of these negative eigenvalues of 
energy E is what corresponds to the energy levels of the ion 
(for a given distance r between nuclei). The wave functions 
(eigenfunctions) corresponding to these values of E may be called 
orbital or molecular (see p. 314). 

The eigenfunctions of equation (35.1) depend not only on the 
coordinates but also on three quantum numbers, of which only 
one has precise physical meaning for all values of the parame¬ 
ter r. This number, denoted by the letter A, determines the 
projection of the orbital angular momentum of the electron on 
the axis of the molecule (ion) equal to ±hA. The number A can 
take on values 0, 1,2, . .depending upon these values the electron 
is called a o-, it-, 5-, ... electron. The two other quantum 
numbers can be expressed in terms of the principal (n) and 
orbital (/) quantum numbers that characterise the given system 
in one of two limiting cases: in the case of r = 0 (merged nuclei) 
and in the case of r —oo (separated nuclei). In the first case, the 
terms of the system are obviously the terms of the He + ion, in 
the second, the terms of the H atom. When the numbers n and l 
are used for a system of merged nuclei, the states of the electron 
in H+ are designated by the symbols Isa, 2sa, 2pa, 2pit, etc., 
and when the quantum numbers are used for a separated system, 
by als, a2s, a2p, Jt2p, etc. 

In the case of a diatomic molecule with the number of elec¬ 
trons greater than one, an exact solution of the wave equation 
(35.1) is not possible. However, we may examine, approximately, 
the motion of each individual electron in the averaged field of 
the remaining electrons, which field is superposed on the field of 
the nuclei. In such a treatment (cf. the Hartree-Fok method, p. 204), 
each electron in the molecule may be roughly characterised by 
quantum numbers n, /, and A (and also by a fourth—spin quantum 
number a = m 3 = ±1/2); as in the case of an atom, electrons with 
the same values of the quantum numbers n and l are called 
equivalent. By virtue of the Pauli principle, the number of equiv- 
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nlent electrons cannot exceed two for A = 0 and four for Jl=^=0. 
Indeed, in the first case (a-electrons) we have n,=n lt l x — l s , 
A =A t —0 and a, — — a s =; 1 ,/2, in the second case (ji-,* 6-’ etc*’ 
electrons) m = n, = n 3 = n 4 , /. = /,=*/, = /,, A, —k t = A, 

a, -A t — A and a 1 — o i ~ — o t =— o 4 = I/2. Here, two equiv- 
u ent a- or four jc- (or four etc.) electrons form a closed 
electron subgroup characterised by the values A = YAj = 0 and 
s = 0 - Thus, the electronic structure of the molecule/ like that 
of the atom, is built up of discrete groups and subgroups contain¬ 
ing definite numbers of electrons. The electron configuration of 
the molecule and. hence, its energy states or electronic terms are 
determined by the entire assemblage of molecular orbits, i.e., 
by the set of quantum numbers of all the electrons of the 
molecule. 

In I lie overwhelming majority of cases (see below), the following 
quantum number can be made fundamental to the systematics of 
electronic terms of diatomic and also linear polyatomic molecules: 

A = 2 A i (35.2) 

(summation Is performed over all electrons of the molecule)- this 

. . determines the absolute value of the projection of the 

lolal orbital angular momentum on the axis of the molecule 
Depending upon the value of A = 0, I, 2, etc., the terms of the 
molecule are designated by the symbols 2, n. A, etc. 

I.el us consider certain states of a molecule that result from 
given states of the electrons. In the case of a single a-electron 
(the remaining electrons in the molecule form closed subgroups) 
we have the term ‘2(A=A = 0, S = s=l/2). One ^electron 
yields a TI-term (A=A=1, S = l/2), one 6-electron, a *A-term 
etc Two equivalent a-electrons (designated by the symbol a 3 ) 
vield the term ’2 (a, = 1/2, a 4 = - i/2), (wo nonequivalent a-elec- 
Irons (aa) the terms ’2(S = 0) and 3 2(S=1). One a- and one 
)t electron (an) yield “II- and ’IT-terms. Two equivalent n-electrons 
pr) yield the terms '2, 3 2 (A ='A, -j-A l = 1 -— 1 =0, S = 0 I) and 
he term I A(.V = A 1 +A S = 1 + 1 ^2, S = 0). The term “A, as one 
M contradicts the Pauli principle = rr a ), is excluded. 

1,1,1 1,1 ,fle case ,wo nonequivalent n-electrons (jut) we have 
ii soothe A-term in addition to the terms indicated for the case 
el Thus we see that here, as in the ease of anatom, the Pauli 
principle introduces an appreciable correction into the number of 
possible terms (see also below). 

Of practical interest is the problem of finding all molecular 
enns that are formed from the various atomic terms. This prob¬ 
lem is solved by means of known rules of space quantisation. 
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As was pointed out in Chapter 6, in a strong electric field 
the vectors L (orbital angular momentum) and S (spin) are quan¬ 
tised ii de'-.endently', and the projection of L on the direction of 
the electric field takes on 2L + 1 values in accordance with the 
number of possible separate values: ±L, ± (L—1), 0. How¬ 

ever, due to the fact that the terms corresponding to the values 
L and — L, (L —-1) and — (L — 1), etc., have the same energy 
in an electric field, we obtain only L-j-1 diferent terms. In the 
same way the number of projections of the S vector on the field 
direction is equal to 2S1 in accordance with the values ±S, 

± (S_1), ... It must be pointed out that the S vector does 

not experience any direct effect from the electric field. However, 
as in the case of the L vector, here too one can speak of S 
projections on the field direction, since, due to precession of the 
vector L about the direction of the electric field, the mean value 
of the magnetic-field component L, normal to the electric field, 
is zero, and S is actually oriented with respect to the component L 
along the field, i.e, with respect to the direction of the electric 
field. 

Let us now examine the levels that appear wrnen two atoms 
approach each other. If the atoms are separated by a sufficiently 
small distance (comparable with the distance between the atoms 
in the molecule), splitting of atomic terms, which is a measure of 
the interaction of the atoms, may be interpreted as splitting in 
a strong electric field.* We must then take into account the orien¬ 
tation of each of the vectors L, and L, of both atoms with respect 
to the line connecting the centres of the atoms (axis of the mole¬ 
cule) and determining the direction (axis of symmetry) of the 
intramolecular electric field. Designating the absolute values of 
projections of all vectors** on the axis of the molecule in terms of 
(cf. p. 268) Aj = L,, L, —1, ..., 0 and \ i = L t , L, — 1, .... 0, 
respectively, for the total projection we get (L t > L 2 ): 


A = A 1 -j--\ a — 


— 2, . 

.., Lj . 

... 1,0 

2 -2, ■ 

., L 2 , . 

... 1, o( 

— 2, .. 

., L., kj, * 

... 1, o 

L, — L s , . 

1. 0 
1, o 


(35.3) 


* It must be said that this does not always occur. Very often the moleC*l 
ular terms correspond to splitting of atomic terms in a weak electric field! 
(see below). 

** Here, as before, in a number of analogous cases we express the pro-1 
jections of the vectors in units of h. 
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The quantity A may be obtained in a somewhat different 
manner. Assuming interaction of the atomic vectors Lj and L a , 
which leads to the resultant vector 

we get, for the absolute magnitude of the projections of the latter 
on the axis of the molecule, values expressed by (35.3). We can 
therefore define A as the absolute value of the projection of the 
total orbital angular momentum of the molecule on its axis. This 
quantity is obviously also identical with that in (35.2). 

Further, denoting the absolute value of the projection of the 
total spin of the molecule* 

S = S l + S a 

on Us axis in terms of 2 and considering 2 positive when the 
projections of L and S have the same sign, and negative when the 
signs of the projections of these vectors are opposite, we can build 
up ti sum out of A and 2; 

£3 = A ± 2. (35.5) 

Comparing this expression with expression 

J = L + S 

(p. 210), which appears in the systemalics of atomic terms, we see 
lluit the numbers £3, A, and 2 are definitely related to the num- 
Ihts J, L, and S; namely, the latter express the total, orbital, 
and spin- angular momenta, respectively, while the numbers Q, A 
find ±2, the projections of these angular momenta on the axis of 
Ihe molecule. This makes it possible to build a classification of 
molecular terms by starting with the quantum numbers £3, A, 
mid 2. 

Generally speaking, the molecular terms characterised by the 
quantum number A^>() are split into a series of components 
(natural splitting) in accordance with the different orientation of 
Ihe total spin S relative to the axis of the molecule; and, as in 
I lie case of atomic multiplets, the multiplicity of the molecular 
I win is determined by the number 2S+F We see that the fine 
structure of molecular terms is of the same origin as the fine 
'll rue lure of atomic terms: it is caused by the magnetic interac¬ 
tion of spin and orbital angular momentum. 

lo characterise each separate component of a molecular mul- 
Hplet, it appears natural to take advantage of quantum number £3 

* We note that 


S = S A +S 2 , S, -f-S 2 — 1, ... , |S, -S 2 |. 


(35.4) 
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(it corresponds to number J, which plays the same part in thg 
systematics of atomic terms). Thus, as a symbol for a molecular 
term, like the atoifiic symbol 

2 s+ 1 {L}j, 


we get the symbol * 


2 s 


’{A} 


S3 i 


which, in separate cases, is deciphered as 2 2, *2, ’ll, 2 IL/ 2 , 
2 IL/ 2 , 3 n 0 , *11,, *II 2 , etc. In the case of 2-terms, i.e., A = 0, the 
spin orientation relative to the axis of the molecule is absent, 
as a result of which the quantum numbers 2 and Q are devoid 
of physical meaning. 

By way of illustration let us consider the terms of the OH 
molecule that are obtained from the normal terms of the atoms 
0( 3 P) and H( 2 S). In this case we will have: L 0 = l, Lh = 0, 
S G = 1, and — whence, on the basis of equations (35.3) 
and (35.4), we find: A=l, 0 and S = 3 / 2 , l j t , in other words, 
the terms 4 n, *11, 4 2, 2 2. In the following manner we find the 
values of number Q that are necessary in order to distinguish the 
components of the multiplet terms 4 II and *11. In the case of 
S = , /'a (the quadruplet term TI)> for (he projection 2 we get 
2 = */ t , 1 j 1 and in the case of S =’/ t (doublet term 2 II), 
2 = ’/ * Consequently, on the basis of (35,5) we have for term 
4 n:Q = > /i* 7** V*> —and for the term *II:Q — *U> 

Thus, we finally get the following set of terms: 4 2, a 2, a II*/ al 
4 n 2 n, /a , and *IL /a . We note that according to 
experimental data the term T1 is the ground term of the OH 
molecule. 

Properties of symmetry of molecular terms. As is evident from 
equation (35.3), the number of all 2-, all II-, etc., terms obtained 
from a given pair ©f atomic terms is determined by how many 
ways (for given L x and L 2 ) one can obtain the appropriate num¬ 
ber A. The terms of each group differ in the kind of symmetry of 
the wave functions that correspond to them, namely, from a so¬ 
lution of the wave equation for a molecule it follows that whereas 
in the case of certain terms called positive terms the wave func* 
tion does not change with reversal of the sign of all coordinates 
of the nuclei and electrons, in the case of other terms (negative) j 
the function does change its sign in this process. This separation 
of terms into positive and negative is particularly important in 
the case of 2-terms. Here, if the number of all terms obtained 


* Here, JL| and JAJ designate S, P, D and 2, II, A 

with the values of the numbers L and A equal to 0* I, 2 


in accord am 
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from a given pair of atomic terms is even, half of them is posi¬ 
tive (2 + ) and half, negative (2"). For an odd number of terms, 
the number of 2 + terms is greater than that of 2" terms when 
the sum Lj-f-L, -j-21;, --21 is is even, and less than the number 
of negative terms when this sum is odd. Each of the sums 21 u 
and 21 i2 is the sum of the orbitai quantum numbers of all elec¬ 
trons, respectively, of both atomic terms (out of which the 2-terms 
under consideration arise). Let it be noted that the atomic terms 
with even 21 t are called even and are designated by the symbol {L} 
while the terms with odd 21 ; are odd, {L} u . 

As for the terms that correspond to values A^>0, they also 
split, each into two terms-f-and —; however, this splitting (called 
A-type doubling) is found oniy when a molecule is in rotation 
(see Sec. 36). Thus, the terms II, A, etc., turn out to be doubly 
degenerate because in the absence of rotation, two states {A} + and 
\S\~ with identical energy correspond to each of the terms. This 
degeneracy is connected with the fact that in the absence of 
rotation the states with projections of L on the axis of the mol¬ 
ecule (identical in absolute magnitude but different in sign) 
have the same energy (see p. 322). 

Molecular terms obtained from appropriate atomic terms are 
given in Table 33 (after Wigner and Witmer, after Mulliken, and 
after Herzberg). 

Table 33 

Molecular terms obtained from appropriate atomic terms (after Wigner and 
Witmer, after Mulliken, after Herzberg) 


Atomic terms 

Molecular terms 

S„ -|- S E or $ u -j- S]. 

2 + 


Sj, -f~ s u 


2“ 

V 

- P E or S u - 

P u 

2 ", n 

Sg- 

P u or S u - 

FPg 

2 +, n 

s g H 

D.. or S„ - 

bR u 

s+, n, a 


D u or S„ - 

D 

2 ~, n, a 

s H 

F„ or S u - 

bF u E 

2 ~, n, a, © 


-F u or S„ - 

F e 

2 +, n, a, © 

p;-\ 

Pg or P u - 

hPu 

2+ (2), 2", n (2), A 


P.+P u 


2 + , 2“ (2), n (2), A 

p*tPs or M 

- Du 

2 + , 2 “(2), n (3), A (2), ©; 

Pg + or Pit 4 


2 + (2), 2“. n (3), A (2), © 


The foregoing reasoning is totally applicable to molecules 
composed of different atoms. But in the case of molecules with 
llio same nuclei (these include C1 ,5 C1 55 , CF’Cl 57 , 0 16 0 19 , 0 ,8 0 ,s , 
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N l4 N l \ N l5 N‘\ etc., and their ions; however, molecules consisting 
of different isotopes^ for instance, CP 5 C1 37 , 0 U 0 18 or N 14 N M , belong 
to the earlier considered category) the number of terms turns out, 
in general, to be twice as great as for molecules built up from 
different atoms (or different isotopes of a single element). This 
doubling of the number of terms, however, only occurs when the 
initial atomic states are different . It is associated with degeneracy 
of the initial state (isolated atoms). Indeed, when considering, for 
example, the formation of a molecular ion of hydrogen from an H 
atom in the ground state and from a proton H + , we can proceed 
from a system in which an electron is connected with one of 
the H + nuclei, say the first, i. e., of a system (H), + (H + ) 2 or of 
a system (H + ) l -|-(H) 2 . Obviously, in both cases the energy of the 
initial state will be the same. The presence of two states of a 
system corresponding to one and the same energy is an indication 
of its degeneracy. The degeneracy in the case at hand is called 
resonance , or exchange degeneracy (see p. 198). Solution of the wave 
equation shows that when nuclei approach, both states obtain 
different energy, which is what leads to the above-mentioned 
doubling of the number of terms. 

The wave functions corresponding to each pair of terms differ 
in the kind of symmetry: some change their sign upon transposi¬ 
tion of the nuclei, others do, not. Terms of the first group are 
called odd and are designated by the symbol {\} u , of the second 
group, even , {/\} g . Thus, to determine the number and character 
of the molecular terms obtained from different (unlike) atomic 
terms, we may take advantage of the data of Table 33, by replac¬ 
ing in it each term by two terms: 2 + —►Sg, 2u, 2'—*2g, 2 U ', 

n-+n g , n u , etc. 

As has already been pointed out, in the case of molecular 
terms that arise from the same terms of identical atoms, doubling 
of terms does not occur, though here too the division of terms 
into even and odd remains. From the set of terms resulting from 
the scheme 

A = A l + A I = 2L, 2L — 1, 2L 
2L — 1, 2L 
2L 


we have an even number of terms that correspond to an odd value 
of A( 1, 3, 5, ...). Half of these terms is even, half is odd, 
The remaining terms (with the exception of 2-terms) available 


■2 

■ 2 , 

- 2 , 


, 1, 0 , ) 
.. 1 . 0 , 

1, 0, I 
.> 1, 0, f 

1, 0, i 

0, J 


(35.6) 
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in the odd quantity (2N-f-l) are distributed as follows: N terms 
lurn out to be even and N odd; the surplus term is even in the 
case of even S (singlets, quintets, . . .) and odd in the case of odd 
S (triplets, septets, , . .). As for 2-terms, of all the 2L4- ! 2-terms, 
l.-j-l are Z + terms, the remaining L, 2’-terms; and in the singlet 
and quintet systems the 2 + terms are even, 2 g + , and the 2“ terms 

are odd, 2„, while in the triplet and septet systems the situation 
is reve sed. 

By way of illustration let us consider terms that result from 
the same atomic terms a P, for example, from terms of the ground 
state of two oxygen atoms. In this case we have L 0 =i and 
hence (see(35,6)), A —2, I, 1, 0, 0, 0, i.e., we have A-, 17-and 
2-terms. Further, from the multiplicity of the initial terms ! P we 
I'iud S = 2, 1, 0, i.e., quintets (S = 2), triplets (S= I), and 

singlets (S = 0). On the basis of the foregoing rules, for terms 
available in an even quantity, i.e,, for n-terms, we have 5 11 
'll,,. *H g . 'll,,. Tip, and it,,. The A-terms are terms "A,,, 'A,, (S fs 
even) and 'A,, (S is odd) and 2-terms are terms s 2 g \ s 2,;,‘' s 2 ! t , 

’“k > 'Em % (quintet and singlet systems) and ! 2„, *2“ and 
’2,1 (triplet system). 

Hmid's cases of molecular terms. The systematics of molecular 
!emis, the basis of which was given above, does not however 
cm brace the entire ensemble of quantum states even of a single 
molecule. Primarily, (he underlying principle of (his systematics 
is (lie assumption that the molecular electric field which"gives rise 
In splitting of appropriate atomic terms is sufficiently strong to 
disrupt the coupling between the vectors Li and S, in the separate 
fdoms. I his, obviously, should not always be the case. Moreover 
in constructing this systematics we did not take into account the 
> of at ion of the molecule with which the appearance of a magnetic 
field normal to the axis of the molecule is associated. Later on we 
shall see that this field exerts an appreciable effect on the inter¬ 
action of vectors in the molecule. 

bor this reason, with the aim of extending and generalising (he 
systematics we shall examine the main types of interaction of the 
(Iliferent vectors that are characteristic of the vector model of a 
diatomic molecule. Here, we shall also take into account the mo¬ 
mentum associated with the rotation of (he molecule (vibration of 
nuclei do not enter into this consideration, inasmuch as vibration¬ 
al motion has no momentum). In the main, these types were 
considered by Hund and are known as Hand’s cases of molecular 
terms a, b, c, and d. 

Case a. The electric field of a molecule is so strong that we 
may disregard the interaction of individual L, with individual S lt . 
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which interaction we designate as (L i? S^, as compared with theij 
interaction of different and as compared with the interaction 
of with the electric field of the molecule. As a result of the 
latter and also due to space quantisation of the S vector in the 
magnetic field of the component of electronic orbital angular mo¬ 
mentum along the axis of the molecule, we have A and 2 that 
together yield the quantity Q. We thus see that the above-con¬ 
structed systematics of molecular terms corresponds completely to 
Hund’s case a. 



Fig. 74. Vector model of diatomic molecule. Hund’s cases a, b, and c 


The vector A directed along the axis oF the molecule interacts, 
further, with the nuclear momentum vector (rotation of the 
molecule), as a result of which we get a resultant vector J that 
characterises the total angular momentum of the molecule (but 
without account of nuclear spins). Interaction of vectors A and 3)1 
leads to their precession about J. The mutual positions of the 
vectors A, 3)1 and J are shown in Fig. 74 a. We note that the 
quantum number J, which corresponds to the vector J, takes on 
integral values when 2 and Q are integers; this occurs when there! 
is an even number of electrons. 

Denoting the electric field of the molecule by Z we can sym¬ 
bolically represent vector interaction corresponding to case a as 
follows: 

{l(L, Z), S], 3W}. 

Case b. This case may be symbolically represented as 
{l(L, Z), a»], S} 

(see Fig. 74 b). In this case, according to Fig. 74 b, A and ft} 
yield the resultant vector K, which with S forms the vector Jj 
We see that here the quantum number 2 f and with it also Q, 
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become meaningless, However, given sufficiently large K (and in 
the case of 2-terms, for any K) we can introduce a new quantum 
number which corresponds to a projection of spin on the axis 
of rotation of the molecule. Like 2, © assumes the values -j-S, 
+ (8—1), ... We note that when nuclear rotation is increased 
(increase in K) a transition is possible from case a to case b. 
Experiment shows that a considerable portion of the electronic terms 
of a diatomic molecule belongs to this transitional type. 

Case c. This type of interaction of vectors is accomplished in 
a weak electric field that is not capable of disrupting the inter¬ 
action of vectors L { and As we see, it corresponds to the Stark 
effect in a weak electric field. In this case, the vector J a (“atomic” 
angular momentum), which is composed of vectors J i? is as a whole 
oriented relative to axis z (Fig. 74 c). To summarise, A and 2 
as independent numbers are here devoid of any meaning. But 
number Q, which determines the projection of vector J a on the 
axis of the molecule, is retained. Interaction of vectors A and £G 
lead to a resultant vector J. This type of interaction is symboli¬ 
cally depicted as 

J,). Z], 

Obviously, transition from the earlier cases to case c should be 
important in separation of nuclei. 

Case d . As for the fourth coupling case, which occurs only in 
Ihe case of a comparatively small number of molecules and, for 
this reason, is least significant, we only indicate that it corre¬ 
sponds to a,predominance of interaction of the vectors with 
rotation of nuclei over interaction of the remaining vectors. 

Obviously, the earlier introduced symbol for designating mo¬ 
lecular terms, 

’ s +MA}e, 

is suitable only for case a. If we have case b, the numbers 2 and 
11 are devoid of any meaning. Therefore, we have here, as the 
symbol designating the term, 

2 s+i{ A } t 

As has already been pointed out, the separate components of the 
imiltiplet differ in the values of the quantum number @, which 
corresponds to the number 2. Frequently, © taken in brackets 
Is placed next to the symbol of the term: 

2S+ 1 {A} (0). 

Finally, in case c, where the numbers A and 2 disappear, the 
terms are distinguished by the number Q , which retains physical 
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meaning. The terms belonging to this case are designated, accords 
ing to Mulliken, by^ the symbol 




The foregoing rules, which determine the number and character 
of molecular terms are, obviously, applicable (to the same extent) 
to Hund’s cases a and b. Analogous rules are operative in regard 
to case c. The total number of terms that arise out of two atomic 
terms characterised by the numbers J x and J 2 is determined here 
by the scheme 


Q= J 1 + J 2> i • > V, or 0, 

— 1, - - - , J! — , '/ 2 or 0, 

. .. , J t — J 2 , .. . , or 0, 

Ji — J 2 .V. or °- 



In the case of £2 = 0, we also have positive and negative terms 
0 + and 0~, the number of which is the same for an even number 
of 0-terms. The surplus term for an odd number of terms is the 
term 0 + or O', depending on whether the sum J 1 —|— J 2 —Sl t —J— S1 
is an even or odd number. 

In case of the same atoms in different states, the number of 
terms, as before, is double ; one half of them is even, {£21 , and 
the other half, odd , {Q} u . 

The number and character of terms in the case of identical 
states of the same atoms are obtained directly from the following 
schemes: 

{^ = {2JU {2J 1 . 0g , | 

{2 J —Hi..or, l (35.8) 

.J 

and 

M = (2JL {2J-iy UI ... , 07 , ] 

|2 J — l} g , ... , 0 g f , > ( 35 . 9 ) 

0g + j 

The first, (35.8), has to do with the case of integral J, the 
second, (35.9), of half-integral J. 

Thus, guided by the above rules it is possible to find the entire 
set of terms of any diatomic molecule. Using these rules, it is 
possible, in a number of cases, to solve also the reverse problem 
(which, practically, is no less important) of determining the quan¬ 
tum states of atoms that arise in the dissociation of the molecule. 
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It may be noted that molecular electrons, like molecular terms, 
display specific properties of symmetry (in the sense of symmetry 
of appropriate wave functions). For instance, we distinguish even 
(a R -, jy, etc.) and odd (n,,-, n n -, etc.) electrons, the former being 
electrons to which there correspond even l (for example, so, do—*■ 
—mJ r , d;r — *n E ) and the remaining, odd (pa, Fa—*a„, pit, fn—■> n ]| ). 
Even electrons with even, or odd with odd, form an even molecular 
Icrm (Z/ is even), and even with odd, an odd term (Z/ is odd). 

So far we have hardly touched on the question of the relative 
arrangement of molecular terms. Yet this question is of prime 
importance for molecular spectroscopy. As already pointed out, 
it is solved theoretically by quantum-mechanical methods. How¬ 
ever, the finding of numerical values of terms and their sequence 
in a given molecule, even in the case of comparatively simple 
molecules containing a small number of electrons, presents great 
mathematical difficulties. For this reason, one frequently has to 
confine oneself to the construction of a more or less reliable 
qualitative picture of the terms. Use is made of one of the follow¬ 
ing semi-empirical methods. 

The first, [he method of interpolation (Hund, Herzberg, Mulliken) 
consists in the following. If in the Schrodinger equation we assume 
1 he distance between nuclei r equal to oo, w r e obtain two equa¬ 
tions that correspond to two isolated atoms (cf. p. 285), The set 
of terms corresponding to this limiting state of the molecule (dis¬ 
sociated molecule) will obviously be represented as a simple sum 
of appropriate atomic terms (the terms of a separated system), 
which may be found either by solving atomic wave equations or 
may be taken directly from experiment. When the atoms approach, 
we have Stark splitting of the terms in the electric field of the 
partner. The set of splitting components of atomic terms is pre¬ 
cisely the set of molecular terms that corresponds to the given 
(large) values of r. Here, the relative arrangement of terms is 
roughly in accord with the arrangement of components of Stark 
splitting in an external electric field and can be determined from 
experiment. 

On the other hand, in a wave equation of a molecule we can 
put r = 0. We then get an equation for an atom that is isoelec- 
ironic to the molecule under consideration, the terms of which 
/ire also knoum. Separating the nuclei mentally, we obtain a field 
with axial symmetry (an intramolecular electric field), in which 
llie terms of the isoelectronic atom (a system of merged nuclei ) 
experience Stark splitting. The set of components of this split- 
ling obviously also corresponds to the terms of the given molecule 
(for small r). As in the case of an almost separated system (large r), 
Hie relative positions of the terms can here he taken from exper- 
































332 


MOLECULAR SPECTRA 


[Ch. 8 


iment. Knowing molecular terms for large and small r, we can, 
obviously, by means of interpolation determine the more or less 
probable relative positions of the terms of the given molecule. 
The scheme of molecular terms thus obtained is verified by com¬ 
paring it with experiment. 

By way of illustration, let us consider the molecule CH. In this 
case, th'e terms that correspond to two limiting cases are obtained 



0 0.5 10 1.5 2.0 25 3.0 3.5 


r,A 

Fig. 75. Origin of energy levels of CH molecule 


as a set of terms of the atoms C-(-H (separated system) and the 
terms of the N atom (merged nuclei). The lowest terms of the 
C-|-H system are a P (ground state of the C atom) plus 2 S (ground 
stale of H) and 1 D — £ S; the lowest terms of atom N are *S (ground 
state of atom N), 2 D and 2 P. From these terms of the system 
C-|-H there arise the following terms of molecule CH: from 
i P + a S-^ ! £, % 2 n, 4 n, and from Ml, 2 A; from, 

the terms of atom N, the terms: 4 2 from J S, 2 2, 2 n, 2 A from 
2 D and 2 2, 2 II from 2 P. 

The problem then reduces to correlating terms of the system of 
almost separated nuclei with terms of the system of almost merged 
nuclei and to finding the relative positions of the terms. However, 
since this problem has no entirely unambiguous solution, to find 
the terms of the molecule we have to be guided by various kinds 
of additional data, such as: data on the relative positions of the 
atomic terms (for instance, quadruplet terms as a rule lie lower* 
than doublet, etc.), on the electron configuration of the molecular 
terms (terms corresponding to one electron configuration of an 
almost separated system pass into terms of the same configuration 
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of a system of almost merged nuclei), on noncrossing of terms 
(terms corresponding to a configuration of electrons with the same 
quantum numbers / and X do not cross), etc. Finally, experimen- 
lal data dealing with the optica! properties, of the molecule under 
consideration in its various states help to establish a genetic 
relationship between molecular terms and the terms of the cor¬ 
responding atoms in the separated system. 

Fig. 75 shows the levels of the CH molecule (in the form of 
curves of potential energy) for various r with an indication of 
their origin from levels C-f-H and N (after Mulliken). Of the terms 
shown here, four are experimentally known, namely, 2 II, 5 A. 2 2“, 
and 2 2 + , and the lowest one is the term TI. In this given case, 
the ambiguity of the picture of molecular levels found by means 
of the interpolation method is evident from the fact that on the 
basis solely of these data it is impossible to assign (with complete 
justification) the term 2 II to the ground state of the CH molecule. 
Here, the chief difficulty is connected with the lack of a combination 
between the doublet and quadruplet systems (which is due to the 
lightness of the CH molecule); this does not permit localising the quad¬ 
ruplet levels CH relative to the doublet levels (see footnoteon p. 457). 

Another semi-empirical method of finding the pattern of molec¬ 
ular terms was developed by Mulliken and is similar to the method 
employed by Bohr in the study of atomic terms. The essence of 
this method as applied to a molecule is as follows. To bare nuclei, 
which are conceived of as being fixed at a definite and constant 
distance from each other, we successively add electrons and deter¬ 
mine the configuration of the systems that emerge; we are guided 
by the Pauli principle and by data on electron configurations that 
are known from atomic terms. In this way, the nature of the molec¬ 
ular terms is obtained as a consequence of the configuration of 
electrons. Mathematically, this method is a method of molecular 
orbits (see p. 310 et seq.). 

The distribution of electrons (due to the Pauli principle) into 
definite subgroups (like atomic electrons) gives rise to a certain 
similarity in the properties of the atoms and molecules. This simi¬ 
larity also plays a significant role in an experimental determination 
of the relative arrangement of molecular terms. It is particularly 
striking when we compare a molecule with an atom having the 
same total number of electmns (isoelectronic systems) or the same 
number of outer electrons {isosteric systems), for example, the atoms 
< 1 . N, O, F, and Ne and hydrides isoelectronic to them, that dis¬ 
play a remarkable similarity of chemical and other properties. 
In particular, this similarity finds expression in the law of dis¬ 
placement of hydrides established by Grimm. Here, the hydride 
ol a given element that has lost one atom of hydrogen acquires 
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the properties of the hydride of the element that precedes it in 
the Periodic Table and contains the same number of atoms of 
hydrogen as the fir^t hydride had originally. Table 34 is an illus¬ 
tration of this law. 

Table 34 gives the chemical properties (valence) of the particles 
under consideration. 

Table 34 

Law of displacement of hydrides 


\ Group 

Num 
ber of 

H atoms x 

IV 

V 

VI 

VII 

0 

I 

0 

C 

N 

0 

F 

Ne 

Na + 

1 

— 

CH 

NH 

OH 

FH 

NeH + 

2 


— 

ch 2 

NH e 

oh 2 

FH f 

3 

_ 

— 

— 

CH S 

nh 3 

0H+ 

4 


— 

— 

—. 

ch 4 

NH+ 


4 

3 

2 

1 

0 

— 1 


Valence 

with respect 

to hydrogen 


The fact that the valences of the hydrides and the corresponding 
element in a single vertical column (group) are the same leads to 
a situation where each group is, to a certain extent, a group of 
chemical analogues. This may he seen from a comparison of such 
compounds as N=^N and HC — CH, NGI a and HCCI S , 0 = 0 and 
H 2 C = CH 2 , H p and H 2 NH, F 2 and (0H) 2 , H a N —NH t and 
H S C — CH S , etc. In the same way the saturation of molecules 
HF, H 2 0, NH a , and CH 4 imparts to them the properties of Ne 
analogues. * 

The law of displacement also holds with respect to the greater 
part of the other properties of hydrides. For instance, the optical 
properties of the molecules and atoms in each vertical column of 
Table 34 are also close as regards the character and arrangement 
of terms. For example, comparing the distribution of electrons in 
the ground states of the HF molecule and the Ne atom 

HF Isa 2 2sa 2 2pa 2 2pjt 4 '2 

Ne Is 2 2s 2 2p 6 'S, 

we see that in both cases the electronic structures consist of closed 
subgroups, and this leads to the terms *2 and, respectively, 'S, 
Another illustration is the OH molecule and the F atom: similar 
distribution of the electrons in the electron shells (in particular, 
the presence of an open subgroup with one electron lacking) here* 
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too, leads to identical terms of the ground state, 

OH 1 sa 2 2sa 2 2pa 2 2pjt 2 2 Il i 

F Is 2 2s 2 2p 5 2 P { . 

We may add that both terms form irregular doublets 2 U { and 2 P } 
(see p. 221). 

The similarity in structures of the electronic shells of atoms and 
corresponding molecules is frequently manifested not only in the 
identity of their norma! 
terms but also in the 
same relative arrange¬ 
ment of a number of other 
terms. To illustrate this 
property of electron 
shells, we compare the 
terms of the CO mole¬ 
cule arid the Mg atom 
and their ions in Fig. 

76. The similarity in the 
arrangement pattern of 
CO and Mg terms is 
perfectly obvious. The 
reason for this lies in 
the same number of outer 
electrons (2) in the CO 
molecule and the Mg 
atom. The result is a 
certain similarity also in 
their chemical properties 
(cf. MgO and C0 2 , MgQ a 
and C0C1 2 , etc.). One 
should also note the 
difference in the arrange¬ 
ment of terms of an isosteric atom and molecule, primarily due 
to the fact that the molecule always has a greater number of terms 
as compared with the atom isosteric to it; this is because the 
molecular terms appear as a result of Stark splitting of atomic terms 
(see p. 318). Thus, in Fig. 76 we ought to add terms a 2 and 3 II that 
are situated between the a 3 II and A'U CO terms (these terms are 
not shown so as not to make the scheme of terms overcompli¬ 
cated). 

One could make a large number of correlations similar to that 
of CO and Mg, ‘and also of isosteric or isoelectronic molecules. 
Here, we will merely state that the molecules and ions N^, CN, 
BO, and BeF that have 13 electrons each, like the ion C0 + , have 
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Fig. 76 . Diagram of CO and Mg terms (alter 
Sponer) 



























































336 


MOLECULAR SPECTRA 


[ch, a 4 


the same first three terms (which are identically arranged): *2, 
2 II, and 2 2 (see Fig. 76). These correlations are valuable in that 
they can serve as/a basis for predicting the optical, chemical, and 
other properties of molecules which have not yet been studied 
experimentally in these aspects. J l| 

This identity in the structural principle of electronic shells of 
atoms and molecules explains the fact that molecular terms can 
frequently be described by a formula similar to the Rydberg equa¬ 
tion or the Ritz equation, by which atomic terms are represented. 
To illustrate, Rydberg series were observed in the spectra of H_, 
N„ 0 E . NO, CO, HI, NH„ C,H 4 , (CH 5 ),CO, and C,H S . As in the 
case of atomic spectra, from the limit of the Rydberg series of 
molecular spectra we can calculate the ionisation potential of the 
molecule. For example, for acetone Watanabe obtained the formula 


v = 78,280- 


(m +0.97) 2 


m = 2, 3, 4, 


rom which it follows that 1 = 9.700 V, whereas I, obtained by 
another method, comes out to 9.705 V. 

Of other general regularities in the electronic terms of a mole¬ 
cule, we mention the following. Despite the fact that the number 
of possible molecular terms must be considerably greater than the 
number of terms of the atoms of which the given molecule consists 
(for instance, from the states s P-f- 5 P of two atoms of oxygen or 
carbon in the ground state there arise 18 molecular states), the 
number of actually observed molecular terms is ordinarily small. 
The reason for this is that many of the molecular terms correspond 
to unstable states of the molecule or to such states that, by virtue 
of certain selection rules, do not combine with the more accessible 
terms and, for this reason, escape observation. 

Selection rules. As in ’the case of the atom, all the principal 
physical and chemical properties of a molecule are determined by 
the character of its terms. Above all, this applies to the spectro¬ 
scopic properties of molecules. The structure and peculiarities o( 
molecular spectra will be considered in detail in Secs. 36-4f 
Here, we shall merely touch on the selection rules necessary for 
an understanding of the structure of molecular spectra, which rules 
are obeyed by optical transitions in molecules. Without going into 
the proofs of the selection rules that are established, as in the 
case of atoms (see Sec. 28), by calculating appropriate quasi-mo¬ 
ments, we confine ourselves to a simple enumeration of these rules. 
Changes in the quantum numbers A, 2, and Q obey the following 
selection rules: 


AA = 0, 1, 


(35.101 
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A2 = 0, (35.11 > 

AQ = 0,±1. (35.12> 

According to the first rule, only the following terms can combine: 

>2, n<—>11, A<—>A, 2<—>n, IF—>A; the combinations 2+~>A, 
n«-+Q are forbidden. In the same way, according to rule (35.12) 
the combinations 0<~>0, . 1*~*1, 2<--+2, (F-->1, 1<~>2, are possible 
and 0<—>2, 1<~>3 are forbidden. Rule (35.11) and the analogous rule 

A@ = 0 (35.13) 

(Hund’s case b) are essential for an understanding of the peculi¬ 
arities of the fine structure of molecular spectra. 

Further, we give the rule 

AS = 0, 

which is identical to the rule (28.19), according to which combi¬ 
nations are forbidden between terms of different multiplicity 
(intercombinations). We saw that, for atoms, prohibition of 
intercombination is rigorously fulfilled only in the case of those 
with small nuclear charges when multiple! splitting is slight. The- 
same occurs in the case of molecules. 

Also very essential are the selection rules connected with the 
kind of symmetry of the molecular terms. These rules state that: 
positive terms (--f-J combine only with negative (—) and even 
terms (g) combine only with odd terms (u). 

Other important selection rules will be dealt with in the sections 
that follow. Also, we shall not here examine the selection rules 
that refer to combinations of terms of complex molecules. The 
only thing that need be said is that, in part, these combinations 
obey the same rules as those given above (for instance, the rule 
AS = 0, g*~i>u) and the like. 

Terms of complex molecules. Up till now we have considered 
mainly the electron terms of diatomic molecules. Naturally, the 
theory of polyatomic molecules is much less developed than that 
of diatomic molecules. Without going into details, we note that, 
in complete agreement with experiment, we can deduce from theory 
the existence of discrete electronic levels of polyatomic molecules, 
similar to the levels of diatomic molecules or atomic levels. 

The problem of systematics of terms of complex molecules is 
somewhat simplified by the fact that the principal features of the 
systematics of diatomic molecules are, to some extent, retained 
also in the case of complex molecules. Primarily, this has to do 
with linear molecules such as CO,, CS„ N a O, QH,, C.N,, etc. 
Since the molecule has an axis, the quantum numbers here A and 
H, generally speaking, retain their meaning, and so the systematics 
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of terms of linear complex molecules can be constructed on the 
sai^ie basis as the systematics of diatomic molecules. Thus, for- 
example, the terms gf complex linear molecules are designated by 
the same symbols, 2, II, A, .as the terms of diatomic 
molecules. 

The situation of all complex molecules possessing axial symmetry 
(the molecules NH A> NC1 S , CH 5 I, and others, for instance) is roughly 
the same as that of linear molecules because, due to the axis of 
symmetry, the numbers A and £2 retain their meaning, approxi¬ 
mately; 

large measure, the electronic levels of polyatomic molecules 
are determined by the properties of molecular symmetry, which 
play the main part also in the systematics of molecules. From 
this viewpoint, Mulliken examined various types of complex 
molecules in numerous studies devoted to problems of systematics 
oh,molecular terms. Without going into details, we note that in the 
Mullfken classes of symmetry of the terms of complex molecules 
we have certain analogues of positive and negative and also even 
and .odd terms of diatomic molecules. 

U may also be added that irrespective of the form of the com¬ 
plex molecule, the quantum number S retains its physical meaning; 
S takes on the values S — S, + -f- ..., S x —j— S ± —,. . — 1, S^ 

... —2, etc., where S l% S a , ... are the spin quantum numbers 
of the atoms comprising the molecule. The number S determines 
the multiplicity of terms of complex molecules as in the case of 
diatoms molecules and atoms. 
p *n t Ur) '• 

i ’ i 36, Rotational Terms 

Rotational terms of diatomic molecules. Rotation of a molecule 

is manifested in the heat capacity of gases and in the structure 
of molecular spectra. The so-called fine structure of these spectra 
irjdjcates that this molecular motion is quantised. The same 
result is obtained from a solution of the wave equation that 
describes rotational molecular motion. 

In a mechanical sense, the problem of rotation of a diatomic 
molecule is identical with that of the rotation of an electron and 
nucleus about their common centre of gravity in the hydrogen 
atom* For this reason, the rotational motion of a diatomic mole- 
cql$ (^>n condition of separation of variables in the wave equation) 

> described by the Schrodinger equation of the same type as in 
thej cape ol the hydrogen atom, i.e., an equation of the form* 

■ * ^ike equation (23.4), this equation is obtained directly from wave 
equation (23.3) by substitution of £ = h/pra) (the de Broglie relation) and 
(oo is the angular velocity of the atoms). 
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^ I 2fi p , 

dx* E rot i|> = 0 (36.1) 

where y. is the reduced mass of the molecule equal to 

- m ! m 2 

mi+nij 

(m and m 2 are the masses of the atoms) and x v z are the 
relative coordinates of the nuclei (x = x _ x v=L v _ v he 

relation" C ° nnected with the internucleaJ distance r by the 

r * ~ x* y* -(-z*. 

, a T° ? , first W^ximation, it may be considered that the dis- 
a [ lc . e between the nuclei remains unchanged when the molecule 
otates (rigid rotator) and is equal to the equilibrium diste r 
Introducing the spherical coordinates r # w whrnh + °i 

Wllh the rectangular coordinates ?,“[".Vita retati™.*"^ 

x = r ( sinO cos cp, y = r 0 sin tbsin <p, z = r 0 cos , 0', 

and designating the constant___ h n f _ . . 

4jiht 2 0 4ni 0 (L is the moment of 

inertia of the molecule equal to I 0 °=jirJ) by 



we transform equation (36.1) to the form 

TiST^( sln ^4) + lOT^ + f^^ = 0. (36.3) 

lt c Wili r n ?5 y ^ seen that this equation is identical wiib 
equation (24 4) and may be obtained from it by substitution 

Wh^-iffonowfthat^ V?®- in P !ace of fhe constant 8 X. 
ce -it loMows that the solutions of equation (36.3) are 

^ = @(0) <P(<p), 

SZL »“«“■' relationship, of 
♦..“tJM-d-s 1 ) ■ i=mf) (36 4) 

^H^aTf^ST' J a " d " i "' eBerS ' and 
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The energy values E rot that correspond to the fundamental func-v 
tions (36.4) are of ihe form 

E rot = hB 0 J(J + l). (36-5) 

It will be noted that this formula may be obtained without solving 
equation (36.3). Indeed, noting that the number J plays the part 
of number /. which appears via a solution of the Schrodinger 
equation for the H atom, and substituting / = J and 1 = b ro ,/nti, 
into equality (24.9), which, obviously, holds true also in the 
given case, we arrive directly at expression (36.5), 

The number J, which takes on the values 0, 1, 2, ..., is called 
the rotational quantum number and according to (36.5) determines 
the rotational energy of the molecule. The number M characterises 
the magnitude of the projection of vector J on a given direction 

(0 = 0), and M=±J, ±<J-1).0. If this direction is 

specified by an externa! magnetic field, M is the magnetic quantum 
number (cf. p. 251). Since, in the absence of an external field each 
rotational state of a molecule represents 2J —j— 1 states with the 
same energy, which states are characterised by appropriate values 
of M, the statistical weight of the given rotational state is equal 

Designating the angular momentum vector of a rotating molecule 
by 9W,we can represent the energy of rotation as 

F —55! 

to°‘ 2I„ ’ 

Comparing this expression with expression (36.5), we get, for the 
angular momentum, 

2B = hy r J(J+l) 

> 

(Cf As ( foilo°ws from (36.5), the rotational energy of a molecule is a 
quantised quantity; on the basis of this expression for rotational terms 

T rot = %b = Bo J(J + l) (36-6) 

we get the following values: 

J 0 1 2 3 4 5 ... 

T rot 0 2B 0 6B 0 12B 0 20B 0 30B„ ... 

The corresponding levels are shown in Fig. 77. j 

Expression (36.5) for the rotational energy of a molecule is 
obtained on the assumption that the internuclear distance remains 
constant (rigid rotator). In reality, however, due to a centrifugal 
force the molecule is somewhat stretched, and the equilibrium 
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distance is dependent on the quantum number J. In this case, 
calculation of the rotational energy of a molecule (to a second 
approximation) leads to the expression 

E rot = hB 0 J(J + l) + hD 0 P(J + l) 2 (36.7) 

where D 0 is a constant (D 4 ^B 0 ). Due to the smallness of D 0 , the 
difference between the more precise expression (36.7) and expres¬ 
sion (36.5) is not essential for not too large J. 

Fine structure of rotational terms. The rota¬ 
tional energy of a molecule is expressed by for¬ 
mula (36.5) only in the relatively rare case when 
the total angular momentum of the molecule J 
is completely determined by the rotation of 
the nuclei. In the general case, however, the 
vector J is composed (in addition to the angular 
momentum vector of nuclei SW) of vectors that 
characterise the motion of the electrons in the 
molecule, as may be seen from Fig. 74. Thus, for 
the three cases (Hund’s cases a, b, and c) consi¬ 
dered in the previous section, we have: 

a) J = aw+Q, 

b) j = a» + A + s = K + s, 

c) Q. 

Accordingly, for the rotational energy of nuclei 

E rot = ^. we get*: 

a) E rot = hB 0 [J (J —j— 1) — fi 2 ], \ 

b) E rot = hB 0 [K(K + l)-A 2 ], 1 (36.8) 

c) E rot = hB 0 [J(J + l)-fi 2 ]. J 

We note that in the case of A = 0 and S = 0, i.e., in the case 
of 'S-terms (and also 0-terms) all three expressions for E rot pass 
into (36.5). 

From equality (36.8) there follows the following important 
limitation for the quantum numbers J and K, namely, due to 
H ro i^0, the conditions and K^A must be fulfilled. And 

so the values J = 0 (in the case of integral J) and K = 0 are 
possible only when Q = 0 and, consequently, when A = 0. But 


* The squares of the vectors J and K are equal to h 2 J (J -[— 1) and 
h l K(K + l)» respectively; whereas the squares of Q and A, which are projec¬ 
tions of vectors L-|-S and L on the axis of the molecule, are equal to 
and h 2 A 2 . 
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Fig. 77. Rotational 
terms of diatomic 
molecule 
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when Q>0, A>0, the minimum values of J and K are deter- 
mined by the values of 0 and A (for example, for term z), 

here, the numbering of rotational terms must begin with these 
mini mum v al ues of J and K, 

Now let us turn directly to the problem of the fitie structure 
of rotational terms. Experiment shows that in most cases the 
rotational terms exhibit a peculiar splitting (fine structure), the 
magnitude of which increases with J (or K). From this fact alone 
it follows that this splitting must be connected with interaction 
between the motion of electrons and the rotation 
of nuclei. To prove this we give the following facts. Splitting ot 
rotational levels is not observed in the case of terms ’2, where 
the relationship between the rotational energy and the quantum 
number J is uniquely determined by formula (36.5). This rela¬ 
tionship (parabola) is graphically shown in Fig. 78a..From this 
standpoint, precisely in the case of term 2 there should be no 
interaction between electron motion and nuclear rotation, since in 
this case A = 0 and S = 0. 



Fig. 78. Rotational energy of molecule as 
a function of the rotational quantum num¬ 
ber in the case of electron terms (a), 
2 2(b), a 2(c) 


Further experiment shows that the rotational levels, in the 
case of term *2, exhibit splitting into two components the 
magnitude of which increases with J. In this case the dependence 
of E upon J is graphically expressed by two parabolic branches 
(Fig r °78b) In the case of the terms s 2 we have three such 
branches (Fig. 78c). Obviously, in the two latter cases one can 
only speak of interaction between the vectors S and 3 Eh(8 , 
because here A —0. as in the first case. We can visua ise this 
interaction as follows. In a magnetic field imposed by rotation 
of nuclei, vector S is oriented in accord with the laws of space 
quantisation, i.e., the number of different orientations of S and, 
hence, the number of splitting components is equal to 2S+1. 
Applying this rule to the terms ’2, s 2, and 2, for which S is 
equal to 0, 1/2, and 1, respectively, we find, for the number of 
components of the fine structure of rotational levels, 1, 2, and 
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3 ~~ ‘ n complete agreement with experiment. Increase in the mag¬ 
nitude of splitting with J is associated with increase in the 
magnetic interaction of vectors S and aJt; this increase is due to 
a build-up of the intramolecular magnetic field with rotation of 
the molecule. 

Let us examine some more facts. In the case of terms that 
correspond to values A>0, we find splitting of each rotational 
level into two components, irrespective of the multiplicity of the 
term, as is shown in Fig. 79 a, b, and c for U, s ri- and J II- 
terms Here, the magnitude of splitting also increases with J 
(or KJ. The fact, observed in these cases, that the character of 





79. Rotational energy of molecule as a function 
ot the rotational quantum number in the case of 
electron terms 'II (a), *11 (b), *11 (c) 

splitting is independent of the multiplicity of the term (i.e., of 
S) is an indication that the splitting here should be due to inter- 
Hcfion between vectors A and m. The growth of the magnitude 
of splitting with rotation of the molecule (J) indicates, further, a 
magnetic type of interaction. 

As has already been pointed out (p. 325), all terms that correspond 
to values A>0, are doubly degenerate due to the fact that the 
same energy corresponds to the values +A and—A. For this 
reason, when there arises an intramolecular magnetic field due to 
Inc lotation of the molecule, each such term is split into two com- 
poncnts (-f- and ) as is the case when an external magnetic 
McUl is superposed on an electric field (see p,268). This type of 
splitting of rotational terms (see above) is called A-type doubling 

As regards the interaction of S and St)t in the case of IF, A- 
terms, we find that here, in the case of weak rotation (small J) 

1 here is strong interaction between S and A, which leads to term 
sp h i ting independent of rotation (multiplet structure of a term 
similar to the natural splitting of atomic terms). As the rotation 
un-eases the (S 9N) interaction becomes stronger; this, however, 
leads only to closer approaching of the components of the multi¬ 
plet term (Fig. 79b and c). 

Properties of symmetry of rotational terms. Let us consider the 
rxUemely important properties of rotational terms associated 









































344 


molecular spectra 


[Ch. 8 


,. lHh itip summetru of appropriate wave functions. If ip e i denotes 

rhedSrS JL 

lhe‘ r rotational ^terra"belonging to the corresponding electronic 

alone ie when the sense of rotation is reversed (i(w>- 
Tthent”; out that the (unctions SW.^pond.ng to even 

values of the number J T ^ ef P°|‘ J^theTase of a positive electron¬ 
ic function (1> cl+ ), all rotational terms cor^ 
responding to even J will be positive: v ,-—- 
,,_.k vh ih . (ib j = ibj ), while the 

terms + corresponding to odd J, will be neg¬ 
ative: *_=*, 1+ ¥..'vVv- ^ n t ani t 
ative electronic function (% } ), the case 
is reversed, namely: there will be negative 
rotational terms for even = 

a, ih and positive for odd J:\Jj + = 

,’ip , -. - Thus, in the case of 

2-terms, 1 the corresponding rotational terms 
will alternately be positive ( + ) and neg¬ 
ative (—) as is shown in Fig. 80a for 

the term 2 + . , f 

In the case of II-, A-, etc., terms, one of 
the components of A-type doubling of each 
rotational term will be positive and the 
other, negative (Fig. 80 b). 

Unlike molecules with different nuclei, in 
the case of molecules with identical nuclei, 
a change in sign of the coordinates of the 
nuclei alone (transposition of nuclei) is possible in addition to J 
change in sign of the coordinates of electrons and nuclei, which 

changes lead to positive and negative electronic wave functions (^ 

and ip ) and, accordingly to “ + ” and “ — ’ electronic ter . 
As has been pointed out above (p. 326), this leads to even (g) and odd 
(u) electronic terms of a molecule. If the molecule is in rotatio , 
we distinguish symmetric (s) and antisymmetric (n) rQteitional 
terms the 8 symmetric being all positive and even or all negative 
and odd terms, while the antisymmetric are all positive and odd 
or negative and even terms. Thus, rotational terms that correspond 
to this electronic term become symmetric (s) and antisymmetric (a) 
in alternation: 


J 

- 5 


-- 3 

+ 

*2 + 

--r 

Z*(A=0) fIfA=I) 

a) b) 

fig . 80 . Positive and neg¬ 
ative rotational terms in 
the case of electron terms 
2+ (a) and II (b) 
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J 

s- 




J 

5- 


^ol + E^O,*' ^el-u> ^o,2> ***» ^el + u^i.s* “ 

•••. ^cl-u^i ,»* •••> ^el+u^o,f ^el-g^o, 2 > 

The components of A-type doubling II-, A-, etc., terms have 
different symmetry (s and a). To illustrate the properties of sym¬ 
metry of rotational terms, Fig. 81 gives level-diagrams of the 
2 + -term for cases when the positive terms (Fig. 8i a) and the 
negative terms (Fig. 81 b) are symmetric. 

Selection rules. A rotational quantum number obeys definite 
selection rules, like the quantum numbers that determine the 
energy states of atoms. Since J determines the wave function of 
the same type as the orbital quantum number /, the selection rules 
for both numbers must be the 
same. Thus, for J we have 

AJ = ±1 (36.9) 

(cl Al= ± 1, p. 237). 

However, the selection rule 
(36,9) holds only in the case of 
A = 0. For A=^Q, 

AJ=0, ±| B (36.10) 

We also note that in the case of 
spectra of so-called Raman scat¬ 
tering of light (Sec. 39), the 
quantum number J can also 
change by ±2. 

Another important selection 
positive and negative rotational 
lions with radiation or absorpti 
positive and negative terms, i, 
transitions are possible: 


■ 




• + a 


2 ■ 
; ■ 

O' 


■ +$ 

■ — n 

- 4 s 


2* 
/ - 

O' 


- 5 
+ a 


a) 


bJ 


Fig, 81. Properties of symmetry of 
rotational terms of the same nuclei 
jn the case of 2-states (A = 0) 

rule is the rule for combining 
terms, according to which transi¬ 
on of light can occur only between 
e. t only the following radiative 


— and —<->-j- 


(36.11) 


Fig. 81a shows that this rule does not contradict rule A J — ^ 
- 1-1 (36.9). Moreover, from Fig. 81b it follows that to each 
transition J -j— 1 -—> J in the rotational spectrum (see Sec. 38) of 
a diatomic molecule there will correspond not four components 

hut two (-)-►— and-► +)• 

For the Raman spectra we have the reverse selection rule, 
namely, and ——, while combinations between posi¬ 

tive and negative terms are forbidden. This is also in agreement 
with the selection rule AJ=0, ±2 for Raman scattering of light 
(see p. 381). 
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In the case of molecules with the same nuclei, on the basis of 
the selection rule+ *^ — (36.11) and g<-^u (see p. 337) we also 
have the following selection rule: only symmetric-symmetric and 
antisymmetric-antisymmetric combinations of terms are possible: 

s<-»s and a<->a. (36.12) 

Following directly from the selection rule (36.12) in accordance 
with the fact that the rotational terms of a molecule are alternate¬ 
ly symmetric and antisymmetric is the impossibility of combi¬ 
nation of rotational terms of a molecule with identical nuclei. 
Consequently, such molecules as H’H\ 0 lfl 0 ltt , C1 35 C1 35 , etc., cannot 
exhibit a rotational spectrum, in contrast to the molecules HD, 
Q'«O l \ Cr s Q a \ etc. 

We note that from the classical viewpoint the absence of a ro¬ 
tational spectrum in the case of molecules with identical nuclei is 
due to symmetry of the molecule, as a result of which the dipole 
moment of the molecule does not change when passing from one 
state into another. But in the case of molecules with different 
nuclei, the electrical centre of the molecule does not coincide with 
the centre of gravity so that when the state of the molecule changes 
(with a change in the state of rotation, for example) its dipole 
moment changes. This is what leads to the nonzero intensity of 
the spectrum. 

Ortho- and para-states. Since the combinations s^a and 
AJ>1 are forbidden, the rotational terms of a molecule having 
identical nuclei are divided into two groups of terms that do not 
combine (s and a). Taking into account nuclear spin , we must 
assign to each group of terms different statistical weights , Indeed, 
for a complete characterisation of the rotational term of a mole¬ 
cule it is necessary that we take into account also the wave function 
^ that corresponds to nuclear spin (spin function). Allowing for 
separation of variables in the wave equation, we can write the 
total wave function of a molecule in the form or 

where and V a are wave functions that correspond to its sym¬ 
metric and antisymmetric states. 

Having in view a molecule whose nuclei have spin 1/2 (such, 
for example, is the hydrogen molecule HJ and introducing, for 
a description of the state of a nucleus corresponding to a positive 
value of the projection of spin (+1/2), the spin function a, and 
for a state with negative projection of spin (—1/2), the spin 
function {J, we will have the following four functions (cf. p. 201) 
representing the general spin factor of the total wave function: 

♦. = «(l)ra-a(2)P(l) f 

♦ 1 = a(l)P(2) + «(2)P(l), 
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t|> l= a(l)a(2), 

^ = P(1)P(2). 

Obviously, the first of these functions is antisymmetric (since it 
reverses its sign upon transposition of nuclei) and the other three 
(ijp l ) are symmetric. Consequently, the total wave function will be 
symmetric for combinations and and antisymmetric 

for combinations and v F a 'i|3 1 . However, since only such states 
of the molecule are possible that correspond to antisymmetric 
total wave functions, the first two combinations are not realised 
and only the combinations + 1 ^ and remain. Here, combi¬ 
nation corresponds to rotational terms of a molecule with 

even J (in the case of HJ that are symmetric terms, while com¬ 
bination corresponds to terms with odd J (antisymmetric 

terms). And since to function there corresponds the value of 
total nuclear spin 0 of the molecule and, hence, the statistical 
weight of the appropriate state 1, while to function there cor¬ 
responds spin 1 and statistical weight 3, the rotational terms will 
alternately have a statistical weight of unity and three. 

Terms with greater statistical weight (in the case at hand they 
are the antisymmetric terms) are called ortho-terms , while the 
terms with lower statistical weight (the symmetric terms of the H 2 
molecule) are called para-terms . This is the origin of the ortho- 
and para-hydrogen modifications that differ in a number of physi¬ 
cal properties. For instance, due to the difference in statistical 
weights, there is a difference in the heat capacity of the two 
modifications (it is particularly great at low temperatures). This 
was how the modifications were discovered. 

We also point out the manifestation of ortho- and para-modi¬ 
fications of hydrogen in a peculiar alternation of line intensity in 
its spectrum: due to a difference in the statistical weights of the 
symmetric and antisymmetric rotational states, the lines of 
ortho-hydrogen are three times more intense than the lines of 
para-hydrogen. We shall return, in Sec. 40, to the problem of 
variable intensities of spectral lines due to the presence of ortho- 
and para-terms. 

Rotational terms of complex molecules. In the general case, a 
polyatomic molecule has three moments of inertia that correspond 
to its three principal axes* and are expressed by the formula 


* The principal axes are the three mutually perpendicular axes that 
pass through the same point (usually the centre of gravity); relative to 
these axes the moments of inertia of the molecule have maximum or mini¬ 
mum values. Plotting on the principal axes quantities that are reciprocals 
of the square roots of these moments of inertia, we obtain the ellipsoid of 
inertia of the molecule. 
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Ii = 2 m K r k (36.13) 

k 

where m k is the mass of the Alh atom and r k is its distance from 
the respective axis. These moments of inertia are called principal 
moments of inertia. In the case of symmetric molecules, the prin¬ 
cipal axes are always axes of symmetry, while the plane of sym¬ 
metry is always perpendicular to one of the principal axes. 

As in the case of the diatomic molecule, the principal moments 
of inertia of polyatomic molecules are the main parameters that 
determine their rotational energy. Depending on the geometrical 
structure of the molecule, we obtain different expressions for the 
rotational energy. The simplest case is that of linear polyatomic 
molecules. Here, as for diatomic molecules, when the projection 
of the momentum of the electrons on the axis of the molecule is 
zero (A = 0, 2-state), the moment of inertia relative to this 
axis may be considered equal to zero, and the expression for the 
rotational energy has the form of (36.5). We note that the ground 
states of all known linear polyatomic molecules are 2-states. For 
states having A=^0, the rotational energy is expressed by for¬ 
mula (36.8) a) or b). In the case of a linear molecule, the quan¬ 
tities r k in the expression of the moment of inertia (36.13) that 
enters into the rotational constant (36.2) are distances of the 
atoms from the centre of gravity of the molecule. 

Equation (36.5) also expresses the rotational energy of those 
symmetric molecules, all three moments of inertia of which are 
equal. Such, for example, are the molecules CH t , CC1 4 , P A , SF,, 
etc. It is to be noted, however, that by virtue of certain specific 
properties of symmetry the statistical weight of the rotational 
levels of these molecules (called spherical top molecules) is not 
given by the formula 2J + 1 , it’hich is valid in the case of diatom¬ 
ic and linear polyatomic molecules, but has a more involved 
expression that differs for different types of symmetry of rotational 
levels. 

Next in structural complexity of rotational levels of polyatom¬ 
ic molecules is the symmetric top molecule. Molecules that belong 
to this type of symmetry have two different moments of inertia 
(the moments of inertia relative to the principal axes, normal 
to the axis of the molecule, coincide). The symmetric-top type 
includes, among others, all molecules with axes of symmetry of 
an order above two, for instance, BC1, (planar molecule), NH S , 
PCI, (pyramidal molecules), CH,C1, and others. The rotational 
energy of these molecules is expressed by the formula 

E I0t = hBJ (J + l) + h (A — B) K\ 


(36.14) 
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Here, A and B are the rotational constants, equal to 



and B = 


4jtl p 


(36.15) 


Ia is the moment of inertia relative to the axis of the molecule, 
Ib is the moment of inertia relative to the axes that are perpen¬ 
dicular to the axis of the molecule, J and K are the rotational 
quantum numbers, and 

J =K, K+l, K + 2, .... (36.16) 

K = 0, I, 2, 3, ... (36.17) 


Finally, in the most general case we have molecules with three 
noncoinciding moments of inertia. Such molecules belong to the 
asymmetric-top type. In the case of the asymmetric top, solution 
of the wave equation leads to polynomials to the power 2J--j— 1 
(J is the rotational quantum number), from which it is possible 
to calculate the rotational energy of the molecule as a function 
of its three moments of inertia. Thus, the rotational energy of an 
asymmetric top molecule may be represented by a definite for¬ 
mula only in the case of small J. To each value of J there cor¬ 
respond 2J -f- i values of rotational energy, hence, 2J -j- 1 rotational 
levels. It is common to designate these levels by the symbols J., 

where t = J, J — 1, ... 0. — J + i, — J. The lowest 

level is J_j, the highest, —Jj. 

In addition to the rotation of a molecule as a whole, in certain 
cases the rotation of one part of the molecule relative to another 
is possible. Such internal rotation is evident from the existence 
of what is known as rotational isomerism of molecules with simple 
bonding, and also from a number of other physico-chemical proper 
ties of molecules with simple bonds (m bonds). Theoretical and 
experimental investigations into internal rotation show that it is 
practically never completely free: due to a certain potential bar¬ 
rier that separates different equilibrium positions of the rotating 
parts of the molecule and is conditioned by the fact that, ordina¬ 
rily, the axis of symmetry is an axis of a finite (mostly, third) 
order, internal rotation is always, to one degree or another, 
hindered (restricted). 

Calculations of the energy of internal rotation show that it is 
quantised like the energy of rotation of the molecule as a whole. 
Thus, in the simplest case of a symmetric or nearly symmetric 
top molecule (such, for example, is the molecule CH s OH) and on 
the assumption of free rotation, we have the following expression 
for the energy of internal rotation: 


F —h 

^-int rot- 11 



(36.18) 
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where k and k, are quantum numbers that assume the follow¬ 
ing values: 

k= ±K> and k, = 0, ±1, ±2, .... 


and A, A t , and A 2 are rotational constants equal to 



and A 2 


ti 


(36.19) 


Here, Ia is the moment of inertia of the molecule relative to its 
axis, while I a* and Ia* are moments of inertia of parts of the 
molecule rotating one relative to the other about the same axis. 
Thus, the total energy of rotation of a symmetric top is expressed 
by the sum 


E rot = hBJ(J + l) + h(A-B)K 2 + h^(k 1 -kA)‘. (36.20) 


Free rotation is one limiting case of the internal rotation of 
a molecule. Another limiting case is totally restricted rotation, 
which, essentially, is torsional oscillations (see below, p. 361). 
A theoretical investigation of internal rotation shows that as the 
height of the potential barrier rises above zero (free rotation) to 
a sufficiently large value, which increase leads to complete restric¬ 
tion of rotation, the levels of free rotation (36.18) gradually pass 
into levels of torsional oscillations. Thus, energy levels that cor¬ 
respond to internal rotation, which, as has already been pointed 
out, is always, to one degree or another, hindered (restricted), are 
levels that are intermediate between those of free rotation and 
those of torsional oscillations. 


37. Vibrational Terms 

Natural vibration frequencies of molecules. In the least-energy 
state, the atoms of a molecule occupy certain equilibrium positions 
characterised by specific internuclear distances, which are called 
equilibrium distances (r e and r Q ). IF this equilibrium is upset the 
atoms perform vibrational motion. If the amplitude of the atomic 
vibrations a is small (small vibrations), variation of interatomic 
distances with time obeys the taw 

r — r e = asin 2 ji 0 t (37.1) 

(harmonic oscillations), where to is the vibrational frequency of the 
molecule. If for the sake of simplicity we take a diatomic mole¬ 
cule and expand its potential energy in a power series of the small 
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quantity r — r e : 

'dU 

.dr 


U = U .+ (H=r,( r - r -)+T(^L,.<r-rJ , + 


(37i2) 


in the case of small vibrations we can confine ourselves j to 1 thd 
first three terms of the expansion. Since _ —0 (the condi¬ 

tion of equilibrium), the second term in this expression disappears 
and the interaction force of the atoms becomes 




au 

dr 



( r r e) = — k (r — r e ) 


(37.3) 


(quasi-elastic force). Substituting (37.3) into the equation of motion 


I* 


d s (r-r e )_ f 
dt 2 ’ 


it will readily be seen that the solution of this equation can be 
represented as (37.1). From this solution we get the following 
expression for the vibrational frequency: 


1 


(0 : 


2 7t 



(37.4) 


The quantity k is called the quasi-elastic (force) constant. 

The mechanical problem of small vibrations can be solved in 
the case of a polyatomic molecule as well. From the solution 
of this problem it follows that in the general case a molecule 
consisting of N atoms has 3N—6 different vibrational frequencies. 
This number can also be obtained from the following reasoning: 
An N-atomic molecule has 3N degrees of freedom, of which 3 are 
degrees of freedom of translational motion of the molecule ah 
a whole and 3 are rotational degrees of freedom. Deducting these 
six degrees of freedom, we get 3N — 6 vibrational degrees of freedom 
and, hence, in the general case, 3N — 6 different frequencies. In 
the case of a linear molecule with only two rotational degrees of 
freedom, the number of vibrational frequencies is 3N — 5. Further, 
in the case of symmetric molecules, such as C0 2 , CH 4 , CC1 4 , etc., 
certain frequencies coincide (degeneracy) and the total number of 
different frequencies is less than that calculated from previous 
equations. To take an example, in the case of C0 2 , the normal 
vibrations * of which are depicted in Fig. 82, these coincident 
frequencies are the two frequencies w 2 that correspond to vibrations 


* Normal vibrations are simple (linear) oscillatory motions representing 
components of the complex vibrational motion of the molecule as a whole. 
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of the molecule in two mutually perpendicular planes (bending 
vibrations). This vibration is, therefore, degenerate. 

To a doubly degenerate bending vibration of a linear symmetric 
iriatomic molecule there corresponds a simple (nondegenerate) vibra¬ 
tion of a symmetric triatomic molecule of triangular shape, such 

i 

-4K>- O -“<>► 

OJj 

Fig. 82. Vibrations of linear triatomic 
molecule 


as the molecule of water H 2 0. Such a molecule has three rotational 
degrees of freedom and, hence, 3X3 — 6, or three (and not four) 
vibrational degrees of freedom. Three normal vibrations of the 



Fig . 83, Vibrations of symmetric triatomic molecule of triangular shape 


molecule YXY of triangular shape are shown in Fig. 83. Of nine 
normal vibrations of molecule CH 4 (or, in the general case, any 
tetrahedral molecule of type *XY 4 ), one is simple, one is doubly 
degenerate (two normal vibrations) and two are triply degenerate 
(six normal vibrations). And so in place of nine we have only 
four different frequencies. 

We note that to a simple vibration there corresponds a statisti¬ 
cal weight of 1, to a doubly degenerate vibration, 2, etc. Fig. 84 
gives 12 normal vibrations of a planar molecule of type X 2 Y 4 
(for example, C 2 H 4 or C 2 D 4 ). 

Vibrational terms of a diatomic molecule. The vibrational 
energy of a molecule, which is a quantised quantity, may be deter¬ 
mined from experimental, mostly spectroscopic, data. The quantised 
vibrational energy is also obtained theoretically, from a solution 
of the wave equation describing the vibrational motion of the 
molecule. In the simplest case of a diatomic molecule (upon 
assumption of separation of variables), the wave equation for 
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vibrations has the form 

d ^ + g[Ev ib -U(r)H(r)=0 (37.5) 

or 

+ |r [ E vib — u (e)] (e) = o (37.5a) 

where 



represents the relative change in interatomic distance and I e is 
the moment of inertia of the molecule. We shall call function 



Fig. 84. Normal vibrations of X 2 Y 4 molecule (the mass of the X atoms 
is greater than that of the Y atoms) 


'MO or ip(e) the vibrational wave function. The quantity E in 
equations (37.5) and (37.5a) represents the vibrational energy of 
the molecule calculated from these equations. The vibrational levels 
of the molecule are obtained as a set of the eigenvalues of the prob¬ 
lem of molecular vibrations. 

To solve this problem we can take advantage of the following 
expression of potential energy U (q) proposed by Morse (Morse 
function): v 


U(q) = D(1 —e' a? ) 2 . 


(37.6) 
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The Morse function gives a rough idea of the dependence of poten¬ 
tial energy of a molecule on the interatomic distance, as *may be 
seen from a correlation of the dashed potential-energy curve of the 
molecule (Morse function) and the solid curve calculated by 
means of more precise methods (Fig. 85), As is evident from 
Fig. 85, and also from (37,6), the difference U (oo) — U (0) = D, 
whence it follows that parameter D is the dissociation energy of 
the molecule. 



Fig. 85. Potential-energy curves of H 2 molecule by the 
Klein-Rydberg method (curve) and by the Morse formula 
(gashed curve) 


For small q (small vibrations) the Morse function reduces to 
U(g) = Da 2 Q 2 , which is the potential of quasi-elastic force f = -— 
— 2Da 2 p/r e = — kr e Q where k = 2Da 2 /r|. Consequently, in this 
case the molecule is an harmonic vibrator (oscillator). Substituting 
U = Da 2 Q 2 = kr|Q 2 /2 into (37.5a) we obtain the equation of an 
harmonic oscillator. Solution of this equation yields 

E vib = hco(v + -i) (37.7 j 

where 

“=55/1=25/? < 3? ' 8 > 

is the natural frequency of the oscillator. The number v, which 
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takes on the values 0, 1,2, , is called the vibrational quan¬ 
tum number. * 

From equation (37.7) it follows that the vibrational terms of 
an harmonic oscillator 

• 4 ; 

T vi b = «>(v +-§■) (37.9) 

are a system of equidistant terms, the difference of two adjacent 
terms being equal to the frequency to (see Fig. 86, dashed lines). 

Further, according to (37.7) the minimum value of vibrational 
energy of a diatomic molecule 
is equal to E vib (0) = hco/2. 

^vibfO) is called the zero vibra¬ 
tional energy. 

In Fig. 86, the dashed curve 
is the parabolic potential of an 
harmonic oscillator. This curve 
is close to the Morse curve oniy 
at small values of q, It therefore 
follows that equation (37.7) for 
(lie vibrational energy of a mol¬ 
ecule is roughly correct only 
lor small q, A more precise ex¬ 
pression for the vibrational ener¬ 
gy of a diatomic molecule is 
obtained by substituting the 
Morse function (37.6) into the 
wave equation. In this case the 
oscillations are no longer har¬ 
monic (anharmonic oscillator) and from a solution of the wave 
equation we get the following expression for the vibrational terms: 

T vib = ® ( v + l)— Xffl(v + y)\ (37.10) 

I;L!/ hiS is eXPreSSi0n ’ the COnstant x> called the an harmonicity con- 



The main steps in the solution of equation (37.5) are as follows 
Byjneans of the Morse function, this equation transforms as 

W "— ® ) 




Fig. 86. Vibrational terms of a dia¬ 
tomic molecule; the dashed lines are 
theharmonic oscillator, the solid lines, 
the anharmonic oscillator (after Morse) 
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We then represent function if in the form rf = f (y)/V y and, com¬ 
puting if' and if", we transform the equation obtained to 


where 


r + v (£+?f—?) ,= ° 


*■=+ and Q = E " b at £ 


4V • 


Let us first find the asymptotic solution of the latter equation. 
This solution holds for any high value of y. Since, in this case, 
we can ignore terms containing y in the denominator, the sough t- 
for solution should satisfy the differential equation 

f" — f = 0. 
a* 


As will readily he seen, the solution to this equation has the 
f or m [. = ef» or f^e"^ where p*=(*>')D. Obviously, only 
the second of the * asymptotic solutions (f —0 when y-T°°> 
satisfies the necessary requirement of finiterless of functioni t 
throughout the range of variation of the variable y (cf P- 178). 
Appealing to the general solution of the equation for function f, 

We get f = C(y)e*P v . 

Calculating f’ and substituting f and f" into this equation, we 
get the following differential equation for C(y): 

C"_2pC' + r(^ + g)c = 0. 


As we can readily see by means of simple substitution, the solu¬ 
tion of the latter equation has the form 

cL^Xy’+x. 

k 

Substituting this polynomial into our differential equation, we get 
V b (v _i_k) (v + k — l)y*+k- 2 _ 2p2Mv + k)y*+ k - 1 + 

+ 2 p 2 Sb k y v+k_1 +^Q'Sb u y v + k_2 = 0 > 

whence by equating the coefficients of y"+ k -\ we find the 
Slowing recurrent equation for the coefficients of the polynomial: 

[ ( v + k + 1) (v + k) + ^ 2 Q] b k+1 = [2P (v + k)-2p 2 ] b k . 

Again taking into account the necessary condition of finitenesj 
of the polynomial C, we limit it by the conditions b =0 and 
k =0. On the basis of these conditions, we obtain (from the 
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recurrent equation) v(v-j-l) — — ^ 2 Q an ^ = P or, elim¬ 

inating v, 

_rQ = (p-v)(p-v-l) = p 2 -2p(y + y)+v(v + l). 

Substituting, into the latter equality, the value of Q and noting 
that p 2 = (A. 2 /a 2 )D, we find 

E vib = 2 P^ (v+y) — Jr ( v + t) ’ 

whence, due to (37.8) and (37.11), we get 

E vib = hco(v + y) — htox (v + L) 

and, hence, arrive at (37.10). 

As can be seen from expression (37.10), the terms of the 
anharmonic oscillator are no longer equidistant: the distance be¬ 
tween two adjacent terms is equal to 

AT vib = a> —2xco(v+1), (37.12) 

i.e., it diminishes with increasing quantum number v. The terms 
of the anharmonic oscillator are shown in Fig. 86 (solid lines). 

As will be seen from equations (37.10) and (37.12), the terms 
of the anharmonic oscillator converge to a certain limit which is 
determined by the condition: 

AT vib = co[l-2 x (v max + l)j = 0 
or 

v = —-1. 

v max 2x 

Substituting this value of v into formula (37.10) and using 
(37.11), we obtain the following expression for the maximum 
vibrational energy of a diatomic molecule; 

hT max = ^(l-x 2 ) = D(l-x 2 ), 

which, since x 2 <+l (see below), turns into the expression 

hT max =^ x = D. (37.13) 

I'rom this expression it follows that the vibrational energy of 
it diatomic molecule cannot exceed its energy of dissociation. 
It may be added that the thermal dissociation of molecules is 
connected with excitation of vibrations which, upon attainment 
of v max (convergence limit of vibrational terms), leads to decom¬ 
position of the molecule. 
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The approximate nature of the Morse function is evident from* J 
ihe fact that the actual terms of a diatomic molecule can be | 
represented by formula (37.10) only for small v. From spectroscop- | 
*ic data it follows that the best approximation is the formula ] 

T vib = ®(v +t) — xco(v + y) , + yo)(v + -Ly+ ... (37.14) 

The quantities x, y, etc., in this formula ordinarily satisfy the 
relation 1 ^>x 2 $>y 2 :^> ... 

Fig. 87, for states with v = 0, 1, 2, 3, 4, and 10, gives the 
eigenfunctions that represent solutions of the wave equation (37.5a) 
in the case of an harmonic oscillator (dashed line), and also 
functions which determine the probability of finding atoms 

at a distance r from one another (solid curves). In the simplest - 
case of a zero vibrational state, function is expressed by 
the following formula (with an accuracy to the normalising factor): 1 


'M>o = ^o = e 


- ctp* 


that is to say, it is a Gauss error function. As can be seen from I 
Fig. 87, in the states with v^>0, the function has two main | 
maxima; these maxima correspond to turning points, i.e., points]] 
at which the relative velocity of motion of the atoms in a classi- jl 
cal oscillator reverses sign when passing through zero, and sig- I 
nify that the appropriate interatomic distances are most frequently J 
realised. 

Vibrational terms of polyatomic molecules. For vibrational 1 
terms of a triatomic molecule, various authors, by solution of the I 
appropriate wave equation, obtained an expression of the formlf 

T (v u v 2 , v,) = co 1 ^v t +2") + 0) 2 ( v a +y) + ^1 ( v j "h 


(37.15) 


Here, v t , v 2 , 

and co, are frequencies of normal vibrations and x ik are constant'll 
of anharmonicity and constants of mutual coupling of vibrations: 
the constants x u , x 22 , and x 8l correspond to the anharmonicity^ 
constant x of a diatomic molecule, the others characterise th« 
mutual coupling of vibrations of the molecule. To illustrate \ 


+ X 1 ‘(v'+T 

) 2 -f- x » (v. 

+ *. 2 (v 1 + y 


i X 2J ( V 1 + Y 

)( v » + t)' 

and v, are vibrational 
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Fig. 87. Eigenfunctions (dashed lines) and proba¬ 
bility densities (solid curves) of a harmonic oscil¬ 
lator for v = 0, 1, 2. 3, 4, and 10 
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equation (37.15), we give in Fig. 88 a diagram of vibrational 
terms of a molecule of water as determined from spectroscopic data. * 
A natural generalisation of (37.15) for the case of an N-atomic 
molecule is the equation 

T(v 1 , v,, ...)=£ffl i ( * * * * v i + y) + 


+ ^22 x ik 


( v i + y) (v k +4') +• • • * ( 37 - 16 ) 




(O, 


0 ), 


1* 
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However, it must be said that the vibrational terms have been 
studied experimentally only for comparatively few triatomic 

molecules, and we know of very 
few molecules with the number 
of atoms greater than three for 
which a complete diagram of 
vibrational terms has been es¬ 
tablished. But for a rather large 
number of molecules we have a 
complete set of vibrational fre¬ 
quencies exhibited in spectra. 

It also may be added that a 
characteristic feature of vibra¬ 
tional terms of polyatomic mol¬ 
ecules is accidental degeneracy, 
which is caused by close coinci¬ 

dence of the energies of two 

terms. For example, we have such 
coincidence in the case of the CO, 
molecule, which, due to co, = 

, 1337cm"'and 2co,= 1334 cm -1 , 

has nearly coincident levels v, = l, v, = 0, v a —0, and v,=0, 

v =2 and v a = 0. Due to this resonance, called Fermi resonance, 
there occurs a mutual perturbation of vibrational terms, the 
effect of this perturbation being their displacement in opposite 
directions (in “mutual repulsion” of terms). As a result of this 
shift, we observe departures of the vibrational energy of the 
molecules from the regularities expressed by equations like (37.15). 

In connection with Fermi resonance, it is essential to point 
out that mutual perturbation of vibrational terms occurs only in 
cases when these terms belong to the same type of symmetry. 
For instance, as is seen from Fig. 88, two vibrations of the mole¬ 
cule H,0 have close frequencies (<±>,=3614 cm' 1 and <»,=: 
= 3709 cm" 1 ); however, by virtue of the fact that these vibrations 
belong to different types of symmetry, Fermi resonance is not 


a) 3 


Fig. 88. Vibrational terms of a mol¬ 
ecule of water. 
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observed here. In contradistinction to these two states 
v, = 0, v a = 0, and v, = 0, v, = 0, v a = l), al] states of the 
molecule H,0 v,, v„ v a (with v,>2) and v,— 2, v„ v a -]-2 
having the same symmetry mutually perturb each other, according 
to Darling and Dennison. 

Fermi resonance was also detected in the case of COS, CS , 
COSe, ICN, C,H,, and other molecules. 

Torsional oscillations. As has already been poined out (p. 350), 
restricted rotation of one part of a molecule relative to another 
leads to torsional oscillations that appear when the atoms in 
a molecule form configurations separated by minima of potential 



energy. Such, for example, are two energetically identical config¬ 
urations of the molecule C,H, or CH,OH, etc. the dependence of 
the potential energy of an ethylene-type molecule upon the angle 
of torsion t is given in Fig. 89. This figure also gives the levels 
of torsional oscillations (the splitting of each level into two 
components is due to the finite probability of passage through the 
potential barrier). 

When the potential function of torsional oscillations has the 
form shown in Fig. 89, it is usually represented in the form 

b=|u,(l — cos n%) (37.17) 

where n is the number of identical minima and U 0 is the height 
of the potential barrier separating these minima. The levels of 
torsional oscillations lying significantly below the barrier and, 
hence, corresponding to small oscillations are the levels of an 
harmonic oscillator; to them corresponds the formula 

T = a>(v+-g-), (37.18) 

because in the case of small oscillations, i.e., small %, cos n% 
may be represented as 1 — 7j n Y; then the potential function 
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assumes the form U 0 (nx/2) 8 , i.e., the form of a potential of 
quasi-elastic force. In this case, for the frequency of torsional 
oscillations we get the following formula: 



where A, A,, and A 2 are rotational constants with the same 
values as those given on p. 350. For a symmetric molecule of the 
type C 2 H 4 or C,H, (since A 1 = A 2 = 2A), (3.7.19) becomes 

© = 2n KU^A. (37.20) 

Equations (37.19) and (37.20) can be used to determine the 
height of the potential barrier from the measured values of as 
and A. In this way, for the C 2 H 4 molecule we get U, = 8700 cm - ' 
for the molecule trans-CH.CH =CHF, U„ = 770 cm" 1 . Calcula¬ 
tions of the potential-barrier height for molecules with simple 
bonds (C £ H, and CH,OH) usually yield smaller values. For 
example, the barrier in CH a OH is 388 cm"’, in H,0„, 113 cm-*, 
in CH,NO £ , 2.1 cm -1 . 

Due to the finite probability of the tunnel process, the transi¬ 
tion of a molecule from one position to another, which corresponds 
to the adjacent minimum of potential energy, is possible also at 
values of energy of torsional oscillations that are less than the 
height of the potential barrier. Given an inverse relationship 
between the vibrational energy and the barrier height, torsional 
oscillations pass into free rotation. For the molecules considered 
(C 2 H 4 , etc.) that contain the same atoms in rotating groups, the 
different interconverting configurations are indistinguishable. But 
in molecules containing different atoms, for instance, in the 
molecule C 2 ABXY, the configuration ABC = CXY and the config¬ 
uration ABC = CYX derived from it have different properties 
that correspond to two different tautomeric modifications of the 
given substance. In such cases, the rate of tautomeric transfor¬ 
mation can serve as a measure of the probability of transition 
of a molecule from one configuration to another. 

Inversion. In the cases that we have considered, the transition 
of a molecule.from one configuration to another is a result of 
mutual rotation of parts of the molecule. Cases are possible 
when one configuration passes into another not as a result of 
rotation but due to inversion, or transformation, which might 
also be called a mirror reflection. An example is the molecule 
NH, (XY,), for which two configurations are possible that inter- 
transform by inversion and that correspond to two possible posi¬ 
tions of the atom N (X) with respect to the plane in which the 
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three H (Y) atoms are situated. To these two configurations there 
correspond two potential-energy minima separated by a poten¬ 
tial barrier as shown in Fig. 90. This figure also shows the 
vibrational levels of the molecule which are associated with 
vibrations of the atom N (X) relative to H S (Y,). Due to the 
finite height of the potential barrier, we have resonance split¬ 
ting of vibrational levels (similar to the splitting of levels of 





Fig. 90. Potential energy of a pyramidal mol¬ 
ecule XY, as a function of the distance of 
the X atom from the Y, plane 


lorsional oscillations, p. 361), and each level consists of two compo¬ 
nents, the distance between which rises rapidly with increase in 
the quantum number v. Here, the magnitude of doublet splitting 
is directly related to the probability of transition of the mole¬ 
cule from one configuration to another, which enables one to 
calculate the probability of the inversion process from the meas¬ 
ured doublet splitting. For the ground state of the NH, mole¬ 
cule, this calculation leads to a mean time of inversion equal 
lo 2.5X 10" 11 sec. This time is 700 times that of the vibration¬ 
al period of the N atom relative to the plane of H,. A similar 
calculation for the molecule PH, yields a time of 1.1 X 10 -7 
sec, which is greater than the oscillation period of the atom P 
relative to the plane of H, by a factor of 3.3 X 10'. The time 
of inversion must be particularly great in the case of heavy 
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atoms because the probability of the tunnel transition diminishes 
drastically with increase in the mass of the atom. 

Up to now we have assumed that the vibrational and rotation¬ 
al motions of molecules are independent of one another. In 
reality, however, as a result of vibrations (just as in the case 
of rotation of the molecule) changes occur in the mean distances 
between the atoms, as a result of which both types of inter¬ 
nal motion of the molecule cease to be independent of one 
another. Accordingly, in a more precise theory that takes into 
account the mutual relations of vibrations and rotation, the 
rotational constants are dependent upon the vibrational quantum 
number. For small values of v, this dependence leads to a slight 
correction, whereas for sufficiently large v it exerts a significant 
effect on the energy of the molecule, which can no longer be 
expressed simply by the sum of the vibrational and rotational 
energies (see Sec. 38). However, having in view only an eluci¬ 
dation of the general structure of molecular spectra, in future 
we shall more frequently consider (approximately) the energy 
of a molecule as additively composed of the electronic, vibra¬ 
tional, and rotational energies. 


38. Rotational and Rotation-Vibration Molecular Spectra 

Rotational spectra. Rotational spectra are due solely to changes 
in the rotational energy of the molecule. Let us first con¬ 
sider the simpler case of diatomic molecules. Calculating the 
frequencies of spectral lines as the differences of rotational 
terms (36.6), we get 

v = B[J'(J' + l) — J(J + 1)] (38.1) 

* 

or, taking into account the selection rule for the rotational 
•quantum number AJ = +1, 

v = 2B(J-pi). (38.2) 

From (38.2) it follows, to a first approximation, that the 
rotational spectrum of a diatomic molecule is (since we identify 
the molecule with a rigid rotator) a series of equidistant lines 
with the spacing of adjacent lines 

Av = 2B[(J + l + l) — (J + 1)] = 2B. (38.3) 

If we determine 2B experimentally, we can, from (36.2), cal¬ 
culate the moment of inertia of molecule I e and the equilibrium 
interatomic distance r e . For example, from the distance between 
the lines of the rotational spectrum of HC1, equal to 20.68 cm" 1 , 
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we find B e = 10.34 cm -1 , which, from (36.2), yields I e = 
= 2.71X10' 40 g cm 1 and, since p= 1.63 X g. then 

r e “ 1.29 X 10" s cm - 

Knowing the moment of inertia of the molecule (or at least 
its approximate value), one can solve the inverse problem, that 
of calculating the distance between the lines of a rotational 
spectrum and the absolute values of the frequencies, i.e., find 
the region of the spectrum in which the rotational spectrum of 
the given molecule lies. We find that, depending on the moment 
of inertia of the molecule, this spectrum can lie within a broad 
range of wavelengths measured in tens and hundreds of microns, 
right up to millimetres and centimetres (the far infrared). 

The distribution of intensity between the separate lines of the 
rotational spectrum is directly related to the distribution of 
molecules in rotational levels. If this distribution is an equilib¬ 
rium one (thermal), then the number of molecules in the 7th 
level is determined by the Boltzmann distribution law 

hB J (J -|— l) 

(2J + l)e „ 

n (J) hBJ(J + i) n » (00.4) 

S(2J + l)e“ *T 

where n (J) is the number of molecules in the /th rotational 
level, and n is the total number of molecules. The sum in the 
denominator, which is called the rotational sum of states, obvi¬ 
ously depends only on the rotational constant B and on the 
absolute temperature T, but is independent of the number J. 
We shall henceforward designate this sum Zb : 

J=od _ hBJ (J + i) 

Z B = 2 (2J + l)e kT . (38.5) 

j=o 

A measure of the line intensity in the absorption spectrum is 
its absorption coefficient p, = fx°n(J), which enters into the for¬ 
mula 

I = I,e-i‘ d . (38.6) 

Here, I 0 and I are, respectively, the intensities of incident and 
transmitted light and d is the thickness of the absorbing layer. 
Since p° is practically constant for all lines, from p = p°n(J) it 
follows that in the case of thermal equilibrium the distribution 
of intensity between separate lines of the rotational spectrum is 
determined by the Boltzmann law. 

Rotational spectra of complex molecules are determined by the 
molecular structure. Linear molecules have the simplest structure; 




























36G 


MOLECULAR SPECTRA 


[Ch. 8 


the structures of their rotational spectra are in no way different 
from those of the spectra of diatomic molecules. Next in com¬ 
plexity come the rotational spectra of molecules belonging to the 
symmetric-top class. From (36.14), which expresses the rotation¬ 
al energy of a molecule of this class, and from the selection 
rules AJ=0, ±1 and AK = 0, we get a formula (for line fre¬ 
quencies of the rotational spectrum) that coincides with (38.2); 
the rotational spectrum of a symmetric top then consists of 
equidistant lines just as the spectrum of a linear or diatomic 
molecule. However, due to the fact that in reality each line in 
the spectrum of a symmetric top molecule consists of J -j- 1 or¬ 
dinarily merging lines, given insufficient resolution (these lines 



Fig. 91. Part of the rotational spectrum of a PH, molecule (after 
Wright and Randall) 


are obtained from the more exact equation for the rotational 
energy, which takes into account the stretching of the molecule 
under the action of a centrifugal force) the intensities of equidis¬ 
tant unresolved lines observed in the spectrum are no longer 
determined by the Boltzmann law, but depend on the rotational 
quantum number in a more^complicated way. Fig, 91 shows the 
rotational absorption spectrum of a PH, molecule which belongs 
to the symmetric-top type. 

Unlike the spectra of diatomic and polyatomic linear mole¬ 
cules and also the spectra of symmetric-top molecules, the rota¬ 
tional spectra of asymmetric-top molecuies have a very complex 
structure due to the complex dependence of the rotational energy 
upon the rotational quantum number (p. 348). To illustrate the 
structural complexity of the rotational spectrum of an asymmetric- 
top molecule, we indicate that, for example, when combining two 
systems of levels characterised by the quantum numbers J = 3 and 
J =4, respectively, 32 allowed lines are possible: 6 in combina¬ 
tions of different sublevels 3, (J = 3,different r), 10 in combinations 
of different sublevels 4. and 16 in combinations of different 3. with 
different 4 T . The structural complexity of the rotational spectra 
of asymmetric-top molecules explains why these spectra have been 
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studied only in a very limited number of cases, including the 
water molecule. A detailed analysis of the rotational spectrum 
of H,0 was given by Mecke, who obtained the following values 
for the three moments of inertia of the H,0 molecule- ! = 
= 0.995X10^", 1,= 1.908X10-", and I, = 2.980X 10-° g cm 1 . 

As has already been pointed out, rotational spectra are observed 
in the far infrared. Until recently, this was one of the most 
inaccessible regions of the spectrum, and only during recent 
years with the application of radio methods has substantial 
progress been made in the study of molecular spectra. The in¬ 
frared is now just as accessible as the photographic region of the 
spectrum. During these years, many radiospectroscopy studies 
devoted to investigations of rotational spectra and determinations 
of various molecular constants have been made. 

Rotation-vibration spectra. The distances between adjacent 
lines of a rotational spectrum, which distances we shall, for the 
sake of convenience, call rotational quantum, are quantities of 
the order of 2B„, i.e., of the order of 1 to 10 cm“\ while the 
distances between adjacent vibrational levels (vibrational quanta), 
which are measured by the vibrational frequency of the molecule! 
are of the order of magnitude of 100-10CO cm — . And so, whereas 
rotational spectra can be observed in pure form, the excitation 
solely of vibrations appears possible only in extremely rare and 
special cases. In almost all cases there is a simultaneous change 
in the vibrational and rotational states of the molecule. The 
spectrum produced by change in both forms of internal energy of 
the molecule is called a rotation-vibration spectrum. 

Disregarding the interaction of vibrations with rotation (see 
above), we express the total energy of the molecule by the addi¬ 
tive formula 

^ = E el E vib -j- E rbt 

where E„ designates electronic, E vlb vibrational, and E rot rota¬ 
tional energy of the molecule. In the case of a rotation-vibration 
spectrum, the electronic energy of the molecule does not change 
and for the line frequencies of this spectrum we get the expression 


v _ E vib E vib p 

h t" 


E rot E rot 


Mrib 


+ V, 


rot* 


(38.7) 


The prime here corresponds to the upper rotational and vibra¬ 
tional states, while v vib denotes the frequencies of the “pure” 
vibrational spectrum. Since, from the foregoing, the difference 
between the rotational terms v rot = T mt — T rol is two to three or¬ 
ders of magnitude less than v vib , on the basis of (38.7) one should 
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conclude that rotation does not disturb the vibrational structure 
of a molecular spectrum. As a result of the superposition of small 
rotational quanta pu vibrational quanta, the lines of the vibra¬ 
tional spectrum are converted into bands , groups of rotational 
lines. That is how we get the linear-band structure of the rota¬ 
tion-vibration spectrum. 

Disregarding the rotation of the molecule, let us first find out 
the nature of the band (vibrational) structure of the spectrum. 
Describing each band by the frequency v vib , we get the vibrational 
spectrum of the molecule as a set of these frequencies. 

The vibrational structure of a spectrum is simplest in the case 
of diatomic molecules. A necessary condition for the appearance 
of vibrational bands in the spectra of these molecules is the 
presence of a dipole moment or, more precisely, variation of 
dipole moment associated with appropriate quantum transitions 
of the molecule. Whence it follows that diatomic molecules con¬ 
sisting of the same atoms cannot have rotation-vibration spectra. 
In this case, the vibrational frequencies are called optically 
inactive . 

However, it is possible to observe optically inactive frequen¬ 
cies at high pressures when, due to collisions, the symmetry of 
the molecule is upset. For example, at pressures of 150 atm and 
higher we observe absorption bands v = 0—^v' = l for H 2 , N 2 , 
and 0 2 . In the same way, at pressures up to 25 atm the absorp¬ 
tion spectrum of acetylene C 2 H 2 exhibits an optically inactive 
band co 2 = 1974 cm -1 , which corresponds to symmetric vibration 
of the molecule, at which its dipole moment does not change. 
The intensity increase of this band in proportion to the square 
of the gas density indicates that its appearance is due to defor¬ 
mation of the C 2 H 2 molecule in collisions. 

It will be noted that according to the data of a number of 
authors, optically inactive frequencies (for example, the above- 
mentioned frequency of H 2 ) are also observed during the adsorp¬ 
tion of gases on solid surfaces. This effect is undoubtedly also 
associated with the appearance of a dipole moment due to defor¬ 
mation of the molecule in adsorption. 

Calculation of transitional moments that correspond to various 
changes in the vibrational quantum number (Av) lead, for an 
harmonic oscillator, to the following selection rule: Av = -hl. 
However, any values of Av are possible for an anharmonic oscil¬ 
lator. As has already been pointed out (p. 357), real molecules 
are anharmonic oscillators, so that any combinations of v<—>v' 
are permissible. However, due to comparatively weak anharmoni- 
city of vibrations (x 2 <^l), band intensities in rotation-vibration 
spectra, as a rule, diminish rapidly with growth of Av. 
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For vibrational frequencies v vib = T; ib — T vib , from (37.10) we 
get the following expression: 

V vib = “(l — x)(v' — v) — cox(v' 2 — v 2 ). (38.8) 

According to this expression, the vibrational spectrum of a di¬ 
atomic molecule appears as a set of series of bands that correspond 
to the transition of the molecule from the given vibrational level 
to adjacent levels. Such, for example, is the series resulting from 
a transition from the zero vibrational level (v = 0) to higher-ly¬ 
ing levels (absorption spectrum). In the case of this (zero) series, 
(38,8) takes the form 

V vib (0, v') = ( 0 (l — x)v' — coxv' 2 , (38.9) 

and we get the following set of lines (bands): 

v, = a)(l— 2x), v 2 = 2u (1 —3x), v 3 = 3co (1 — 4x), 

etc. The spacing of two adjacent lines diminishes with increas¬ 
ing v' and, hence, with the frequency, as is seen from the 
differences: v 2 — v, =co (1 — 4x), v, — v 2 = co (1 — 6x), etc. All 
the other series have a similar structure. The lines v vib of each 
serieg of the vibrational spectrum converge to' a certain limit, 
which corresponds to similar convergence of vibrational levels of 
the molecule (cf. p. 357). This convergence limit corresponds to 
dissociation of the molecule. 

The series structure is also characteristic of vibrational (rota¬ 
tion-vibration) spectra of polyatomic molecules. Due to the com¬ 
plexity of the scheme of vibrational levels of these molecules (see 
(37.15) and (37.16), and also Fig. 88), the vibrational structure 
here is naturally more complex. For example, due to the simul¬ 
taneous excitation of a large number of different levels (combina¬ 
tion frequencies) the series structure in these spectra is ordina¬ 
rily not so clearcut. 

Inasmuch as the intensity of the infrared bands is entirely due 
to change in the dipole moments of molecules, there is a definite 
possibility of finding the dipole moments of bonds from meas¬ 
urements of the intensities in infrared spectra. This possibility 
was first pointed out by Mecke, who was also the first to attempt 
to determine the dipole moments of certain bonds from spectro¬ 
scopic data (see p. 455). 

When considering the rotational structure of rotation-vibration 
spectra, we must, in the general case, proceed from the expres¬ 
sion for the energy of a simultaneously rotating and vibrating 
molecule. This expression can be obtained by solving the general 
wave equation for the function rji(r, ff, cp), i.e., without resorting 
to an approximation associated with allowance for separation of 
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variables that reduces the problem to the solution of two equa¬ 
tions: the wave equation for function iKi^r) and the wave equation * 
for function ^ ro t (v, cp). Weizel obtained the following expression 
for the energy of a aiatomic molecule, on the well-known assump¬ 
tion concerning the form of function of potential energy U and 


by solving the general equation: 



E = E el + h 

m ( v +t)- (ox ( v +l) 2 + o) y( v +T) + 


+ 


+h[B v j(j + D+D v p(j+ir+...], 

(38.10) 

where 




B v = 

= B 0 —av-f yv 2 + . . ,==B e —a e (v + -^ + 




+ Ye (v + +■•• 

(38.11) 

and 




D v : 

= D n -j-P v +- * - = D e -f-Pe( v • • > 

(38.12) 

Expression 

(38.10) can, provisionally, be rewritten 

in 

the 


form 

E = ^e! + E vib -\- E rot ; 

however, unlike the analogous additive formula that we have 
already used, the rotational energy 

E rot = h[B v J(J + l)-D v J 2 (J + l) 2 + ...] (38.13) 

is in this case dependent not only on the rotational quantum 
number J, but, according to expressions (38.11) and (38.12), 
which take into account the interaction of vibrations and rotation, 
also on the vibrational quantum number v, i.e., it is a complex 
function of the numbers J and v. Tiiis dependence of the rotation¬ 
al energy of a molecule on both quantum numbers, which is 
due primarily to change in the moment of inertia of the mole¬ 
cule when the vibrations are excited (because then there is a 
change in the equilibrium distance between nuclei), is the reason 
for there being no additivity of vibrational and rotational ener¬ 
gies of the molecule. 

But in order to determine the general nature of the rotational 
structure of molecular spectra we can take advantage of a still 
simpler equation: 

V = V vlb + B 0 [J' (J' + 1) - J (J + 1)]. (38.14) 

which is derived by substitution of (38.1) into (38.7) and which 
assumes additivity of the vibrational and rotational energies and 
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?>*> rigidity of the molecule (D v = 0). It should be pointed out 
that due to the'smallness of the quantities D 0 , a, ft, y, 
disregarding them leads to an appreciable distortion of the true 
structure of the spectrum only for sufficiently large values of 
the quantum numbers v and J. 

To study the arrangement of rotational lines in a band charac¬ 
terised by definite values of numbers v and v\ i.e., v 0b =const, 
we take the second term of (38.14), which determines the fine 
rotational structure of the band. In the simplest case of 1-states, 
according to the selection rule for the rotational quantum nun> 
her (36.9), we have J =-J-b-l. When J r = J —|— 1 ( from equality 
(38.14) we get a group of lines 

v +. = v vib + 2B 0 (J-j-l), (38.15) 

which is characterised by the values vjj>v ih . This group of lines 

is called the positive , or R-branch of the band. J'~J— 1 yields 

a group of lines with v<v vib , 

v -i=. v vib —2B.J, (38.16) 

called the negative, or P-branch. 

The lines of the latter group begin with J = l, because J=0 
corresponds to J' = J — 1=— 1, which is meaningless physically. 
We thus obtain the following lines that form R- and P-branches 
of the given band: 

J 0 1 2 3 ... 

R V vib + 2B v vib -j-4B v vib -j-6B v vib -(-8B ... 

P - v vih -2B v Wb — 4B v, ib — 6B ... 

i.e., a series of equidistant lines with a zero-gap v vib (called the 
zero line of the band) and the distance between adjacent lines 
equal to Av = 2B. 

The set of lines thus obtained is graphically represented in 
Fig. 92 (for the sake of clarity', only every other line is shown) 
where two straight lines denote the R- and P-branches. In reality! 
due to interaction between rotation and vibration these straight 
lines become curved. Indeed, substituting into (38.7) the values 
of rotational energy (38.13) and ignoring the constant D (and 
also terms with higher powers of J), we get the following expres¬ 
sion for the frequency of the rotational lines of the given band: 

v = v Wb + B v J'(J' + l)_B v J(J + l), (38.17) 

from which we find 

v +i = V vib + ( B v' + B V ) (J -j- 1) -j- (B v — B v ) (J -j- l) 2 (38.18) 


t3* 
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and 

v_, = v v ^ b -—(B v ' + B v ) J + (Bv- - B v ) J ! . (38.19) 

It is readily seen that the dependence of v± x and y_ l upon J 
obtained from these formulas corresponds to parabolic branches 
of the second order. They are depicted in Fig. 92 by the dashed 
lines. 



Fig* 92, Distribution of lines of P- and R-branches 
in the band of a vibration-rotation spectrum without 
regard for (solid lines) and with regard for (dashed 
lines) interaction between rotation and vibration 


Fig. 93 shows an absorption band of HC1 k 3.5[x (v = 0 —* v' = l). 
A striking thing here is the uniform distribution of approximately 
equidistant rotational lines,* a characteristic minimum of in ten - 



* From formula Av=-^-Ak it follows that in passing from the wave¬ 
length scale (Fig. '93) to the scale of frequencies, the distances between 
rotational lines should differ less. 
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sity at the point of the zero line (v vib ), and two maxima of in¬ 
tensity (one in each of the R- and P-branches). 

Intensity distribution in bands (absorption spectrum). These 
maxima are due to the intensity distribution of rotational lines 
of the band, which in turn are determined by the Boltzmann 
distribution of molecules according to rotational levels and the 
probabilities of appropriate transitions. 

Distribution of molecules in rotational levels is expressed by 
equation (38.4) (p. 365), while the measure of intensity of the 
line in the absorption spectrum is its absorption coefficient, which 
can be represented in the form 

hB 0 J (J -j- 1) 

(n = p°n (J) = p° < 2J + i) e - n (38.20) 

where p° is a constant proportional to the probability of the 
appropriate quantum transition. Here we are interested in the 
relative probabilities of transitions, which can be determined 
theoretically with comparative ease. 

These probabilities are determined with particular ease in the 
case of the terms *2- In this case, two transitions 
(J—>J-|-1 and J ^^ J —-1) are possible from each level with a 
definite J value (with the exception of J = 0). We denote the 
total probability of these transitions by A 0 and the probability 
of each of them separately, by A + and A_; obviously A u = A + -j-A_. 
Calculations show that the remains approximately constant 

within the limits of a given band. Ordinarily, to characterise 
the relative probabilities of transitions we introduce the so-called 
intensity factor i, which is determined from the equality 
iA 0 = (2J —f- 1) A, whence it follows that 

2i = i+ + i-=2J + l. (38.21) 

Introducing the intensity factor into the expression for the absorp¬ 
tion coefficient (38.20), we obtain 

hB 0 J (J —|— 1) 

P " iTf 

[i - --=-- in. (38.22) 

The values of intensity factors for various transitions in the 
case of '^-terms can be obtained on the basis of the following 
reasoning. To the transitions J—i-J' and J'—.J there correspond 
the same values of intensity factors because the numbers J and J' 
enter symmetrically into the expressions of the appropriate quasi¬ 
moments. For this reason (see also (38.21)), we must assign to 
transitions 0—>-1' and 1'—*-0, i (0) = i + (0)= 1 (i_ in this case 
is zero), and to transitions 1—*-0' and 0'—*1, i(l) = i_ (1) = 1, 
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Bui in the tatter case, the transition 1 —>2 is also possible 
from the level J=J. Designating the appropriate intensity fac¬ 
tor by i + (l). we find, from equality (38.21), i + (l) = 3—1=2. 
Consequently, for the transition 2—► I' we also have i_ (2) — l. 
Whence for the transitions 2—*3' and 3 —► 2' we obtain, by 
means of (38.21), i + ( 2 )= L (3) = 5-2 = 3. etc Generalising 
the results of these calculations, we arrive at the following equa¬ 
tions for the intensity factors of lines belonging to the R- and 
P-branches of the band: 


R : i+ (J) = J + 1. \ 
P: L(J)=J. I 


'(38.23) 


Taking advantage of equations (38.23), we can, from ex pres- 
sion (88 22) find the value of J and, consequently, the frequency 
(or wavelength) to which, at the given temperature, there corre¬ 
sponds a maximum of intensity in each branch of the band Differ¬ 
entiating (38.22) with respect to J, we obtain the following 
condition of maximum: 

"=l(2J+l)a. a = !§?, 


which for the R- and P-branches will be written in the form: 
2 J!l. 4-3J . —V— 1 = 1 /a (R) and 2J 2 _+,J_ = 1 /a (P). Solving these 
equations, we find the values of J + and J_, by means of which 
we can determine the frequencies v + and v_ that correspond to 
the maximum intensity. 

We calculate the distance between maxima Av max . From (38.10) 
and (38.16) we find, for the quantity Av max , 

Av max = v + — v_=2B 0 (J + + + 

Solving the quadratic equations for J + an d J _ we obtain 
J _|_ J_-|-] =2/a* and, hence, Av max = 2B 0 V"2/a. Substituting 
here the quantities a = hB 0 /kT and B 0 = h/4jtl 0 , we get 

a (38 ' 24 > 

A formula identical to (38.24) was proposed by- Bjerrum for 
determining the moment of inertia of a molecule (I 0 ) from the 
distance between the maxima of the bands Av maX . 


0 (jtAv max ) 


* This simple formula is obtained on the assumption that a<^2, which is 
always the case at room and higher temperatures. For different molecules 
at room temperature, a ranges between 0.1 and 0.001. 
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For this reason, bands with a double maximum in rotation-vibra¬ 
tion spectra are sometimes called Bjerrum doublets. 

The Bjerrum formula is important in that with its help one 
can determine the moment of inertia of a molecule without 
analysing the fine structure of the bands. True, it must be said 
that the accuracy of this determination is usually not high, due 
to insufficient accuracy of measurement of Av max . However, the 
Bjerrum method is sometimes useful for obtaining tentative data. 

Let us compute Ak max for the % 3.5 p band of HCi given in 
Fig. 93. Substituting into (38.24) 1 0 = 2.71 X 10- 40 g cm 1 

(see p. 365) and T == 273°K, we find: Ak max —0.15 u. Approximately 
the same quantity Ak max is obtained from experiment (see Fig. 93). 



Fig 94. Fine structure of band X 9.55 p CH 3 F (after Benett and Meyer) 


As for the rotational structure of the spectra of complex 
molecules, suffice it here to say that the structure of these spectra 
is, as a rule, far more complicated than the structure of the spectra 
of diatomic molecules. However, in some (true, comparatively 
rare) cases, the rotational structure of the spectrum of a complex 
molecule is just as simple as that of a diatomic molecule. 
A simple spectrum (with respect to its rotational structure) is, 
for example, that of molecules that belong to the symmetric-top 
type, such as NH„'CH S X (X = F, Cl, Br, I), and also the spec¬ 
trum of CH, (spherical top molecule). In this case, when the direction 
of the electric moment of the molecule coincides with its axis, the 
rotation-vibration spectrum exhibits bands with even distribution 
of approximately equidistant rotational lines similar to the 
spectra of diatomic molecules. However, unlike, for instance, the 
above-considered spectrum HCI (Fig. 93), we have, here, also a 
zero line (v vib ) associated with the transitions AJ — 0 , as a result 
of which we ordinarily get a group of lines that are close to the 
v V ih line. This group of lines forms the Q-branch of the band. 
Such, for example, is the fine (rotational) structure of the X 9.55 
p. band of the molecule CH S F, given in Fig. 94, in which the 
Q-branch is just as prominent as the R- and P-branches. We 
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note that the Q-branch is also observed in the case of diatomic mole¬ 
cules with A^>0, for which, according to the selection rule 
(36.10), there are <R-, P-, and Q-branches. The NO molecule 
whose ground state is the state 2 IT(A=1) is an instance of these 
molecules. 

The spectrum of a symmetric top molecule has a far more 
complex structure when the electric moment does not coincide 
with the axis of the molecule. The complex rotational structure 
of the bands is also characteristic of asymmetric-top molecules. 
This can be seen even from the complexity of the structure of 
the rotational spectrum of water (see p. 366). 


39. Raman Spectra 


Vibrational Raman spectrum. When a gas, liquid or solid is 
illuminated with a sufficiently powerful linear source of light, we 
observe in the spectrum of scattered light not only lines (v 0 ) 
that belong to the spectrum of the source itself {Rayleigh scat- 


t : :j: ii m i 




% 


lb 


i 

-f- 


Fig. 95. Scattering spectrum ,of CC1 4 (after Glockler). The numbers under 
the spectrum designate Raman-line frequencies 


tering of tight) but new lines displaced from the lines of the 
source. This phenomenon, discovered by Raman in India and, 
simultaneously, by Landsberg and Mandelshtam in Moscow in 1928, 
became known as Raman scattering or the Raman effect (in the 
Russian literature, combination scattering). The displaced lines 
are called Raman tines (v p ). Fig. 95 gives the Raman spectrum 
of carbon tetrachloride CC1 4 . 

The very first studies of Raman spectra showed that in most 
cases the differences in the frequencies of displaced and undisplaced 
lines, v 0 — v p , coincide with the frequencies of the normal vibra¬ 
tions of the molecules of the scattering substance (more precisely, 
with the frequencies that correspond to the vibrational quanta 
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of the molecule, which in the case of diatomic molecules are equal 
to co = &) 0 (1—2x), i. e., 

v 0 — v p = co. (39.1) 

The lines of Raman scattering are frequently arranged symmet¬ 
rically on both sides of the Rayleigh line, as, for example, 
certain lines of CC1 4 (Fig. 95). The lines with frequencies less 
than that of v 0 , i.e., the lines v®=v 0 — to are called Stokes 

lines , while the lines with frequencies Vp = v 0 -|-co are anti-Stokes 
lines . Thus, the process of the Raman scattering of light may be 
formally represented by the following scheme: 

s: hv o + M(0)->hv* + M(l), 
a: hv 0 -|- M (1) —► hvp -j- M (0), 

where M(0) denotes a molecule of the scattering substance on a 
zero vibrational level (v = 0), M(l) is the same molecule possess¬ 
ing one vibrational quantum. On this scheme, the Raman 
scattering of light shows a peculiar interaction of light and 
matter, as a result of which in the first case (s) a vibrating 
molecule of energy hco and a scattered light quantum hv p are 
generated at the expense of the energy of the quantum hv 0 . In 
the second case (a), the interaction of the primary quantum hv 0 
with the vibrating molecule yields a molecule in the zero vibra¬ 
tional state and a scattered light quantum with a correspondingly 
higher energy hvp = hv 0 -["hco. 

Further, since the "intensity of the scattered light must be 
proportional to the number of molecules of the scattering substance, 
and the number of molecules M(l) and M(0), on the condition 
of thermal equilibrium, are related as e _huj/kr :l, one should 
expect that the ratio of intensities of anti-Stokes and Stokes 
lines of Raman scattering will vary with the temperature accord¬ 
ing to the law 

ja huj 

— = e“ 

I s 


This dependence of the intensities of both types of lines upon 
the temperature of the scattering substance is actually observed 
experimentally. Thus, by raising the temperature one observes 
anti-Stokes lines that are absent at lower temperatures. Besides, 
one very often finds that lines which correspond to small vibra¬ 
tional quanta are observed both as Stokes and anti-Stokes lines, 
whereas lines corresponding to large quanta are observed only as 
Stokes lines. 
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The theory of Raman scattering of light. In classical optics, 
Raman scattering <jf light is interpreted as follows. Under the 
action of the electric vector of a light wave 

@ = © 0 sin2:rtv 0 t, 

a dipole moment is induced in a molecule; this moment vibrates 
with the frequency of the incident light v Q . These forced Vibrations of 
the molecular dipole are the cause of ordinary Rayleigh scattering 
of light. However, by virtue of specific dynamic conditions, 
a change can occur in the polarisability of the molecule, this 
change being due to a certain participation also of nuclei in the 
vibrations of the dipole. From the standpoint of the electron- 
nuclear structure of the molecules, these dynamic conditions are 
due to a force coupling of electrons and nuclei, as a result of 
which the forced vibrations of the electrons (with frequency vj 
cause vibrations of the nuclei. The vibrations of the latter, which 
are much slower than those of electrons (because of the great 
difference in the electron and nuclear masses), are what lead to 
a change in the polarisability of the molecule. It will readily be 
seen that this latter factor alters the frequency of the light being 
scattered, i.e., gives rise to the lines of Raman scattering. 
Indeed, designating the polarisability of a molecule (given vibra¬ 
tions of frequency co) by 

a = a 0 -j- a 0 sin 2jtcot (39.2) 

where a 0 is the polarisability of a nonvibrating molecule and a 0 
is the amplitude of change in polarisability during vibrations, we 
have, for the induced dipole moment of the molecule, 

P = a 0 © 0 sin 2jtv 0 t a°® 0 sin 2jrcot sin 2jtv 0 t. 
Transforming this expression, we get 

P = a 0 (£ 0 sin 2itv 0 t -|- y a°(£ 0 [cos 2jt(v 0 —co)t — cos 2n (v 0 -f - co)t]. (39.3) 

As is seen from (39.3), when polarisation of the molecule is 
changed, the scattered light will be emitted riot only with the 
frequency of the incident light v fl (Rayleigh scattering), but also with 
the combined (Raman) frequencies v 0 -|~co and v 0 — a>. Thus, on the 
classical theory each primary line of frequency v 0 in the scattered' 
light spectrum will have two satellites with frequencies 
Classical theory, however, cannot solve the problem of intensity 
of the lines v s p and v p . What is more, as follows from the fore¬ 
going, both types of lines must have the. same intensity, which 
contradicts experiment. Again in conflict with experiment is the 
continuous nature of the spectrum (that follows from classical 
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theory) of Raman scattering caused by rotation of the molecular 
dipole in the electric field of the light wave; in actuality, this 
spectrum has a discrete linear structure. Only quantum 
mechanics gives a quantitatively correct description of the 
phenomenon of combination (Raman) scattering. 

The quantum-mechanical theory of Raman scattering is based 
on the Kramers-Heisenberg theory of light dispersion. Correspond¬ 
ing to the forced oscillations of the molecular dipole of classical 
theory, we have, in quantum theory, transitions of electrons to 
certain (virtual) energy levels of the molecule. Light scattering, 
in the quantum-mechanical interpretation, can also be visualised 
as a transition of the molecule to all possible energy levels vvith 
a subsequent return to one of the lower levels.* If the final level 
coincides with the initial level we have Rayleigh scattering, 
otherwise, Raman scattering. Thus, designating arbitrarily the 
energy of the higher energy levels of the molecule that 
participate in scattering by E x , the energy of the initial level, 
by E 0 , and the final, by E, the process of light scattering can, 
provisionally, be divided into two stages: 

hv 0 = E x — E 0 and E x — E = hv. 

Summing them we have 



In the case of E = E 0 we will have Rayleigh scattering, and if 
E^E 0 we get Raman scattering. 

This scheme is a pictorial representation of the process of light 
scattering and has the advantage that it reveals a number of 
peculiarities characteristic of Raman spectra. For example, in the 
case of symmetric diatomic molecules, such as H 2 , N s , Cl z that do 
not have rotation-vibration infrared spectra due to the optical 
inactivity of their vibrational frequencies (cf. p. 368), we observe 
intense lines of Raman scattering that correspond to these 
frequencies. On the foregoing two-stage scheme, excitation of 
optically inactive frequencies in light scattering is readily accounted 
for: in this case, excitation of vibrations involves allowed elec¬ 
tronic transitions that are possible for any molecule. For this 
reason, forbiddenness of purely vibrational (or rotation-vibration) 
transitions is not essential here. 

The possibility of detecting and measuring optically inactive 
frequencies is particularly important for complex molecules. As 


* These transitions cannot be identified with transitions that correspond 
to ordinary light absorption; in the latter case, the absorbed quantum is 
exactly equal to the difference between the respective energy levels. 
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has been pointed out above, these frequencies are either totally 
absent in infrared spectra or are masked by combination frequen-' 
cies (cf. p. 369). Bufr in Raman spectra, as follows from intensity 
calculations, the lines that correspond to these frequencies are 
the most intense, in complete agreement with experiment. To sum¬ 
marise, then, Raman spectra significantly supplement infrared 
spectra and simplify the problem of analysing the vibrational 
terms of complex molecules. 

Along with measuring the natural frequencies of molecules, 
very important are investigations of the degree of depolarisation 
of scattered light. By degree of depolarisation q we understand 
the ratio of the intensity of scattered light polarised in a plane 
parallel to the plane of polarisation of the incident light, to the 
intensity of the scattered light that is polarised in the perpen¬ 
dicular plane. The degree of polarisation of scattered light is 
directly related to the form of the molecule (more precisely, to 
the form of the polarizability ellipsoid of the molecule (see p. 431) 
and to the symmetry of vibrations participating in the scattering 
event. For example, in the case of symmetric molecules of type CH 4 
where the polarisability ellipsoid degenerates into a sphere, 
completely symmetric vibrations {in the CH 4 molecule, the sym¬ 
metric vibrations of the H atoms relative to the C atom) cannot 
lead to depolarisation of scattered light, i.e., in this case p = 0. 
But as regards asymmetric vibrations of the molecule, the degree 
of depolarisation must differ from zero. It is evident from what 
has been said that investigations into the degree of depolarisation 
of Raman lines is very important in establishing the type of 
appropriate vibrations and, in the final analysis, the^ molecular 
structure. 

Rotational Raman spectra. Along with Raman lines that cor¬ 
respond to definite natural frequencies of the molecules of the 
scattering substance, the scattering spectrum (given sufficient 
dispersion) also exhibits lines that correspond to the rotational 
quanta of the molecules. Thus, due to the Raman effect, studies 
of the structure of rotational terms of molecules are moved from 
the far infrared to the photographic region of the spectrum. 

The structure of rotational Raman lines is determined by ap¬ 
propriate selection rules for the rotational quantum number; these 
rules can readily be established by means of a two-stage scheme 
of the process. Indeed, considering the transition E 0 —> E x and 
making use of the selection rule AJ=-r-1, we get two possible 
values for the rotational quantum number of the transitional 
state (J x ), namely, J X = J 0 ±1 (J 0 refers to the initial state of 
the molecule). Upon transition to the final state (E x —*E) the 
rotational quantum number of the latter must be J = J X ±1 — 
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= (J 0 + 1) + 1 = J 0 » J 0 + 2. Thus, unlike the infrared spectrum, 
where the selection rule is AJ = = ! r l (in the case of 2-terms), 
for the rotational Raman spectrum we get AJ = 0, +2. 

On the basis of equations (39.4) and (36.5), for the rotational 
lines we have 

v p = v 0 -B 0 [J'(J'+l)-J(J+l)]. (39.5) 

Having in view the case that corresponds to selection rule AJ = 
= 0, +2, we obtain from (39.5) the following formulas for the 



Fig. 96. Rotational Raman spectrum in oxyge^ 
(after Rasetti) 


two branches of the rotational band (these are called S- and 
O-branches): 

S: v s p = v 0 -2B 0 (2J + 3), 

O. Vp = v 0 -[-2B 0 (2J — 1) 

(and, in addition, the line v = v 0 , which corresponds to AJ = 0). 
According to these formulas, the separation of adjacent lines in 
the band is equal to Av = 4B 0 , in place of Av = 2B 0 in the 
infrared spectrum. Fig. 96 is a photograph of the rotational Raman 
spectrum of oxygen. 

For molecules with A^>0, and also for symmetric-top molecules, 
we have AJ=0, ±1 (for the infrared spectrum). It can easily be 
shown, by means of the same two-stage scheme of the scattering 
process, that in this case the rotational Raman spectrum has, in 
addition to S- and O-branches, the usual R- and P-branches (AJ = 
=±1), i.e., for the Raman spectrum in this case we have the 
selection rule AJ = 0, +1, ±2. The frequencies belonging to the 
P- and R-branches of the lines are expressed by the formulas: 

P: v* p = v 0 -2B 0 (J + l), 

R: v^ = v 0 + 2B 0 J. 

The selection rule AJ=0, ± 1, =t 2 also occurs in the case 
of an asymmetric top molecule. 
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Let it also be mentioned that the rotation-vibration Raman 
spectrum usually has the form of separate lines that correspond to * 
the first bands of the zero series (or their combinations). Inves¬ 
tigation of the fine sfructure of thess lines shows that in reality 
they are narrow bands that correspond to the Q-branch, which due 
to superposition of the closely spaced rotational lines has an appar¬ 
ent intensity in considerable excess of that of the other branches 
of the band. That is why the latter ordinarily escape detection. 

In addition to the vibrational and rotational (and also rota¬ 
tion-vibration) Raman spectra, there may also occur a spectrum in 
which the difference v 0 — v p represents the energy of electronic ex- 
si tat ion of the molecule. A spectrum of this kind was found in the 
case of NO, where, besides the lines v p = v oZ bto we find the 
lines v p = v 0= F( a II*/ s — 2 n l/2 ). It will be noted that the direct com¬ 
bination of terms 2 ri s / 2 and 2 n,/ 2 , which are components of the 
ground term of the NO molecule 2 n, is forbidden by the selection 
rule A2 = 0. Here, as in the case of the rotational and vibration¬ 
al terms of symmetric molecules the general rule is valid accord¬ 
ing to which two terms that combine with a third do not ordina¬ 
rily intercombine. 

Since the discovery of Raman scattering, a large number of pa- ^ 
pers have been published in this field covering an enormous num¬ 
ber of organic and nonorganic compounds. Due to. simplicity of 
technique, studies of Raman spectra have many advantages over 
infrared spectra. From the Raman spectra we find the natural fre¬ 
quencies of molecules (vibrational spectra) and their moments of 
inertia (rotational spectra). The possibility of detecting directly 
the frequencies of optically inactive vibrations makes the method 
of Raman scattering particularly valuable. This method is like¬ 
wise very important for studying the structure of molecules and the 
structural alterations that molecules undergo during changes in the 
aggregate state of matter (assbciation, solvation, dissociation, etc.), 
and also in studies of chemical equilibria, for analysing complex 
mixtures, for identifying compounds, etc. 


40. Electronic Spectra of Molecules 

Vibrational structure of the spectrum. Electronic spectra are 
spectra associated with a simultaneous change both of the vibra¬ 
tional and rotational, and electronic state of the molecule. On 
p. 370 we derived an expression for the total energy of a molecule 
that included also the energy of the electronic state (E el ). We shall 
here consider the electronic spectra to the same approximation that 
we considered the rotation-vibration spectra of molecules. Assuming 
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additivity of the three types of energy, the frequencies of the sep¬ 
arate lines of the electronic spectrum are represented by the for¬ 
mula 


(E e | -|- E vib -|- E rol ) — (E e( -|- E vib -f- Erot) 


^el + V.b + Vrot (40.1) 


where 



E V ib Evib 

V,b = —h— and 



Here, v ib characterises the vibrational (band) structure of the 
spectrum, V o; the rotational, or fine structure of the bands. The 
quantity v e ,'. which determines the change in electronic energy of 
the molecule, is usually far in excess, (tens of times) of v ¥ib and 
exceeds v rot by a factor of thousands. For this reason, the electron¬ 
ic spectrum of a molecule is displaced with respect to its rota¬ 
tion-vibration spectrum towards the short wavelengths, ordinarily 
into the visible or ultraviolet regions of the spectrum. 

In the case of the diatomic molecule, we have from (36.6) and 
(37.10) 

'Vvib = t0 ' (v'+y) —“' x ' ( v '+t) ““ ( v + t) + 

+ cox(v + |) 2 (40.2) 

and 

v rot =B;j'(J' + l)-B 0 J(J + l) (40.3) 

(the primed quantities refer to the upper energy states). Compar¬ 
ing expressions (40,2) and (40.3) with the analogous expressions 
(38.14) and (38.8), we see that the'former contain two different 
frequencies to and to' (in place of one) and two rotational constants 
B„ and B,’,. The large number of constants (to the same degree of 
approximation) is due to the fact that here we have two electronic 
states, each of which is characterised by a definite frequency to, 
also an anharmonicity constant tox, and a definite equilibrium 
distance r fl between atoms, i. e., a definite value of B 0 . 

Without taking into consideration v. ot , let us first determine the 
peculiarities of the vibrational structure of the electronic spectrum 
of a diatomic molecule. For the zero line (see below) of each band 
of this spectrum we have the following expression, on the basis of 
(40.1) and (40.2): 

V = V el _ v =V el + CO' (v'+y) — ffl'x' (v'+y) — c0 ( v + 4‘) + 

-f ©x (v-|-y) . (40.4) 
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This formula, in the form 

V = v 0 + <*>&' — G>oXoV' 2 — co 0 v + ®o x o v2 (40.5) 

was first derived empirically by Deslandres and is known as the 
Deslandres formula. From a comparison of (40.5) and (40.4), we 
get the following relations between the constants that enter into 
them: 


i ^ 

V o — V el + "2 

— x )> 

co' = co' (1 — x'), 

(0 ? X ? = G)X, 

G)’xj = (D'x'. 


1 —4)—w ( 1—w 


2 1 2 { - 2 


(40.6) 


Table 35 

Deslandres system of bands of a 
diatomic molecule 


Assigning to each frequency (band) the indexes vf we 

can represent the entire system of bands expressed by the Deslandres 

formula in the following table 
(Table 35). We see that the 
bands that form this system 
are distributed in definite series 
(progressions) that correspond to 
the horizontal rows and vertical 
columns of Table 35. The former 
are called v progressions and the 
latter, v' progressions. 

The v' progressions correspond 
to v = const and can be ex¬ 
pressed as 

V = v ov + “qV' — G>Uiv lst f (40.7) 

derived from (40.5). According 
to (40.7), the v' progressions are a 
group of bands that converge to a certain limit in the region of 
high frequencies. This series is obtained in transitions from a def¬ 
inite vibrational level v that corresponds to a lower electronic 
state of the molecule, to all possible vibrational levels v' of an 
upper state (or vice versa). The v' progressions are characteristic of 
absorption spectra. They are clearly distinguishable in the absorp¬ 
tion spectra of I 2 , Br 2 , N t , 0 2 , NO, CO, 0„ S0 2 , H 2 CO, 
C 6 H fl , etc. Illustrative of such a spectrum is the absorption spec¬ 
trum of CO in the Schumann region (X<^2000 A) given in Fig. 97. 

The v progressions, on the contrary, are expressed by 

V = V ov — CD 0 V + CDo XV * (40.8) 

and are associated with transitions from a definite vibrational level 
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of an upper electronic state of the molecule to all possible lower 
vibrational levels (or vice versa). These progressions are character¬ 
istic of emission spectra, in particular for a fluorescence spectrum. 
For example, when iodine vapour is excited by the green line of 
mercury 5461 A, we observe a series of bands in the fluorescence 
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Fig. 97. Absorption spectrum ot CO in the Schumann region (after 
Hopfield and Birge). The figures 0 — 0, etc., denote the vibrational 
quantum numbers of the upper and lower quantum states, respectively 


spectrum that correspond to transitions v' = 26—»-v= 1, 2, 3, 4, 
Similar progressions are also observed in the fluorescence spectra of 
0 2 , S 2> NO, S0 2 , etc. 



Fig. 98. Part of spectrum obtained in the passage of a shock wave 
through a mixture of acetylene and argon. It contains bands of CN 
and of C 2 (Swan bands) (after Gaydon) 


In the case of excitation of emission spectra under the complex 
conditions of an electric discharge, and also in temperature and 
chemical (chemiluminescence) excitations, the various progressions 
ordinarily overlap and the pattern of the spectrum becomes very 
complicated. Very often, when different progressions overlap, sepa¬ 
rate groups of bands in the spectrum segregate; these correspond to 
the diagonal progressions of Table 35, for instance, the progres¬ 
sions v ip v ES , etc., or v„, etc. Such progressions are char¬ 
acteristic of spectra of C E1 N s * CO T CN, etc. Fig. 98 shows a por¬ 
tion of a spectrum obtained during the passage of a shock wave 
through a mixture of acetylene and argon. The spectrum contains 
bands of CN and bands of C 2 (Swan bands). 

The characteristic constant of each system of bands is the band 
v (to be more exact, the zero line of this band), which corre- 
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sponds to the combination v' = 0^-+v = 0 and is called the zero 
band . As follows from (40.6), the frequency of the zero line of the 
zero band does not ccfincide with the frequency v el because of the 
zero vibrational energy of the molecule. 

Intensity distribution in the Deslandres system of bands. When 
we considered the rotation-vibration spectra we pointed out that 
the band intensity rapidly falls off with increasing Av. Besides, 
this spectrum is absent in molecules the dipole moment of which 
is zero. In contrast to rotation-vibration spectra, the bands (in 
electronic spectra) that correspond to different values of Av have a 

comparable intensity in a large range of 
Av, irrespective of the presence of a di¬ 
pole moment. 

The reason for this is that the proba¬ 
bilities of transitions in electronic spectra 
are determined by variation of the tran¬ 
sition moment of the molecule, which is 
T r . due to its electron configuration. For this 
roun reason, in the case of an allowed electron¬ 

ic transition, any values of Av are, gen¬ 
erally speaking, possible. 

Intensity distribution in the Deslandres 
band system can be explained on the basis 
of the Franck-Condon principle. Franck 
expressed the view that those bands have 
greatest intensity that are associated with 
quantum transitions in which there is no 
change either in the internuclear dis¬ 
tances or in the nuclear momenta. This 
assumption is based on the fact that when the molecule ab¬ 
sorbs or emits light, the electronic transitions occur so rapidly 
that neither the positions nor the velocities of the nuclei have time 
to change perceptibly during the time of a transition, and transi¬ 
tions occur for the practically constant internuclear distance r. 
Let us examine Fig. 99, which shows the potential-energy curves 
of a diatomic molecule in the ground and excited states. Excita¬ 
tion of the molecule (transition from ground to excited state) oc¬ 
curs, according to Franck, with unchanged distance between nuclei 
r (vertical arrows). As a result ot this transition, the potential 
energy of the excited molecule is equal to Iff, However, since to 
this energy there corresponds the internuclear distance r' =r, which, 
generally speaking, differs from the equilibrium distance r' of the 
excited molecule, the positions of the nuclei at the instant of ex¬ 
citation will not be in equilibrium and the molecule will begin to 
vibrate. The energy of these vibrations E V ib will obviously be 



Fig. 99. Probabilities of 
transition after Franck 
and Condon 
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equal to the difference Iff— U„. The vibrational quantum number 
v' (which determines this energy) together with the number v of 
the lower state (in the case that corresponds to the heavy arrow 
in Fig. 99, v = 0) will describe this band, which Js associated with 
the given transition. 

However, on the Franck view, it is not clear how, in addition 
to this band, there can appear other bands of the series v = const 
(v = 0), though this is actually what occurs. This difficulty is elim¬ 
inated by a quantum-mechanical interpretation of the Franck 
principle as given by Condon. 

In quantum mechanics, the probability of the combination 
v <—► v' is determined by the value of the quasi-moment that cor¬ 
responds to the given transition 

qv'v= Jipv' ( r ) 9 'K( r ') dT - (40.9) 

The functions t|v and i|> v that enter into this expression have the 
form shown in Fig. 87. It is seen that the vibrational wave func¬ 
tions have a perceptible magnitude in a certain interval of values 
r. Due to this diffuseness they overlap in the interval Ar, and 
this, according to (40.9), leads to the possibility of a transition 
from the given level v' not only to the higher-lying level v but also 
to adjacent levels, as is shown in Fig. 99. Here, the vertical ar¬ 
rows of various thickness depict possible transitions v = 0—► v’ 
(0—►O', 0—► 1', 0—*2\ 0—*3'). The thickness of the arrow is 
in accord with the relative probability of the given transition, 
i.e., with the intensity of the respective band. 

It will be noted that (as follows from Fig. 87) the quantity 
'ifo(r), which is shown in Fig. 99 by the dashed curve and which 
determines the probability of finding nuclei at a given distance r 
when r^r e , is nonzero and is evidence (from the corpuscular 
point of view) of motion of nuclei that does not cease even in the 
zero vibrational state of the molecule. The energy of this motion 
represents zero vibrational energy. 

Fig. 99 refers to the particular case when the zero vibrational 
level (v = 0) is the initial state of the molecule. In this case, 
in the series v = const, we find one maximum of intensity (in the 
case that refers to* Fig. 99 band 0T is strongest). It will readily 
be seen that in the case of v^0 in v progressions there are, as 
a rule, two bands with maximum intensity that correspond to the 
maxima of the function i|v at two turning points of the nuclei 
(Fig. 87). That is why we will have two intensity maxima in 
these series. 
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The same goes for the case when the initial level is the v' level 
(emission); to each value of the number v' (for v'^>0) there will " 
be two values of v tfiat correspond to two of the strongest bands 
of the v progressions. At v'=0, we will have a series with one 
intensity maximum. 

By drawing a line through the bands of maximum intensity on 
the diagram of the band system (Table 35), we obtain a curve 
whose shape is determined by the relative positions of the po¬ 
tential-energy curves of the upper and lower states of the mole¬ 
cule. On the basis of figures like Fig. 100, it is easy to see 
that when r e differs but slightly from r c , the values of v[ and v' z , 




Fig . 100. Intensity distribution in the Deslandres band system (Condon 

parabolas) 

which correspond to each given value of v, must differ very little 
and the curve of maximum intensities (Condon parabola) degener¬ 
ates almost into a straight fine. This curve is shown in Fig. 100 
a, where the crosses indicate the strongest bands, in this case, the 
spectrum should exhibit a prominent diagonal progression. On the 
contrary, when there is a large difference between v' e and r e , the 
numbers v[ and v' z differ greatly and we get a curve like that 
shown in Fig. 100 b. Thus, on the basis of the shape of these 
curves we can judge the type of change in the equilibrium dis¬ 
tance in a given quantum transition, and, hence, also the relative 
positions of the appropriate potential-energy curves of the mole¬ 
cule. We can add that the curves of maximum intensity are a re¬ 
liable criterion of the validity of the Deslandres formula, by means 
of which the experimentally found bands are expressed. 

Fine (rotational) structure of spectra. Turning to a consideration 
of the rotational structure of electronic spectra of diatomic mole¬ 
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cules, let us select some band that is characterised by definite 
values of vibrational quantum numbers v and v\ The frequencies 
of the individual rotational lines of this band can be represented 
by the approximate formula 

v = v el . v + B v# J'(J' + l)-B v J(J + l) f (40.10) 

derived from (40.1) — (40.4). Formula (40.10) is very similar to 

(38.17) , differing from it only in the constant v e i- v (that replaces 
the constant v viv ), and also by the fact that the constants B in 

(38.17) refer to the same electronic state of the molecule, and in 
(40.10), to different electronic states. 

Due to the similarity of equations (40.10) and (38.17), we can 
obviously derive from (40.10), in the general case, three parabolas 
that are expressed by formulas similar to (38.18) and (38.19)*: 

R: v R = v el _ v + (B v , + B v )(J + l) + (B v . + B v )(J + l) 2 , ] 

Q: v Q = v el _ v + (B v , —B V )J + (B V . —B v ) J ! , l(40.11> 

P: vp = v el _ v — (B v > B v ) J -f- (By' —- B v ) J a . 

Such parabolas that refer to the band A1HX4241 A are shown 
in Fig. 101. As is seen from this figure, which is commonly called 
a Fortrat diagram , the lines become closely spaced (to the left) 
near a certain sharp limit (called the band head) and become wide¬ 
ly spaced at the other end of the band (to the right). This de¬ 
cline in total intensity away from the head (resulting from such a 
line distribution in the band) is called shading of the band. The 
band in Fig. 101 is shaded towards long wavelengths; in this case 
one speaks of red shading of the band (in contradistinction to 
violet shading). 

The band head is due to a turning point in one of the parabo¬ 
las (the R-branch in Fig. 101). The question of which of the 

branches (R or P) has a turning point is solved by the sign of the 

quadratic term in equations (40.11), that is, by the ratio between 

B V ' and B v . It is readily seen that the turning point on the 

R-branch is obtained when B V >B V ' and on the P-branch when 
B V <^B V '. Further, since according to (36.2) the quantities B are 
inversely proportional to the corresponding moments of inertia, 
i.e., inversely proportional to r 2 , red shading indicates an in¬ 
crease in the equilibrium distance with excitation of the molecule 
and, conversely, violet shading of the band (turning point on the 


* Here we also give the equation for the Q-branch that results when. 
AJ = 0. 
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P-brauch) is an indication of a decrease in the equilibrium dis¬ 
tance, i.e., a strengthening oF the molecule, with its excitation. 

It may be added th^t in many cases there is no head. This oc¬ 
curs when the difference between B V ‘ and B v is slight. 

A characteristic band constant is its zero line v e ,. v , which is 
absent from the spectra of diatomic molecules. The absence of the 
zero line in the R- and P-branches was proved on p. 377. In the 
Q-branch this line is absent due to the selection rule J' =0+--* J = 0. 
The position of the zero line in a band can frequently be deter- 



Fig. 101. Fortrat diagram oi band AIHM241 A (after Bengtsson-Knave) 


mined from the characteristic gap that disrupts the line sequence 
(see, for example, Fig. 93). The exact value of v e ,_ v is obtained 
from a detailed analysis of the rotational structure of the bands. 

The set of values of v e ,_ v found in this way permits establishing 

the Deslandres formula for a given system of bands, i.e., deter¬ 

mining the constant v e , and also the vibrational constants co and 
x for both combining electronic terms. 

Let us dwell in somewhat more detail on an analysis of the 

rotational structure of bands, the object of this analysis is pri¬ 

marily to determine the rolat'onal terms and, consequently, the 
rotational constants of the molecule B v and B V ' which permit ex¬ 
pressing the Frequencies of separate lines in the band by means 
of equations similar to (40.11). This analysis is simplified by the 
possibility of setting up definite relations between frequencies of 
the rotational lines, thus making it possible to isolate individual 
rotational terms of the molecule. Denoting the rotational term by 
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T (J) and rewriting (40.10) in the form 

vp(J) = v el _ v + T'(J-l)-T(J), 

V Q (J)'— v el-v.T" T' (J)-T (J), 

VR(J) = v el _ v + T'(J + l)-T(J), 


it will readily be seen that the following relations obtain for the 
separate lines: 


’ V Q (J )- V P (J) = Vr (J — 1) — v Q (J — 1) = 1 

= T'(J) — T'(J-1) = 2B V .J, 

Vq(J - 1) -Vp(j) —V R (J - 1) -Vq(J)= j 

= T (J) — T (J — 1) = 2B V J. j 


(40.12). 


Consequently, the frequency difference of two lines in a band is 
repeated twice and is a quantity that is a multiple of 2B V or 2B V .. 
For this reason, the starting point in an analysis of the rotational 
structure of a band is ordinarily to determine the differences that 
satisfy relations (40.12). Whence, we directly find the values of 
the constants B v and B v - of the molecule and its rotational terms.* 

The foregoing reasoning is schematic because our initial expres¬ 
sion (40.10) is an approximate one. Even if we consider the mol¬ 
ecule unstretchable, i.e., if we disregard constant D, we can con¬ 
sider expression (40.10) as valid only in the case of combination 
’£*—+ *2. However, here, due to the selection rule AJ = ± 1 the 
Q-branch is absent and we only have branches R and P. 

The simplest case when also the Q-branch appears is the combi¬ 
nation of terms '2 and 'll. However, here we must take into ac¬ 
count the A-doubling of the If-term, and since change in energy 
associated with A-doubling in (40.11) was not taken into account, 
these formulas and also the relations (40.12) derived from them 
cannot, obviously, hope to be accurate. And despite the A-doubling 
of the IT-term the number of parabolas in the band remains equal 
to 3. Indeed, above (p.344) we pointed out that the rotational IE-terms 
are alternately positive and negative, while the components of 
A-doubling of the TT-term (ordinarily designated by the symbols 
n a and II b ) also have different signs. And so, on the basis of the 
selection rules AJ—0, ±1 and we obtain only three com¬ 

binations of each rotational '2-term, i.e., three simple branches. 


* Thus, from (40.12) for J = ] we have: T' (1) — T' (0) = T' (I) = 2B V ', 
and T (1) — T (0) = T (1) = 2B V . These relations straightway yield the con¬ 
stants B v and B V ' and the terms T (1) and T'(1). For J = 2 we eet 
T'(2) — T'(1) = 4B V ' and T (2) — T(1) = 4B V , whence T (2), T'(2). etc. 
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These combinations can be schematically represented in the follow¬ 
ing form: f 

J 0 1 2 3 4 


+ - + 



The rotational structure of bands in the combination of other 
terms is considerably more involved. Without going into details, 
we can state that, for example, in the case of combinations 
>n<—'II and ’II^’A we have six parabolas or branches (two R-, 
two Q- and, two P-branches), in the case of the combinations 
2 2«-^ 2 2 4 branches (two R- and two P-branches), and in the case 
of 2 2<—► 2 II 12 branches, etc. 

Let us also add that the electronic spectra of complex molecules 
are characterised by a larger number of constants and, for this rea¬ 
son, naturally, have a more complicated vibrational and rotational 
structure than that of the spectra of diatomic molecules. In partic¬ 
ular, this has to do with asymmetric-top molecules. Only in the 
case of symmetric linear molecules (for instance, COf) does the 
rotational structure of the bands come close to the band structure 
of diatomic molecules. Due to complexity of structure, the analy¬ 
sis of electronic spectra of complex molecules has as yet been 
carried out only in an extremely limited number of cases. 

The isotope effect in spectra. One of the extremely important 
properties that apply equally to molecular spectra with electronic 
excitation and to infrared spectra and Raman spectra is the Isotope 
effect in these spectra. We differentiate between the vibrational 
effect, due to a difference in natural frequencies of the isotopic 
molecules, and the rotational effect, due to the difference in their 
moments of inertia. Let us first consider the vibrational isotope 
effect in the spectra of diatomic molecules. 

Since, according to (37.8) and (37.11), the natural frequencies, 
like the anharrnonicity constants, are inversely proportional to the 
square root of the reduced mass of the molecule ' = + 

^ m 2 ) (m, and m t are the masses of the atoms that comprise 
the molecule), by introducing the quantity 

0= l/ T 

¥ p, 
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(p and \x! refer to two isotopic ’molecules), for the magnitude of 
isotope shift of the zero lines (Av 0 ) in the spectrum of these mol¬ 
ecules we get, from the Deslandres formula, 


Av 0 =(q — i) K (V +-T 


— (e 2 — i) 


m v-t—s- 


CO X v 


+t)]~ 


-4-)“ —€DX (v + 4-)"] 


or, approximately (disregarding anharrnonicity), 

Av 0 = (q— 1) (v'+y)— “(v + y)] 


(40.13) 


(40.14) 


Let us calculate q — 1 for two isotopic molecules of oxygen, 
O 2 6 and 0 ,6 0 18 . Designating the masses of the atoms 0 16 and 0 la by 

m and m', respectively, we find in this case o — 1 = 1/ — 2m ' , _ 1 

r in —J— m 

or, approximately (due to the smallness of Am = m' — m as com¬ 
pared with m), 

(40.15) 


Substituting here Am = 2 and m = 16, we get q—1=0.03. 

The isotope effect in oxygen was, for example, detected in the 
so-called atmospheric bands ( 3 2— *2). In this case, cj' = 1432.6 
and co = 1580.3 cm -1 . Substituting these values of frequencies to¬ 
gether with Q—1=0.03 into (40.14), we get, for the various 
bands of the series v = 0, the following values of isotope shift Av : 
— 2.3(00'), 42.5 (01'), 87.2(02') cm -1 , etc. These quantities can 
easily be measured even when the spectral instrument gives a slight 
dispersion. Thus, the vibrational isotope effect is a clearcut effect 
easily detected in molecular spectra. In Fig. 102 the vibrational 
isotope effect is shown in the case of the Swan bands of C 2 . 

Superposition, on the vibrational effect, of the rotational, iso¬ 
tope effect gives rise to an additional shift of the rotational lines. 
This shift is expressed as the product of o z —1 by the difference 
of the rotational terms, which difference is' considerably less than 
that of the vibrational terms. For this reason, the rotational iso¬ 
tope effect is small compared with the vibrational effect; never¬ 
theless, it, too, leads to a measurable line shift. 

The isotope effect in molecular spectra gives a sensitive and pre¬ 
cise method of identifying isotopes and measuring their relative 
abundances (by measuring intensities in the spectrum). It may be 
noted that a number of isotopes were discovered in this way, i.e. 
spectroscopically: H 2 (D), C 13 , N 15 , O 17 , O 18 . 

The isotope effect is also observed in the spectra of complex mol¬ 
ecules. Theoretically (to a first approximation), one should expect 
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an isotope shift of those lines (or bands) which are associated 
with vibrations and rotation that occur with the participation of 
the isotope. This conclusion is completely confirmed by ex peri men t. 
Nuclear spin and intensity alternation in spectra. In addition 
to the isotope shift, the spectra of isotopic molecules exhibit the 


C fS C m 


AMfSti 

rm 


fig . 102. Isotope tfleet in C 2 spectrum (Swan bands), after King 

and Birge 

following characteristic difference. As we have already seen (p.346). 
the terms of molecules composed of the same atoms are divided 
into two non-intercombining groups that possess different statisti¬ 
cal weights: ortho- and par a-terms. The lines of the ortho-modifi¬ 
cation with its greater statistical weight are more intense than the 
lines of the para-modification. As a result we get a peculiar alter¬ 
nation of intensities in spectra of the molecules under considera¬ 
tion, which alternation is absent in molecules that consist of differ¬ 
ent atoms. This difference is particularly prominent when the 
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nuclear moment is zero: in this case the statistical weight of the 
para-terms becomes zero, i.e., the para-terms are simply absent, 
and in the spectrum of molecules consisting of the same atoms 
every other line drops out (the lines of the para-rnodification). 
Such, for instance, is the spectrum of the 0 16 0 18 molecule. Unlike 
this spectrum, the spectra of molecules 0 16 0 17 and 0 !fi 0 18 exhibit 
all lines permitted by the selection rule for the number J. To 
illustrate, Fig. 103 gives the 01' band of the molecules 0 ie 0 lfl and 
0 16 0 ,B (absorption spectrum of the terrestrial atmosphere). Besides 
the intensity differences of the lines of these isotopic molecules, 
which differences are due to the different content of isotopes O lfr 
and O 18 in ordinary oxygen, we see that whereas in band 0 lfl 0 16 
there are only lines (doublets)* with even values of the rotational 
quantum number, in the band 0 16 0 1B there are lines both with even 
and with odd J. A certain unevenness in distribution of intensity 
in the bands of both isotopes and also the presence of weak in¬ 
termediate lines not indicated by arrows are due to the superpo¬ 
sition on the oxygen spectrum of other spectra, mainly The lines 
of iron and water vapour (the light source in this case is the sun). 

Table 33 

Nuclear spin and the ratio of line intensities of the ortho- and 
para-modifications in the spectra of diatomic molecules 


Molecu le 

Intensity 
railo ‘ 

Nuclear 

spin 

Molecule 

Intensity 
ral iu 

N U clear 
spin 


3:1 

It 

o" 

GO 

0 

D t 

2:1 

1 

pai 

2 

3:1 

i 

it 

He, 

oo 

0 

C32 

GC 

0 


1.67:J 

*/. 

Cl** 

1.4:1 

*/* 

c;* 

00 

0 

Se:° 

QO 

0 

N’ 4 

1 ' 2 

2:1 

l 

T127 

1.4:1 

5/ 

/ 2 


* The doublet structure of the lines is due to interaction of spin with 
the rotation of the molecule. This structure results if we take it that in 
the given case (transition —* 1 S)+) the selection rule AJ = 0, + 1 oper¬ 
ates and not AJ“0, rt I, n: 2; since the latter rule results for quadrupole 
radiation, it therefore follows that the atmospheric bands Gy are associated 
not with quadrupole radiation, but with magnetic dipole radiation. 
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It may be shown that the ratio of statistical weights of ortho- 
and para-modifications and, hence, the ratio of intensities of the 
corresponding lines in the spectrum of a molecule that has identi¬ 
cal nuclei should be equal to 


l 0 _i 4" 1 

l P i 


(40.16) 


where i is the quantum number that characterises the nuclear mo¬ 
ment of the atom. And so from intensity measurements it is pos¬ 
sible to find the nuclear moment or the appropriate value of i. In 
Table 36 we give the ratios of line intensities of the ortho- and 
para-modifications of different molecules and the values of i found 
from them. 


41, Continuous and Diffuse Spectra 

Continuous spectra. In addition to molecular spectra that have 
a more or less marked discrete linear-band structure, we very 
often (particularly in the case of complex molecules) observe 
continuous spectra. We can suggest two basic reasons for the ab¬ 
sence of a fine structure in the spectrum. One, purely external, 
amounts to a broadening of the spectral lines ordinarily due to 
high temperature (Doppler effect) or high pressure (impact broad¬ 
ening). When the pressure is increased, the width of the separate 
rotational lines can exceed the width of the interval between 
adjacent lines in the band, and this will result in the fine struc¬ 
ture of the band disappearing. With sufficiently high pressures 
the broadening can cover also the intervals between the separate 
bands, in which case we get a completely continuous spectrum. 
However, such a conversion of a discrete spectrum into a continuous 
spectrum can be expected only at very high pressures (and temper¬ 
atures) that do not occur under ordinary conditions. Yet experi¬ 
ment shows that continuous spectra are very often observed at low 
pressures and low temperatures. 

These spectra can, obviously, be due only to internal causes. 
From theory it follows that one of the causes is the absence of 
quantisation of vibrations and rotation in the case of at least one 
of the combining electronic terms of the molecule. To take an 
instance, a continuous spectrum appears when one of the combining 
states is unstable. The absence of discrete vibrational and rotation¬ 
al levels in this case is what gives rise to the continuous char¬ 
acter of the spectrum. 

However, even for combination of stable states the spectrum can 
also be continuous under certain conditions. Indeed, the mutual 
arrangement of potential-energy curves that correspond to two com- 
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bining states of the molecule may be such that for a given quantum . 
transition the potential energy of the molecule will turn out more 

than its energy of dissociation 
D', i.e., 



Fig . 104. Photodissociation of dia¬ 
tomic molecule (origin of conti¬ 
nuous absorption spectrum) 


U' — Uo^D' 

where U 0 is the energy correspond¬ 
ing to the minimum of the po¬ 
tential-energy curve of the mole¬ 
cule in an excited state. In this 
case the arrangement of potential 
energy curves is as given in Fig. 104. 
The attained excited state can¬ 
not be stable, and the process of 
absorption of light will end in 
dissociation of the molecule ( pho - 
todissociation), with the surplus 
energy U' — U' 0 — D f converting 
into the kinetic energy of the 
atoms that fly apart. Due to the 
absence of discrete levels of energy on the segment of the “excited” 
curve (Fig. 104) lying above the asymptote U 0 -j-D' (dashed line), 
the spectrum in this case will be continuous. 

Experiment shows that in a number of cases the continuous 
spectrum adjoins the convergence limit of the bands, which are v' 
progressions; and the spectrum as 
a whole is of the form schema¬ 
tically shown in Fig. 105. The 
origin of this spectrum is glear 
from the foregoing: both its dis¬ 
crete (band) part and the continu¬ 
ous portion of the spectrum are 
due to transitions to one and the 
same potential-energy curve (“ex¬ 
cited”), the only difference being 
that the discrete bands appear 



Fig. 105. Absorption spectrum contain¬ 
ing discrete and continuous portions 


in transition to the part of the 


curve lying below the asymptote U 0 -[-D', while the continuous 
region, to the part of the curve lying above this asymptote. Such 
spectra are observed for Cl 2 , Br 2 , I 2 , 0 2 , C10 a , etc. The conver¬ 
gence limit of the bands (the boundary between the continuous 
and discrete regions of the spectrum) makes it possible, in this 
case, to determine with great accuracy the energy of dissociation 
of molecules (see Sec. 49). 
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Most frequent are the cases when in the absorption spectrum T 
there is either one discrete region (v progressions break off much 
before the limit of their convergence) or one continuous region. 
The first case is observed when the equilibrium distances in the 
ground and excited states of the molecule differ but slightly, as 
a result of which transition of the molecule to a portion of the 
“excited” curve that lies above asymptote U^ + D' (Fig. 104) has 
a negligibly small probability. 

When X considerably exceeds r c , so that transitions from all 
levels v (accessible under the conditions of the experiment) of 
the “ground” curve (Fig. 104) lead to the portion of the “excited” 
curve lying above the asymptote Uj,-|-D', the absorption spectrum 
is continuous throughout its extent. As has already ueen pointed 
out, the spectrum is completely continuous also when the “excited” 
curve corresponds to the unstable state of the molecule (repulsion 
curve). 

Continuous absorption spectra are observed for diatomic mole¬ 
cules of type HX, MeX (where X is the halogen atom), and also 
in the case of a large number of more complex molecules, such as 
N 3 O t Clp, COS, XCN, H 2 0, H 2 S, H 2 0 2 , S0 3 , the molecules of 
saturated hydrocarbons, alcohols, ethers, acids, etc. We note that 
in the case of complex molecules, the ratios between equilibrium 
distances and the energy of the molecule are, of course, far more 
complicated; but a large part of the foregoing reasoning is ap¬ 
proximately applicable also to these molecules. 

Our examination of continuous spectra has up to now mainly 
dealt with absorption spectra. Yet quite often we find cases of 
continuous emission spectra. Such, for example, are the spectra 
of temperature luminescence of halogens; they originate as a result 
of recombination of atoms. These spectra are an inversion of con¬ 
tinuous absorption spectra of molecules X,, just as the process of 
recombination XX'= X s -|-hv is an inversion of the process of 
photodissociation hv — X X' (X' denotes an excited halogen 
atom). 

A continuous emission spectrum is also observed in the bombard¬ 
ment of H 2 molecules with electrons. This spectrum, which extends 
from 5000 A to 1600 A, is connected with transition of the mol¬ 
ecule from a stable triplet state lsa2scr 3 2^, exdted by electronic 
impact, to the unstable state Isa2pa s ^+ T which corresponds to the 
repulsion curve. As a result of this transition the H 2 molecule 
disintegrates into two normal atoms.. Absence of a continuous 
spectrum of H 2 underexcitation by light (fluorescence) is due to 
the fact that the levels *2^ (ground state of H 2 ) and 3 2^ (lik^ 
any triplet level of H ) do not intercombine. However, due to 
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the possibility of electron exchange (the free electron changes 
places with one of the electrons of the molecule), which may be 
represented by the jcheme 


123 13 

I +11 —t1 

e H 2 02) H 2 ( 3 2) 


2 

+ 1 


e, 


the prohibition of intereombinations is removed and the level 
lsa2sa 3 2^ may be excited; following this is the emission of a 
continuous spectrum, 1 so2 scdJH- = I sa2pa 3 2+ h v, The origin 
of continuous emission spectra of helium, xenon, and certain other 
gases is similar to that of the continuous spectrum of H 2 . 

A number of continuous spectra have a peculiar structure ex¬ 
hibiting alternating maxima and minima of intensity. Such are 
the spectra of Hg 2 , Cd 2 , Zn 2 observed both in absorption and 
emission, and also absorption spectra of the vapours of halogen 
salts of alkali metals. The latter have been subject to particularly 
careful study; according to Kuhn, the structure of these spectra is 
accounted for as follows. The lower state is the ground state of 
the MeX molecule to which there corresponds a potential-energy 
curve with a deep minimum. Corresponding to the upper state is 
the repulsion curve, which throughout r' ^>r 0 is nearly a straight 
line parallel to the axis r (this is due to superposition, on forces 
that determine the normal course of the repulsion curve, of pola¬ 
risation van der Waals forces of attraction). Because of this shape 
of the upper curve, the energy of the molecule in the excited state 
should be practically constant (equal to \j' 0 ). Expressing the energy 
of the molecule for different vibrational levels of the ground state 
in the form U = U 0 4- E vib ( v )> we wi U have, for the frequencies of 
the corresponding transitions, 

V = Vel. v = V 0 — “(v + 4)+® X ( V + y) • (41-1) 

Since the upper state of the molecule is not quantised, to these 
transitions there will correspond broad maxima. This accounts for 
the earlier indicated periodicity of intensity distribution in the 
continuous absorption spectra of MeX molecules. 

As is seen from expression (41.1), the intensity maxima should 
converge to a certain limit lying in the region of long wavelengths 
(cf. the v' progressions), ^he distance between the first two (short¬ 
est wavelength) maxima should be approximately equal to the 
quantity to. This conclusion is in rather good agreement with the 
data on natural frequencies of MeX molecules. 


Sec. 4 1 J 


CONTINUOUS AND DIFFUSE SPECTRA 


401 


As follows from the foregoing, we may expect the appearance 
of such intensity maxima only when one of the potential-energy 
curves is more or less horizontal. However, if the repulsion curve 
on the contrary, rises steeply, the separate maxima will merge 
into a continuous spectrum with uniform distribution of intensity. 
It is, apparently, to this circumstance that we must attribute the 
fact that the periodic distribution of intensity in continuous 
spectra is relatively infrequent. For instance, intensity maxima 
are absent in the continuous spectra of NaCI, NaBr. and KC1. 

Predissociation. One of the most important peculiarities of mo¬ 
lecular spectra is associated with the phenomenon of predissocia- 



Fig. 106 . Predissociation in the ultraviolet absorption spectrum of 
N0 2 (after Harris). Below, comparison spectrum 


tion This phenomenon is most frequently detected by diffuse bands 
in the absorption spectra of gases due to the anomalous broaden¬ 
ing of rotational lines. In some cases the line width and, conse- 
quently, the diffuseness of the bands in the absorption spectrum 
build up slowly with diminishing wavelength; in other cases the 
bands become diffuse suddenly, and between the bands with fine 
structure and the diffuse bands (which ordinarily belong to the 
same series) we find a sharp boundary (the predissociation limit). 
An example is predissociation in the short-wave region of the 
absorption spectrum of NO E (Fig. 106). 

The phenomenon of dissociation, discovered by Henri in 1928 
and theoretically explained in the works of Bonhoeffer Park as 
Kromg, and Herzberg, is a quantum-mechanical effect similar to 
the Auger effect in atomic spectra. The Auger effect occurs when 
discrete energy levels of the atom are overlapped by an energy 
continuum, as shown in Fig. 107. In such cases, transition is pos¬ 
sible of an excited atom to an unstable state (ionisation). In the 
case of ordinary photoionisation, the absorption of light bv the 
atom and its ionisation represent a single elementary event, where¬ 
as ionisation of the atom in the Auger effect occurs in two stages; 


14—3038 
























































402 


MOLECULAR SPECTRA 


[Ch. 8 


first, absorption of light leads to excitation of the i atom theft 

the excited atom passes from the discrete to an unstable state 

ie becomes ionised). While in the excited state, the atom can 

emit’ light with a certain probability and can be ionised with a 

nrobability 1 — a. In determining the probability of each of these 

nrocesses as a mathematical expectation (frequency) of the process 
processes as a mamemu thg sum of the mathematical 

expectations of both processes, i.e.> 

troducing 'the lifetimes (which are their 
reciprocals) for the processes under con- 
sideration and the total lifetime of the 
atom t, which is connected with the 
quantities t, and t, by the relation 

1 = 1 + 1, (41.2) 

r t, 1 t 2 

we obtain T = aT 1 = (l a ) x i- Noting 
that t. is the total lifetime of an ordi¬ 
nary excited state of the atom (in the 
absence of the Auger effect), i.e., is 
of the order of 10 -8 sec, we conclude, 
on the basis of the relationship h = olx 1 , 
that the smaller a is, i.e., the greater 
the probability of spontaneous ionisa¬ 
tion of the atom 1-a, the smaller is the lifeti ^atom^eives 
atom. This shortening of the lifetime of an excited atom g 

rise to the experimentally observed broad¬ 
ening of the corresponding spectral 
lines, because from the uncertainty re- 

lation ^ / a i o\ 

AvXt^h ( 41 - 3 ) 

the line width Av must be inversely 
proportional to the lifetime. 

In the case of molecules, the overlap¬ 
ping of discrete energy levels by the 
energy continuum is observed with partic¬ 
ular frequency. For instance, the vib¬ 
rational levels of excited states of a 
molecule are frequently overlapped by 

the continuum that corresponds to an atoms . 

unstable state arising out of the t or a diatomic mol- 

An instance of this kind is given in Fig. 108 for a diatomic moi 



Fig. 108. Predissociation of 
a diatomic molecule 



t » i 


Fig. 107. Auger effect (auto¬ 
ionisation of atom) (after 
Herzberg) 


Sec. 4 IJ 


CONTINUOUS AND DIFFUSE SPECTRA 


403 


ecule: the overlapping states here are the stable state of the excit¬ 
ed molecule and the unstable state. Transition of the molecule 
from a stable state to an unstable state, expressed by the transi¬ 
tion from the “excited” curve to the “unstable” curve, is precisely 
what predissociation is. 

According to the Franck-Condon principle, which holds also for 
radiationless transitions (these are transitions not accompanied by 
the emission or absorption of light), when a molecule passes from 
one state to another there are no substantial changes in the dis¬ 
tance between the atoms or in their relative velocities. It follows 
that a predissociation transition from one curve to another is pos¬ 
sible only near the point of intersection of the curves; this point 
must lie below the initial level of excitation. 

Predissociation transitions also obey definite selection rules that 
partly coincide and partly differ from the selection rules for radia¬ 
tive transitions. For example, a radiationless transition is possible 
only in the case of a constant total momentum of the molecule 
(AJ —°)> when AA = 0, ±1, when AS = 0. The combining terms 
must both be positive or both negative, in contradistinction to 
radiative transitions, in which only positive and negative terms 
can combine. In the case of a molecule consisting of the same 
atoms, both terms must be either symmetric (s) or antisymmetric (a). 

Predissociation, the spontaneous decay of an excited molecule 
is observed when transition to an unstable state is not associated 
violation of any selection rule. However, also in the case of 
forbidden transitions predissociation may be possible under the 
action of some external factor that removes the quantum prohibit 
tion, in this case it is called induced. Up till now, cases have 
been observed of predissociation induced by a magnetic field (I ) 
and by molecular collisions (I„ Br 2 , N„ NO, S„ Se„ Te a ); the 
latter is of particular interest in understanding the mechanism of 
photochemical reactions. 

A quantum-mechanical treatment of different transitions (including 
predissociation transitions) in a molecule shows that interaction 
of overlapping states leads to splitting and shifting of levels, which 
are manifested in distortion of potential-energy curves. When se¬ 
lection rules are not fulfilled, the mutual perturbation of the terms 
is slight; however, here too it is frequently observed in molecular 
spectra. Most often it disturbs the rotational structure of the bands- 
more rarely, it leads to disturbances in the vibrational structure 
° . ,A pec , ra ' * n k°th cases we speak of perturbations in spectra 
Perturbation of the rotational structure in band 
UM( 11 , 11 )A,J921 A, where there is a clearcut violation of the 
regular sequence of rotational lines both in the R- and P-branch 
In the P-branch, the perturbation appears as a sudden increase iri 
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doublet splitting (for K = 12) that passes through a maximum 
and diminishes to a small value (when K>16). 

Disturbances of the vibrational structure of spectra are due to 
distortion of the polential-energy curves that results in two new 
curves in place of the two intersecting curves. This disturbance is 
particularly great when the selection rules are not violated. The 
IC1 molecule is an example of such transformation of potential- 
energy curves; the potential-energy curves for the ground and excited 
states of this molecule (these curves are constructed on the basis 
of an analysis of its spectrum) are shown in Fig. 110. We note 



Fig. 109. Perturbation of rotational structure in CN band X 3921 A (after 

Jenkins) 


that the “mixed” origin of the vibrational levels of the upper 
curve is evident from their diffuseness, which leads to the diffuse 
nature of the absorption bands in the IC1 spectrum. 

Transformation of the potential curves, like that shown in 
Fig. 110, gives a vivid picture of the predissociation decomposition 
of the molecule. The molecule, which due to the absorption of 
light gets into one of the vibrational levels lying above the point 
of intersection of the original curves, will have the opportunity, 
after a time of the order of half a cycle of vibration, to pass to 
the repulsion curve, i.e., to dissociate. The energy of the prod¬ 
ucts of dissociation is then equal to the height of the initial 
excitation level above the asymptote of the repulsion curve. 

Due to the predissociation decomposition of the molecule, its 
lifetime is shortened and this causes the absorption spectrum to 
be diffuse. Indeed, in ordinary radiative excitation that does not 
lead to dissociation of the molecule, for instance in the transition 
to one of the vibrational levels lying below the point of intersec¬ 
tion of the stable-state curve and the repulsion curve, the time 
the molecule is in the excited state is ordinarily of the order of 
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T i — 8 sec. During this time the molecule will execute 
10 8 :10 13 = 10 s vibrations (10 _u sec is the period of vibration) 
and about 10‘ 8 :10~ n = 10 3 rotations (10" 11 sec is the period of 
rotation). In this case the absorption spectrum is an ordinary 
system of bands with fine (rotational) structure. But in the region 
of predissociation the duration of the excited state of the molecule, 



less than the period of rotation, the rotational motion of the mol¬ 
ecule (as quantised periodic motion) can, obviously, no longer 
occur, and consequently the fine structure of the bands will be 
absent: the bands become diffuse. 

The predissociation diffuseness of the bands in the absorption 
spectra of diatomic molecules sets in suddenly, i.e., beginning 
with a certain definite wavelength, the bands of a given series 
become diffuse. In this case, one speaks of a sharp predissociation 
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limit. Sometimes, the absorption spectra of diatomic molecules 
exhibit a gradual increase in the predissociation diffuseness of the 
bands with diminishing wavelength, that is, the predissociation 
limit is not sharp. In part this may be due to the tunnel effect. 
The probability of the latter increases with decreasing distance of 
the initial vibrational level from the point of intersection of the 
curves, and this may be the reason for increasing predissociation 
with decreasing wavelength. This case of predissociation apparently 
occurs in the spectrum of the S, molecule. 

Unlike diatomic molecules, the spectra of polyatomic molecules 
rather infrequently exhibit a sharp predissociation limit; this is 
connected with the more intricate motion of the atoms in such mol¬ 
ecules. In place of the potential-energy curves that characterise 
interaction of atoms in the diatomic molecule, in the case of poly¬ 
atomic molecules we have potential surfaces, the lines of intersec¬ 
tion of which determine the region of predissociation. However, 
the location of a molecule in the region of predissociation, i.e., 
energetically possible predissociation, is not always a sufficient 
condition for its accomplishment. Moreover, the atoms must be in 
the phase of motion that (upon fulfilment of fhe first condition) 
could lead to the predissociation decomposition of the molecule. * 
The necessity of a simultaneous fulfilment of both these conditions 
is what leads to a nonsharp predissociation limit. 

However, this does not exclude the possibility of a sharp pre- 
dissociation limit in certain polyatomic molecules, as in the absorption 
spectrum of NO, (Fig. 106). In the absorption spectra of polyatomic 
molecules, it is apparently observed when there is coincidence with 
the dissociation limit. To take an example, in the case of NO,, 
the energy of decomposition of the molecule into NO and O (calcu¬ 
lated from the predissociation limit) is equal to 70.8 kcal/mot, 
whereas thermochemical data,yield 71.8 kcal.'mol. It is thus possible 
to determine the dissociation energy of polyatomic molecules from 
the predissociation limit in their absorption spectra. 

The phenomenon of predissociation is also found in emission 
spectra. Here it is usually manifested in the total absence of bands 
in the region of predissociation, and also in the abrupt breaking-off 
of rotational lines in the bands. In the first case, the predissociation 
limit is characterised by a more or less abrupt breaking-off of the 
spectrum and is readily detected. This type of breaking-off is observed 
in the emission spectra of S,, NO, N,, and others for certain values 

* The insufficiency of the energy condition alone is already obvious from 
the fact that, unlike a diatomic molecule, a polyatomic molecule can be 
stable even when the vibrational energy exceeds its energy of dissociation. 
It may be noted that in this case the concentration of vibrational energies 
on definite bonds can lead to a unimolecular decomposition of the molecule. 
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of the quantum numbers v and J determined for each series of 
bands (v) and for each band(J). It is interesting to note that in 
some cases (S t ) at high pressures the region of predissociation 
exhibits bands that are absent at low pressures. This fact is, 
apparently, to be interpreted in the sense that the mean lifetime 
of a predissociating molecule becomes comparable with the time 
interval between two quenching collisions of an excited molecule 
with other molecules. 

Fig. Ill shows the 0,0' emission band of CaH A.3533.6A. We 
see the abrupt breaking-off of the rotational structure that occurs 
at K = 9 in the R-branch and at K—11 in the P-branch. A curious 



Fig. 111. Abrupt breaking off of emission band of CaH at k 3533.6 A due to 
predissociation (after Mul liken) 


breaking-off of the spectrum is observed in the case of HgH, where 
it occurs also at definite values of the quantum number K (K max ) 
for each band, namely: in bands corresponding to v = 0, K max = 31, 
v = 1 — 24, v = 2 — 17, v = 3 — 9, v = 4 — 6. According to Olden- 
berg, the reason for the sudden breaking-off of the rotational band 
structure is, in this case, the break-up of the molecule under the 
action of the centrifugal force produced by rotation of the molecule 
(predissociation by rotation). 


42. Some Applications of Molecular Spectroscopy 

Molecular spectral analysis. Besides the great importance of 
molecular spectroscopy for the physics and chemistry of atoms and 
molecules, we must also point out its vast practical value. Of the 
applications of molecular spectroscopy we shall here consider ana¬ 
lytical applications and those in the field of thermodynamics. 
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The aim of molecular spectral analysis is the identification of 
chemical compounds and the measuring of their concentrations . 
The first problem is ^solved both by absorption spectra and by 
emission spectra; the necessary condition for identifying a given 
substance is a discrete spectrum characteristic of the given substance. 

The principal problem is that of the limit of sensitivity of the 
spectroscopic method of identification. Let us first examine absorption 
spectra. In these investigations the common procedure is to use 
light sources with a continuous spectrum. In this case, the sensiti¬ 
vity of the method is determined by the portions of radiant energy 
absorbed in a given spectral interval, i e., by the quantity 

A = (42-1) 

*0 

where I 0 is the intensity of the incident light and I is the intensity 
of the light transmitted through the absorbing layer. In the case 
of diatomic molecules, A may be represented by the following 
approximate formula: 

A = i^AF/n (42.2) 

where is the wavelength of the absorbed light, A is the proba¬ 
bility of transition (emission), F is the resolving power of the 
spectral instrument, / is the length of the absorbing layer, and n is 
the gas concentration (number of molecules per cubic centimetre). 
This equality may be used to determine the order of the minimum 
concentration n from the absorption spectrum. 

Considering the limiting measurable absorption equal to 5°/ 0 , 
j,e., A =0.05 and substituting into equality (42.2) X o = 4000A 
(tbe' boundary between the visible and ultraviolet regions of the 

spectrum), A =_* 10* sec -1 (the usual order of magnitude of the 

mathematical expectation of* emission), F = 10 4 (the theoretical 
resolving power of an average spectral device) and 1 = 1 cm, we 
find n=10 ,s , or p = 10- 4 mm Hg (at 300°K). Thus, the limiting 
measurable gas density (from the electronic spectrum of absorption) 
for a 1cm length of absorbing layer corresponds to a partial pressure 
of the order of 10"* mm Hg. 

It may be shown that the limiting sensitivity of detecting a 
given gas on the basis of its absorption spectrum in the visible 
or ultraviolet regions when using instruments of high resolving 
power (diffraction gratings) is approximately one order of magni¬ 
tude above the computed value. 

The figures obtained must, however, be regarded as the upper 
limit of sensitivity of the described method for the identification 
of chemical compounds. In reality, however, due to imperfections. 
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in the optical system of the spectral instruments in use (primarily 
because of the more or less wide slit) which reduce their resolving 
power; also, due to a reduced probability of A, which frequently 
is greatly different from the maximum probability that we take 
10 8 sec" 1 (particularly in the infrared); and, finally, due to the 
fact that at high temperatures and also in the case of polyatomic 
molecules with their large number of rotational and vibrational 
degrees of freedom, the number of molecules capable of absorbing 
light of wavelength make up only a small part n, the limit of 
sensitivity rarely exceeds a magnitude corresponding to partial 
pressures of the order of It)’ 1 — 10"* mm Hg. 

As has already been pointed out, due to the smallness of A, 
in the infrared the sensitivity is usually much lower than that in 
the visible and ultraviolet regions. For Hits reason, infrared absorp¬ 
tion spectra are commonly used for identifying chemical compounds 
only in the case of condensed substances (liquid and solid). 

A decisive factor that puts a limit on the sensitivity of the second 
spectroscopic method of identification (based on emission spectra) 
is the sensitivity of the method of recording radiation. Given proper 
time for adjustment, the human eye is capable of registering ra¬ 
diation intensity of several tens of quanta per second. The sen¬ 
sitivity limit of electrical methods of registration of radiation 

based on the use of photoelectric devices is apparently 10 s to 10 7 
quanta per second (depending on the spectral region). This limit 
may be reduced by several orders of magnitude by means of pho¬ 
tomult i plying. Finally, the most sensitive types of photographic 

plates record a radiation density corresponding to 10 10 -10 11 quanta 
per square centimetre. Taking into account the possibility of utilis¬ 
ing the time factor in the photographic method (in contrast to the 
electric and visual methods) and assuming an exposure of several 
hours, we get, from the foregoing figures, recorded intensities of 
the order of 10 9 -10 7 quanta per second per square centimetre. 

The number of emitted quanta recorded by a given method does 
not allow us to judge of the actual concentration of a substance, 
because it is determined by the concentration of the excited mol¬ 
ecules, which may differ greatly from that of the nonexcited par¬ 
ticles. In the general case, we have the following relationship 

between the concentration of excited n' and nonexcited n molecules 
of a given substance: 

n' = fn. (42.3) 

We may call the quantity f the excitation factor. This quantity is 
a complex function of the conditions of excitation and, in each 
separate case of radiative (fluorescence), electrical (gas discharge), 
or chemical (chemiluminescence) excitation it may be determined 
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only by experiment. An exception here is the case of thermal ra¬ 
diation where the ratio between the concentration of excited and 
nonexcited particles is given by the Boltzmann distribution. In the 
simplest case of atomic radiation the factor of thermal excitation is 

, __e 

f = £-e kT (42.4) 

g 

where g f and g are the statistical weights of the excited and nonex¬ 
cited states of the atom and E is its excitation energy. 

By way of illustration, let us consider the radiation of sodium 
under the conditions of an ordinary flame (T = 2000°K). In this 
case, from the excitation energy of the D-lines, which amounts 
to 48.1 kcal/gm-atom, and from the statistical weights of the states 
z Ps/ 3 and 2 Si/ a we find f = 10“ 5 . We determine the order of magni¬ 
tude of the limiting, photographically recordable concentration of 
sodium atoms in the flame. The intensity of sodium radiation of 
I cm 8 of the flame zone as measured by the number of quanta 
emitted in one second is obviously equal to 

I = An' (42.5) 

where A is the probability of radiation of an excited atom of Na, 
The density of radiation i may be set equal to i = 4 ~^ 2 > where 

R is the distance of the photographic plate from the centre of the 
flame. Thus, to determine the concentration of sodium atoms in 
the flame we have the equality 

n —4nR 2 ^ f . (42.6) 

Substituting R=50 cm, f= 10“ 5 , i=10 7 (see above), and 1/A=1.4X 
X 10" 8 sec, we find for the limiting concentration of sodium atoms 
in the flame a magnitude of the order of 10® (or a partial pressure 
of the order of 10“ 7 mm Hg). This is substantially less than the 
minimum quantities of a substance that are usually necessary for 
their detection by the photographic method. Indeed, from the limit¬ 
ing concentration of sodium atoms, for the quantity of sodium in 
grams we get a value of the order of 10 -14 gm, whereas usually the 
absolute sensitivity of the method for metals (and also for molecu¬ 
lar gases) rarely exceeds that of a concentration of the order of 
10" 10 gm/cm 8 . 

It must be said that the factor of excitation in radiative, electri¬ 
cal, and chemical excitations is, as a rule, considerably above the 
thermal factor. For this reason, the limit of sensitivity of the 
spectroscopic method of identification based on emission spectra 
is higher than that of the absorption method. 


Sec, 4 2] 


APPLICATIONS OF MOLECULAR SPECTROSCOPY 


411 


Solution of the second problem of molecular spectral analysis — 
that of measuring the concentrations of chemical compounds — 
involves almost exclusively the absorption method; with very few 
exceptions, determinations may be made of the concentrations of 
chemically stable substances. Here, it is possible to establish an 
empirical relationship between the coefficient of absorption for a 
given substance and its concentration by means of pre-graduated 
measurements of absorption spectra. Ordinarily, the accuracy of 
these measurements does not exceed several per cent of the quan¬ 
tity being measured. With regard to certain gases, the spectroscopic 
method of emission may be used to determine concentrations up 
to 10 -4 per cent. 

We shall not dwell on other optical methods of measuring con¬ 
centrations (refractometry, polarimetry, etc.). Of other extremely 
important methods of molecular spectral analysis, special mention 
should be made of Raman scattering and radiospectroscopy as ex¬ 
ceedingly effective and simple methods of analysis. If small amounts 
of gas are to be analysed, the radiospectroscopic method is far 
more sensitive than the ordinary spectroscopic method. 

Let us touch briefly on one of the basic results of spectral anal¬ 
ysis that led to the establishment of definite characteristic fre¬ 
quencies possessed by individual radicals or groups of atoms that 
comprise a given molecule (chromophoric groups or chromophores) 
and also by individual bonds inside the molecule. Definite fre¬ 
quencies that change but slightly from molecule to molecule were 
established for the radicals OH, NH 2 , N0 2 , CO, C 6 H 5 ,etc. (see p.526). 
Therefore, the presence of these radicals in a molecule may easily 
be established on the basis of specific bands in the infrared or of 
appropriate lines of Raman scattering. In exactly the same way, 
the presence of different intramolecular bonds, such as the bonds 
C — C, C = C, C = C, C = 0, C — H, etc., is established on the 
basis of frequencies characteristic of these bonds (see Sec. 50). 

Due to the development of molecular spectroscopy that has led 
to the establishment of these characteristic frequencies, it has be¬ 
come possible to analyse complex mixtures of hydrocarbons and 
other substances of great practical importance. 

As a rule, chromophores also exhibit specific, characteristic 
spectra associated with electronic excitation. This property of 
chromophores and, hence, of the molecules that contain them is 
very important for the synthesis of dyes, for biological spectral 
analysis, etc. 

Thermodynamic applications of molecular spectroscopy. Molecular 
spectroscopy finds one of its most important practical applications 
in thermodynamics. An analysis of molecular spectra leads to the 
establishment of molecular constants (natural frequencies of mole- 
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cules, their moments of inertia, the heats of dissociation, electronic 
and nuclear moments, etc.) that define the various thermodynamic 
functions of a given gaS, Among the most important thermodynamic 
functions are the heat capacity, entropy, and free energy. Using 
the latter one, we can compute the constants of equilibrium that 
determine the partial pressures of gases in thermodynamic equilib¬ 
rium. 

In calculating thermodynamic functions, the starting point is 
the following expression for the energy of a single gram-molecule 
of gas: 

E = E 0 + 2N iei (42.7) 

where E 0 is the energy of the gas at absolute zero and N t is the 
number of molecules possessing energy Representing in the 
form 

N —— 

= kT 

where g 4 is the statistical weight of the /th state of the molecule, 
Z is the partition function, 

Z = 2gi e ”^> (42.8) 

and Na is Avogadro’s number, it may readily be shown that the 
sum 2^i 8 i can represented as 

2Nj e i — RT 2 

whence it follows that 

E = E 0 + RT 2 ^-. (42.9) 

* 

The partition function Z may be represented in the form of a 
product of the sum of states Z tr corresponding to the translational 
motion of the molecule, and Z in , the partition function that is 
associated with its internal energy, 


Quantum statistics for Z tr yields the following expression: 

Z tf = p-(2nmkT) , /> (42.10) 

where V is the volume of the gas and h is Planck’s constant. 
From expression (42.10) we find 

d/nZt r _ 3 1_ 

2 T 
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whence it follows that 

E = E 0 + |rT + RT 2 ^^. (42.11) 

From the latter formula we obtain the following expression for the 
molar heat capacity of the gas (for a constant volume): 

c v=S=4 r + r ^( T2 t)- ( 42 - 12 ) 

Formula (42.7), or formula (42.9) which is its equivalent, is also 
the starting point for calculating the entropy and free energy of 
the gas. In'the case of a reversible process proceeding at constant 
volume, the entropy is determined as 



Noting that ^ = = and substituting C v (42.12) into this 

expression, we obtain for the molar entropy of the gas S (accu¬ 
rate to the constant of integration): 

S = R (jnZ + T d -Lj?) . (42.13) 

Finally, for the free energy of one gram-molecule of gas F — 
= E — TS, from (42.9) and (42.13) we get (also accurate to the 
constant term) 

F=E 0 — RTlnZ. (42.14) 

In the general case, the partition function Z in can approximate¬ 
ly (without taking into account the interaction between vibra¬ 
tions and rotation of the molecule, and also the dependence of the 
vibrational and rotational energy upon the electronic energy) be 
represented as the product 

7 — 7 7 7 7 

^rot ^vib^el^nuc 

where Z rot is the rotational, Z ib the vibrational, Z el the electron¬ 
ic, and Z nuc the nuclear partition function. 

In the simplest case of a diatomic molecule with different nu¬ 
clei and in the state l 2(HCl, N 2 , CO, NaCl), the quantity Z rot 
is expressed by the formula 

J = oo hBJ (J + l) 

Z rot = 2 (2J + l)e . (42.15) 

J = 0 

When hB<^kT, which practically always occurs already at room 
temperature, Z rot can be approximately represented in the form 

Zro, = S (42.16) 
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whence for the heat capacity C v (42.12) we get the ordinary ex¬ 
pression C v = -y R (without the vibrational part of the heat ca¬ 
pacity). 

The vibrational partition function of a diatomic gas is ex¬ 
pressed as 

v==v max _ E vib< v > v = oo _ E yib (v) 

z vib= s e kT = h e kT (42.17) 

where E vib is the vibrational energy of the molecule and v is the 
vibrational quantum number. Considering the vibrations harmonic, 

to a first approximation, we have E vib = hoo (v -|- -L) , where co is 

the natural frequency of the molecule. Substituting this expression 
into the formula for Z vib , we can rewrite it in the form 


Z 


vi b 


hu> v=oo hiiiv 

e - ® 2 e - "^ - 

v = o 




(42.18) 


From this expression, for the vibrational part of the heat ca¬ 
pacity of a diatomic gas we get 

huo 


vib ' 




(42.19) 


and, consequently, for the total heat capacity we have 

c.=|R + R(w)' 


huj 

'kT 


(. 


htii \ * 


(42.20) 


It is readily seen that when hfixgkT, i.e., at a sufficiently high 
temperature, the vibrational part of the heat capacity tends to 
the value R and the total heat capacity to 7/2 R (equidistribu- 
tion of energy over the degrees of freedom). 

The electronic partition function has the form 


z e, = 2gie‘ 


kT 


(42.21) 


Here, E, is the energy of the 7th electronic state of the molecule 
with respect to its lowest state, i.e., the difference between the 
energies of the 7th and ground states, and g, is the statistical weight 
of the appropriate electronic state. The quantities E 4 are ordina¬ 
rily considerably greater than kT. 
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For this reason, the preceding expression for Z el is of the form 

Z eI =g 0 (42.22) 

where g is the statistical weight of the ground state of the mol¬ 
ecule. For the terms 2 ]S’ *2’ ■ ■ ■ &» has the values 1, 2, 3, .. . 
Finally, the nuclear partition function is 

Z nuc =(2i l + l)(2i 2 + l) (42.23) 

where i, and are quantum numbers that characterise the nu 
clear spins of the atoms that comprise the molecule. 

In the case of molecules consisting of the same atoms, the ro¬ 
tational terms are divided into two nonintercombining groups (see 
p 346 et seq.) P having different statistical weights. The terms with 
greater statistical weight are called ortho-terms, with less, para- 
terms. When the nuclear spin is zero the para-terms are absent, 
this is seen, for instance, in the fact that half the spectral lines 
(every other line) drop out in each parabola of the band. The ro¬ 
tational partition function in this case contains members either with 
even or odd J . 

In the case of nuclear spin, however, we have 

_ hBJ (J-H) 

Z r „tZ nuc = go, lh o2(2J + l)e . kT + 

ortno 

hBJ <J + 1) 

+ gp ar a2(2J+l)e kT • (42.24) 

para ^ 

For example, in the case of hydrogen, due to the fact that * == “ 2 ' j 

the ortho-terms have a statistical weight g ortho = 3, the para-terms, 
g =1, the odd J corresponding to the former, the even, to the 
latter. Consequently, the partition function (42.24) in this case 
will be written as 

_ hBJ (J + l) 

Z rol Z niIC = 3 2 (2J + l)e kT + 

J = 1 . a, 8 , ... 

hBJ (J + I) 

+ 2 (2J + l)e kT ■ (42.25) 

J =0, 2, 4, ... 

On the condition that hB<^kT, i.e., foi sufficiently high tem¬ 
peratures (T>10Q°K), each of the sums of this expression can 

approximately be put equal to , whence, on the basis of (42,12), 

we find C V = 5/2R for the heat capacity of both modifications of 
hydrogen. However, at low temperatures, due to the diffeient de¬ 
pendence of each of the two sums upon the temperature, the heat 
capacities themselves of both modifications of hydrogen will differ, 
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as well as their temperature variation. Since ordinary hydrogen 
is a mixture of three parts of the ortho- and one part of the para- 
modification, its total fieat capacity, the rotational component of 
which is defined by the formula 

(- 1 __, 3(.y rot, ort' ’v M, !?■■ ,m 

^lot —— ■ ■ —, 

exhibits a peculiar temperature variation that radically differs 
from the ordinary trend which corresponds to (42.12). This “ano¬ 
maly” in the heat capacity of hydrogen was the first experimen¬ 
tal fact that led to the discovery of its ortho- and para-modifica¬ 
tions. 

For polyatomic molecules, the sums of states naturally have 
considerably more complicated expressions than those for diatomic 
molecules. In this case, approximate formulas are ordinarily used 
to compute the thermodynamic quantities. They also have to he 
used in the case of diatomic molecules when the accuracy of cal¬ 
culations requires that account be taken of the anharmonicity of 
vibrations, the interaction of vibrations and rotation, spin and ro¬ 
tation, etc. At times, in place of closed expressions and series, 
we use the values of rotational and vibrational terms taken directly 
from spectral measurements. 


CHAPTER 9 

ELECTRICAL AND MAGNETIC PROPERTIES 
OF ATOMS AND MOLECULES 

The electrical structure of atoms and molecules consisting of nu¬ 
clei and electrons is vividly manifested in their electrical and mag¬ 
netic properties. These properties consist in the possibility of ioni¬ 
sation of atoms and molecules, that is to say, in the appearance 
of electrically charged free atomic and molecular ions, or in the 
polarisation of atoms and molecules in an external electric field, 
in an electric molecular field, or in the electric field of a light 
wave. The electrical structure of atoms and molecules is also mani¬ 
fested in the presence of electric and magnetic moments and in the 
peculiarities of their interaction associated thereto. 


43. Ionisation of Atoms and Molecules 

Thermal ionisation of gases. We begin a consideration of the 
electrical properties of atoms and molecules with their ionisation, 
in the normal state, atoms (or molecules) are electrically neutral 
with the number of electrons equal to the charge of the nucleus 
expressed in units of elementary charge (Z). However, due to ex¬ 
ternal effects, atoms and molecules are capable of losing some of 
their electrons and of converting into positively charged ions. This 
process always involves an expenditure of energy, which is usually 
measured by the ionisation potential. Depending updn the nature 
of the ionising factor, one speaks of thermal ionisation, which is 
due to the thermal energy of the atoms and molecules, and photo- 
ionisation, caused by the action of light. In an electric discharge, 
ionisation occurs due to the impacts of fast electrons and ions. 
Finally, solutions exhibit ionisation caused by interaction of the 
dissolved molecule with the molecules of the solvent as a result of 
which, the molecule dissociates into oppositely charged parts — ca¬ 
tion and anion (electrolytic dissociation). Having in view the ioni¬ 
sation processes in gases, we shall consider only the first three 
cases of ionisation. 


























418 


ELECTRICAL AND MAGNETIC PROPERTIES 


[Ch. 9 


In contrast to the positive ionisation of atoms and molecules, , 
their negative ionisation, associated with saturation of electron 
affinity , does not ordinarily require the expenditure of energy. The 
existence, in a number of atoms, of a positive electron affinity is 
an indication that in a neutral atom the electric field of the nu¬ 
cleus is not completely saturated, and so the negative ion has energy 
less than that of the separately taken atom and electron. Such, for 
example, is the case of the fluorine atom, where total saturation of 
the nuclear charge sets in when one electron is added to form (to¬ 
gether with the seven outer electrons of the neutral F atom) a 
closed eight-electron L-group of the F" ion. 

Besides atomic ions, we also encounter molecular negative ions 
whose stability is due to the same causes as that of the former. 
Such for instance is the hydroxyl ion HO". From the viewpoint of 
general electronic structure, the radical HO (with seven outer elec¬ 
trons) should be similar to the F atom (see p. 334); this accounts for the 
similarity of various properties (including electrical) of HO and F. 

We now turn to the thermal ionisation of atoms and molecules. 
In terrestrial conditions, thermal ionisation is most often encoun¬ 
tered in flames. It may be taken that under conditions of thermal 
equilibrium, ionisation is caused by the collision of atoms and 
molecules, as a result of which their thermal energy passes into the 
work of ionisation. However, since the mean energy per degree of 
freedom at the temperature of the flame (2000-3000° K) is only about 
0.1 eV, it is evident that there will be a perceptible percentage of 
ionised atoms or molecules only when Hie ionisation potential is 
sufficiently small. This condition is satisfied by the atoms of al¬ 
kaline elements and accounts for the appreciable conductivity of 
flames containing these metals. 

According to Saha, the degree of ionisation of a gas in a flame 
can be computed from the femperature equilibrium.* Considering 
the equilibrium 

A + +e 

and regarding the electrons as a one-atom ideal gas, we obtain 
from thermodynamics the following expression for the constant of 
ionisation equilibrium (without account taken of the possible elec¬ 
tronic levels of the atom A and the ion A + ): 



where x is the degree of ionisation equal to the ratio of the par¬ 
tial pressure of ions to the sum of the pressures of the ions and the 


* In the zone of maximum temperature of the flame occupying the greatest 
volume. 
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neutral atoms, p is the total pressure, m the electron mass, and I 
the ionisation potential. 

The theory of ionisation equilibrium permits computing the elec¬ 
tric conductivity of flames as determined by the electron concen¬ 
tration in the flame, which is approximately equal to the ion con¬ 
centration.* On the other hand, measurements of the electric con¬ 
ductivity al low us, on the basis of the theory of ionisation equi librium, 
to compute the ionisation potential of atoms, the ionisation of 
which gives rise to electric conductivity in flames. In Table 37 we 
give the values of ionisation potentials of atoms of the alkaline 
elements obtained by Noyes and Wilson from the electric conduc¬ 
tivity of flames, together with 
the exact values taken from 
spectroscopic data. 

The close coincidence of ioni¬ 
sation potentials computed from 
the electric conductivity of flames 
and the spectroscopic values 
of ionisation potentials corrobo¬ 
rates the theory of ionisation 
equilibrium. This theory has 
also proved extremely fruitful in 
application to ionisation in stel¬ 
lar processes. 

Ionisation by electron and ion 
impact. A large number of inves¬ 
tigations in the field of ionisation of gases is devoted to the study 
of processes of ionisation of atoms and molecules under electron 
and ion impacts. These investigations are aimed at measuring the 
ionisation potentials and determining the probability (cross-section) 
of ionisation for various energies of the bombarding particles. In 
most cases, the procedure consists in measuring the ionic current 
produced'in the rarefied space filled with the gas under study when 
a beam of electrons or ions of specific velocity is passed through it. 

Electrons are the only suitable bombarding particles for meas¬ 
uring ionisation potentials. Indeed, applying the laws of conserva¬ 
tion of energy and momentum to the collision of a bombarding 
particle and of the atom or molecule undergoing ionisation (we 
consider the atom and molecule as stationary), it can readily be 
shown that the minimum energy of a fast particle K 0 must be con¬ 
nected with the ionisation potential I by relation (19.1) (p. 122), 
from which it follows that only in the case of an electron (m<^M) 


Table 37 

Ionisation potentials (I) computed from 
the electric conductivity of flames, and 
the spectroscopic values of ionisation 
potential (I sp ) 


Element 

Li 

K 

Rb 

Gs 

I, V 

5.46 

4.35 

4.26 

4 

i. p , V 

_ 

5.35 

4.32 

4.15 

3.87 


* In view of the low mobility of ions due to their large masses, the elec¬ 
tric conductivity of flames is determined almost exclusively by free electrons. 
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does K 0 practically coincide with the ionisation potential. In the case 
of ions, the minimum energy is always greater than I. Besides, as 
was noted by J. Franck, in ionisation by ion impact one has to 
take into account the Coulomb repulsion of the bombarding and newly 
produced ions—this repulsion is not included in equation (19.1). 

The accuracy of measurement of ionisation potentials in the best 
studies reaches several hundredths and even thousandths of a volt. 
By means of the electron-impact method it has been possible to 
measure the ionisation potentials of a large number of atoms and 
molecules. 

Along with simple ionisation, in the case of molecules we very 
often encounter ionisation accompanied by dissociation of the mol¬ 
ecule, as a result of which some of the products of dissociation 
are ionised. The mass-spectroscopic method is used to study this 
dissociative ionisation. Measurement of the minimum potential 
difference of the electric field that accelerates the bombarding elec¬ 
trons (at which potential difference ions of a given type appear) 
yields the ionisation potential corresponding to a given type of 
ionisation of the molecule. We note that the mass-spectroscopic 
method is also one of a series of effective methods for measuring 
the bond-dissociation energy in molecules (see Sec. 49). 

The probability of ionisation is ordinarily expressed as the cross- 
section for ionisation cr, which enters into the formula 

^ = anu el (43.2) 

which is the number of ionisation events performed by one electron 
in 1 sec in 1 cubic centimetre of gas containing n atoms or mole¬ 
cules with the electron velocity u e] . The quantity a has the di¬ 
mensions of [cm 2 ] and can be expressed by the formula <j = jtr 2 , 
where r is the effective radius of an ionised atom or molecule. To 
characterise the probability of ionisation, use is also frequently 
made of the product anywhere n 1 is the number of gas molecules 
in 1 cm 3 at normal temperature and at a pressure of 1 mm Hg 
equal to 3.54 X 10 16 cm“ 8 ; cm, has the dimensions of [cm' 1 ]. 

The cross-section for ionisation by electron impact rises rapidly 
from zero at electron energy K e i = el, reaches a maximum at a 
certain energy that is usually between 50 and 150 eV, after which 
it slowly diminishes. The maximum ionisation cross-section for var¬ 
ious gases is ordinarily of the order of 10“ 16 -10~ 15 cm 2 , which 
is of the order of the gas-kinetic cross-section.* 

The foregoing figures refer to single ionisation , i.e., to processes 
of the type e + He = He + + 2e or e-\-0 2 = 0t + 2e. But when 

* The gas-kinetic cross-section is determined from the transport equations 
(see p. 475). 
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we have double or triple ionisation, the maximum is displaced to¬ 
wards higher electron energies, and the maximum cross-section falls. 
For example, the maxima of ionisation of the mercury atom that 
correspond to processes e-|- Hg= Hg' J ' -f- 2e (single ionisation), 
e-j-Hg— Hg h+ +3e (double ionisation) and e-f- Hg=Hg' l " + 4 ‘ —4e 
(triple ionisation) lie at 50, 155 and 210 eV, respectively, while 
the maximum cross-sections are 5.85X10 -16 , 0.90X10~ lfl > and 
0.20 X 10“ lfl cm 2 . 

Likewise, the ionisation cross-section of atoms and molecules by 
fast-ion impact rises from zero at a certain ion energy, reaches a 
maximum, and then declines. However, whereas the maximum of 


ionisation by electron impact 
at an electron energy of the 
order of 100 eV, the ion-im¬ 
pact ionisation maximum ordi¬ 
narily corresponds to appreci¬ 
ably greater energy. For in¬ 
stance, the maximum cross-sec¬ 
tion for ionisation of argon by 
electron impact lies at 50 eV, 
the maximum ionisation of ar¬ 
gon by impact of the K + ion 
is at 4000 eV. And the max¬ 
imum cross-sections themselves 
(multiplied by nj are close: 
10.3 cm -1 (e) and 8.5 cm -1 
(K + ). 

In the preceding example, 
the values of energy corre¬ 
sponding to maximum a dif¬ 
fer by two orders of mag¬ 
nitude. The corresponding ve¬ 
locities of electron and K* 
and 1.4 X 10 T cm/sec, differ by 


as has been stated above, occurs 



Fig. 112. Cross-section for ionisation of 
air by electrons (e), protons (p), and 
a-particles (a) (after Engel and Stenbeck) 

ion, which are 4.2X cm/sec 
only one order of magnitude. The 


close values of ionisation maxima, when passing from the energy 
of the bombarding particle to its velocity, are still more striking 
in the case of ionisation of air by the impact of an electron, pro¬ 


values are 110 eV (e), 
e., they differ, respee- 


ton, and alpha-particle. Here, the energy 
1.3XI0 1 e V (p) and 1.8X10* eV (a), i 
lively, by three and four orders of magnitude, while the velocities 
are 7.5 X l° s cm/sec (e), 5.0 X 10* cm/sec (p), and 8,0X10" cm/sec (a), 
in other words, they are of one order of magnitude (Fig. 112). 
Thus, we may conclude that the position of maximum probability 
of ionisation by the impact of a fast particle is determined more 
by its velocity than by its energy. 
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Up till now we have considered the formation of positive ions, 
upon the collision of an electron (or ion) with an atom or mole¬ 
cule. By mass-spectroscopic techniques it is also possible to ob¬ 
serve negative ions, for instance, the ionsH", Cl", Br", I", HO", 
CCir, SF7, etc. The formation of a negative ion from an approp¬ 
riate atom and electron is like the neutralisation of an atomic pos¬ 
itive ion upon its recombination with an electron. The latter 
process has actually been observed by Mohler and others in the 
case of alkali metals. For instance, at high current densities, Moh¬ 
ler observed, in the emission spectrum of a discharge in the va¬ 
pours of alkali metals, the usual linear spectrum and also a con¬ 
tinuous spectrum like the continuous absorption spectra of the 
vapours of these metals associated with their photoionisation (see 
below). The nature of these spectra and the conditions under which 
they originate do not leave any doubt that they are caused by the 
processes Me + -f-e = Me-j-hv (continuous emission spectrum) and 
Me-)-hv = Me + -\-e (continuous absorption spectrum). For this 
reason, we can also presume a process similar to the first of them, 
namely, the process X-|-e=X“-|-hv (continuous emission spec¬ 
trum) that leads to the formation of negative ions. However, at¬ 
tempts to obtain experimentally a spectrum corresponding to this 
process have been unsuccessful*; this, apparently, may be attribut¬ 
ed to its low probability, which, according to the calculations of 
Massey, is of the order of 10" 7 .** It may be noted that the proc¬ 
ess X" —hv == X —|— e, which is the reverse of the process of ra¬ 
diative electron capture (the process of photoneutralisation of a 
negative ion), has been observed repeatedly (see below). 

The slight probability of the process of radiative electron cap¬ 
ture explains the fact that negative ions ordinarily arise nonradia- 
tively, in other words, not as a result of the direct recombination 
of an atom or molecule with an electron accompanied by the emis¬ 
sion of light. The following is a well-studied radiationless process of the 
formation of negative ions: 

X 2 + e=-X + X" 

(X is a halogen atom) or 

HX+e = H + X". 

Similar processes have also been observed in the case of 0 2 , NO, 
CO, H 2 0, H 2 S, H 2 Se, NH,, SF e , etc. Some of them (for instance, 
I 2 ) are accomplished with the participation of thermal electrons, in 

* Here, the apparent exception is the process observed 

by Fuchs in a spark in hydrogen at high temperature and pressure. 

** The probability of this process is determined by the ratio of the cross- 
section (corresponding to it) to the gas-kinetic cross-section of the atom (or 
molecule). 
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other cases considerable electron energy is required. In all cases, 
the process of molecular splitting with the formation of a negative 
ion is accomplished in a narrow interval of electron energies and 
has a pronounced probability maximum. A typical curve of the 
cross-section of the process versus the electron energy is given in 
Fig. 113, where the left-hand curve gives the yield of O' ions 
that form in the process e-(-O a = O-l-O", Negative 0“ ions, the 
yield of which is shown by the right-hand curve, are formed by 
the process e-[- 0 3 = 0 + X e. 

The maximum probability of splitting of the molecule 0 2 into 
O and O" is ! .2 X 10” 3 . The maximum splitting probabilities of 
halogen molecules are: Cl a —5XlG~ a ( a * 1.5eV), Bv t — 6.3XI0” fl 
(at 1.8 eV), and I 2 — 1 (at 0.34 eV). To summarise then: with 
the exception of the latter case, the maximum probabilities of 
splitting a molecule by an electron with the formation of a 
negative ion come out to the order of IO”MO“ s , 

The characteristic relation of probability of dissociation of 
a molecule versus electron energy in the process e + AB = A-[-B~ 
is accounted for by means of potential-energy curves like those 
shown in Fig. 114 a and b. Here, the curves AB are potential-ener- 



10 20 30 40 

H e ,eV 


Fig . 113. Formation ol negative 0*“ ions in 
collision of electron with O a molecule as a 
function of electron energy (after Messi) 


gy curves of the molecule AB, the curves AB” are curves of the mo¬ 
lecular ion AB". The decomposition of the molecule AB in this 
scheme may be regarded as its transition, through the action of an 
electron, to the state of the AB" ion with subsequent dissociation 
of the latter into A-J-B". If the transition AB—►AB" occurs from 
the zero vibrational state of the AB mojecule (low temperatures), 
then the maximum cross-section of the process will correspond to 





































424 


ELECTRICAL AND MAGNETIC PROPERTIES 


fCh. 9 


electron energy determined by the distance along the vertical (ver^ 
tical potential of th^ process) of the curve AB" from the minimum 
of curve AB (heavy arrow in Fig. 114). In accordance with the 
form of the wave function of the zero vibrational state (see Fig.' 
87, p* 359), the transition region AB—*AB“ is determined by the 
cross-hatched band in Fig. 114 and is bounded on the low-energy 
side by a short arrow and on the high-energy side by a long arrow. 
It is to this region that the left-hand curve of O" ion yield in 
Fig. 113 corresponds. 

When the electron affinity of atom B exceeds the heat of disso¬ 
ciation of molecule AB, curve AB~ can intersect curve AB near 
its minimum (Fig. 114 b). When curve AB~ intersects curve AB 
at its minimum, the splitting process is already possible at ther¬ 
mal-electron energy and the maximum probability of the process 
will occur at electron energy equal or close to zero. This case is 
apparently accomplished in the splitting of I 2 by thermal electrons. 



Fig . 114. Formation of a negative ion in the process AB -|- e = A ± B ~ 

At sufficiently high pressures, the following process can play a 
significant role in the formation of negative ions: 

e+ X + M=X"+M 

where M is any molecule (third particle). The probability of this 
process is apparently close to unity, i.e., every gas-kinetic triple 
collision is effective. 

Photoionisation of gases. In the absorption spectra of a large 
number of gases we find regions of continuous absorption that adjoin 
the convergence limit of the Rydberg series. Such, for example, are 
the absorption spectra of the vapours of alkali metals. Since the 
energy corresponding to the series limit is equal to the respective 
ionisation potential of the atom or molecule, the quanta absorbed 
in the region of the continuous spectrum must satisfy the condition 

hv ^ el. (43.3) 
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For this reason, a continuous absorption spectrum is indicative of 
the process 

M + hv = M + + e 

(M designates an atom or molecule), i.e., of the possibility of 
photoionisation of gases. 

Photoionisation, or the photoelectric effect, in gases was detected 
in a number of cases directly by the appearance of a photocurrent 
upon irradiation of the gas with light of sufficiently short wave¬ 
length. The atoms of alkali metals which have the lowest ionisa¬ 
tion potentials are capable of being ionised by light of a wave¬ 
length corresponding to the relatively near ultraviolet. For the lim¬ 
it of the photoelectric effect of vapours of Li, Na, K, Rb, and 
Cs, we find the following wavelengths from the ionisation poten¬ 
tials of these elements using formula (43.3): 2299 A (Li), 2412 A 
(Na), 2856 A (K), 2968 A (Rb), and 3188 A (Cs). With few ex¬ 
ceptions (Al, Ba, Ca, Ga, In, Sr, Tl), the other vapours can be 
ionised only in the vacuum region of the spectrum (X<^ 2000 A).* 

Table 38 gives the ionisation potentials of a number of gases 
measured both on the basis of photoionisation and spectroscopi¬ 
cally—by the limit of the Rydberg series in the absorption spectrum 
of the appropriate gas. From the table it will be seen that both 
methods yield practically coincident results (the error of the 
photoionisation method is ±0.01 eV, that of the spectroscopic 
method, somewhat less). 

Table 38 


Ionisation potentials of certain molecules measured by the photoionisation 
method and spectroscopically (in volts) 


Molecule 

Phoioion- 

l&atton 

Spectro¬ 

scopically 

Mole cu le 

Photoion¬ 

isation 

Spectro¬ 

scopically 

CO 

14.01 

14.013 

c 2 h s i 

9.33 

9.345 

h 2 o 

12.59 

12.61 

QH 4 

10.516 

10.51 

h 2 s 

10.46 

10.473 

c 4 h s 

9.07 

9.063 

co 2 

13.79 

13.79 

c 2 h 2 

11.41 

11.41 ; 

cs 2 

10.08 

10.079 

HjCO 

10.87 

10.88 

n 2 o 

12.90 

11 n 

CH a CHO 

10.21 

10.228 

ch 3 ci 

11.28 

11 22 

(CH a ) a CO 

10.69 

10.705 

CH 3 Br 

10.53 

10.541 

c,h 9 

9.245 

9.240 

CH 3 I. 

9.54 

9.538 

ch s c 6 h 5 

8.82 

8.82 


* Here, we do not consider the processes of secondary photoionisation when 
an atom or molecule absorbs a quantum of radiant energy and passes into an 
excited state and is ionised only as a result of the absorption of a second 
quantum or by collision with another excited particle. In this case, It is ob¬ 
vious that condition (43,3) is not obligatory for every absorbed quantum. 
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Above (p. 422) we pointed to the possibility of photoneutral¬ 
isation of a negative ion, that is, the possibility of the process 

' X - +hv = X + e. 

On the basis of this process, Branscomb developed an experimental 
method for measuring electron affinity; it consists in measuring 
the minimum frequency of light which, when used to irradiate a 
beam of negative ions, produces electrons. 

Photoionisation is also characteristic of X-rays and gamma 
rays. In this case, the ionisation differs from ordinary ionisation 
in that the atom or molecule undergoing ionisation loses one of 
the inner electrons and not one of the outer, weakly bound ones. 

44. Polarisation of Electronic Shells 

Polarisation is one of the most important properties of atoms 
and molecules. It has extremely diversified manifestations. 
Associated with it are the dielectrical and optical properties of 
matter. The polarisation of molecules is very important for the 
geometry and energy of molecules. The polarisation of scattered 
light and the phenomenon of double refraction (bi-refringence) is 
due to molecular polarisability. Polarisation forces are of importance 
in the interaction of molecules. 

In this section we shall confine ourselves to a consideration of 
polarisation in an isolated molecule or in a sufficiently rarefied 
gas as related to certain macroscopic properties of gases. We 
shall have in view nonpolar gases, that is, gases whose molecules 
do not have a permanent dipole moment. We begin with polari¬ 
sation of a gas in a constant electric field. 

Polarisation in a constant electric field. In the simplest case, 
molecular polarisability is characterised by the polarisation 
coefficient a, which is eq*ual to the dipole moment induced in 
the molecule by an electric field of unit intensity. The dipole 
moment induced in a molecule by an external electric field of 
intensity @ may be represented by the formula 

p = o®. (44.1) 

Connected with molecular polarisability are the dielectric 
properties of the medium characterised by the dielectric constant e. 
There is a unique relationship between a and e which is expressed 
by the Clausius-Mosotti equation : 

P = ^N A a = ^f. ( 44 -2) 

Here, Na is the Avogadro number, M the molecular weight, and q 
the density. P is called the molar polarisation. 
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Thus, on the basis of (44.2) the coefficient of polarisation a 
may be found from measurements of the dielectric constant. 

The coefficient of polarisation thus determined fully characterises 
the molecular polarisability only in the case of isotropic mole¬ 
cules : molecules, the polarisability of which is the same in all 
directions. In the more general case of an anisotropic molecule , 
its polarisability is determined by three, generally different, axes 
of the polarisability ellipsoid that correspond to polarisation of 
the molecule in the direction of these axes. In this case, the 
quantity a in expression (44.2) is only the mean coefficient of 
polarisation of the molecule . In an anisotropic molecule, the 
direction of the induced dipole moment coincides, in the general 
case, with that of the electric field. This anisotropy is particularly 
marked in optical phenomena associated with polarisation of 
molecules in the rapidly alternating electric field of a light 
wave. For this reason, optical measurements (in particular, 
refraction measurements) play an important part in studies of 
the polarisation of molecules. 

Polarisation in an alternating field. Refraction. According to 
Maxwell, the dielectric constant of a nonpolar gas e is equal to 
the square of its refractive index r 2 . And so equation (44.2) can 
be represented as 

•p. 4 jt x T r 2 — 1 M /a a n\ 

R yNA« r 2_^ 2 ~q (44.3) 

(the Lorentz-Lorenz relation). The quantity R defined by this 
equation is called molar refraction. Consequently, the earlier 
introduced molar refraction P can also be called molar refraction 
at a field frequency equal to zero (constant electric field). How¬ 
ever, since molar refraction is usually found'from measurements of 
the refractive index for visible light, i.e., at frequencies of the 
order of 10 1S sec -1 , whereas the dielectric constant is measured 
in alternating fields (the frequency of which is small relative to 
the frequency of light) it is necessary to extrapolate R to v = 0 
when computing molar polarisation from measurements of the 
refractive index. This extrapolation is ordinarily carried out by 
means of the following equation: 



where a 0 is the polarisation, coefficient for k = oo (v = 0), 

v 0 = -===. We find oc 0 (R 0 ) from equation (44.4) by measuring 
y 4jtma 0 

a(R) for several values of k. 

The occasional divergence of values of R = R 0 and molar 
polarisation P computed in this manner is to be explained by the 
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fact that polarisation is partially due to a shift (in the external 
electric field) of atoms and groups of atoms in the molecule/ 
which shift can hardly be accounted for when extrapolating R. 
However, this shift is usually small and can often be disregarded. 

As is evident from (44.2) and (44.3), rnoiar polarisation and 
molar refraction of a gas mixture are additive quantities insofar 
as the polarisability a of each molecule may be considered 
independent of the surrounding molecules, which is fully permis¬ 
sible in the case of gases. What is more, experiment shows that 
molar refraction is but very slightly dependent on the temperature, 
pressure (concentration), and alterations (associated with the 
latter) of the aggregate state (association, condensation). Finally, 
from experiment it follows that molar refraction of a complex 
chemical compound may be represented approximately as the sum 
of refractions of the component atoms or ions: 

Rm=2R a (44.5) 

Rm is the molar and Ra are the atomic or ionic refractions). 

This formula is most precise in the case of ionic compounds; 
the ionic refractions (or polarisation coefficients of the ions), 

which are determined for a 
given ion from the molar re¬ 
fractions of various compounds, 
differ but slightly. There¬ 
fore, refraction, or polarisa- 
bility, of an ion is a con¬ 
stant that describes a given 
ion in any compound that 
contains it. The polarisation 
coefficients (polarisabi li ties) 
of a number of ions are 
given in Table 39. 

For investigations into the 
field of ionic refractions we are 
indebted primarily to Fajans and his school. The work of this 
school deals mainly with aqueous solutions. Measurements of the 
refraction of solutions with account taken of that of water, and 
also alterations of the latter (they are due to the action of ions) 
lead to the possibility of determining ionic refractions through 
the use of (44.5). 

A similar method was applied by Born and Heisenberg for 
calculating the ionic refractions from measured molar refractions 
of NaCI-type salt crystals. They also attempted to calculate R A 
from the atomic terms. This possibility follows from the fact that 
the Rydberg and Rjtz corrections that enter into the expression 


Table 39 

Polarisabi! ities of ions (in cm 3 X 10 24 ) 



0~- 

S-- 

Se~" 

Te“- 


2.74 

8.94 

11.4 

16.1 

H" 

F~ 

Cl- 

Br" 

I" 

10.18 

0.96 

3.60 

5.0 

7.60 

Li + 

Na+ 

K + 

Rb+ 

Cs+ 

0.03 

0.19 

0.89 

1.50 

2.60 

Be + + 

Mg + + 

Ca + + 

Sr + + 

Ba + + 

0.008 

0.10 

0.55 

1.02 

*1.86 


i 
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of atomic terms of alkali metals are directly determined by the 
polarisation coefficient a of the ions of these metals (see p. 157). 
Finally, the refraction of ions with the electronic structure of a 
noble gas was obtained by Pauling theoretically (on the basis of 
quantum mechanics). All the foregoing methods yield close values 
of ionic refractions. 

In the case of atomic molecules (unlike ionic compounds), the 
refraction of separate atoms determined from the molar refraction 
of various compounds by means of (44.5) yield significantly 
different values, depending on the type of bond of the respective 
atom in the molecule. For example, the atomic refraction of car¬ 
bon is different depending on whether a given C atom is connected 
with the other atoms in the molecule by single, double, or triple 
bond. In the same way, the hydroxyl, ether, and carbonyl 
oxygens have different atomic refractions. Change in atomic 
refraction with the bond type of a given atom appears to be quite 
natural if one takes into account that the refraction of light¬ 
weight atoms is in large measure due to the outer electrons: when 
passing from one type of bond to another, there is a change in 
the bond rigidity of the valence electrons in the molecule, and 
this is detected from the change in atomic refraction. 

in addition, a definite part of refraction is also taken up by 
double and triple bonds; only by taking this into consideration 
when calculating the molar refraction from corresponding atomic 
refractions is it possible to obtain satisfactory agreement with 
the measured value. Table 40 gives the empirical values of 
refractions of some atoms together with the refractions that are 
formally attributed to C = C and C = C bonds. 

Table 40 


Atomic refractions (for D-lines of sodium) 


Atom (bond) 

Refraction 

Atom (bond) 

Refraction 

H 

F 

Cl 

Br 

I 

C 

Double C, C bond 
Triple C, C bond 

1.100 

0.997 

5.967 

8.865 

13.900 

2.418 

1.733 

2.398 

O hydroxyl 

O ether 

O carbonyl 

N primary 

N secondary 

N tertiary 

N nitrile 

1.525 

1.643 

2.211 

2.322 

2.502 

2.840 

3.118 


By way of illustrating the computation of molar refraction from 
the refraction of the atoms that comprise the molecule (this is 
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very important for determining the structure of chemical com¬ 
pounds), let us compute the molar refraction of ethyl alcohol- 
C 2 H 5 OH. Here, we / have two carbon atoms, six H atoms, and 
one hydroxyl atom O connected by single bonds. From Table 40 
we get 2Rc+6RH+Ro h d = 4.836 + 6.600 + 1.525= 12.961, where¬ 
as direct measurements give 12.78. In exactly the same way, 
computing the molar refraction of acetacetic ester 

H O H O H H 

H —C —C —C —C —O—C —C —H 

II II 

H H H H 

with six C atoms, ten H atoms, two carbonyl O atoms, and one 
ester atom, we get R M = 14.508 + 11.000 +4.422 + 1.643 = 31.573, 
instead of the measured molar refraction 32.00. 

There is however another possible method of representing molar 
refraction. Namely, we can assign definite values of refraction 
not to individual atoms but to the separate bonds in the mole¬ 
cule, as is done in Table 41. 

Table 41 

Refractions of bonds 


1 

H-H 2.08 

C = C 4.15 

C —F 1.60 

C-H 1.705 

C = C 6.025 

C-Cl 6.57 

N —H 1.87 

N-G 1.55 

C-Br 9.47 

O—H 1.88 

O —C 1,42 

C-I 14.51 

C — C 1 209 

0 = C 3.42 



The refractions of bonds given in this table are related to the 
atomic refractions (Table 40) as follows (after Steiger and Smyth): 


Rc-h =-j- Rc + Rh> 

Rc-c = y Rc> 

Rc = c=Rc+ I =. 

Rc = c=4Rc + I=, 


R c Nq =4r c + R H + R o hyd 

Rc =4: Rc + Roeth 

>o z 

C' 

Rc=o = 4 Rc + R o cai 

Rc-x =^-Rc + Rx- 


Here, the symbols 1= and I Eg designate the atomic refraction 
due to double and triple carbon bonds, Rn , Ro , and Ro 

hyd eth car 

are atomic refractions of the hydroxyl, ether, and carbonyl atoms 
of oxygen and X —F, Cl, Br, and I. 
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The good coincidence of calculated and measured values of 
molar refraction that is observed in most cases shows that the 
molar refraction of various chemical compounds can be pre-calculated 
to a high degree of accuracy. This accuracy permits taking advan¬ 
tage of refractometric measurements as a method of studying molec- 
ufar structure. Molar refraction permits establishing the presence 
and number of complex bonds in a molecule, the nature of the 
oxygen bond, etc. This accounts for the great role played by 
refractometry in structural chemistry, in particular in organic 
chemistry and in the chemistry of complex compounds, and also 
in the study of solutions. 

The following simple instance will illustrate the use of refracto- 
metnic data in establishing the type of bonds in a molecule. 
Assuming that the CO, molecule is an ionic molecule, i.e., that 
it consists of a C +4 ion and two O -- ions, from the refraction 
of these ions (0.0034 and 9.88) we get for the molar refraction 
of CO, the number 19.76, which is three times the actual value 
of R co .=:6.7!. In contrast to this result, calculation of R C o ; on 
the assumption of the atomic structure of the CO, molecule yields 
practically complete coincidence of calculated (6.84) and measured 
values, as will readily be seen from the data given in Tables 40 
and 41. Whence there follows the inevitable conclusion as to the 
atomic structure of CO z . 

Refractometric measurements are also very important for molecular 
energetics. Since we are able to assign to each bond a definite 
portion of refraction, it is possible to judge of the strength of the 
bonds in a molecule from the magnitude of the respective refrac¬ 
tions. The stronger the bond, the more rigidly fixed in the 
molecule are the electrons, and hence, the less should be the 
refraction they are responsible for. 

It should be pointed out that in conjugated and aromatic 
systems we notice perceptible deviations of molar refraction from 
additivity. These deviations indicate that the compounds are 
exceedingly strong; they are called exaltation of refraction. 

Anisotropy of polarisability and molecular structure. One of 
the manifestations of anisotropy of polarisability is the depo¬ 
larisation of scattered light. Measurements of the degree of 
polarisability permit us, in certain cases, to determine the prin¬ 
cipal polarisabilities of a molecule that characterise its polarisa¬ 
bility ellipsoid. The degree of depolarisation A is determined by 
the ratio of intensities (in a scattered ray) that correspond to 
oscillations parallel and perpendicular to the direction of the 
oscillations of the exciting ray: 
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In the classical theory of Tyndall, which does not take into 
account rotation of the molecules, the intensities I n and 
are calculated as follows. We introduce a coordinate system fixed 
in the molecule £, % £, the directions of the axes of which coincide 
with the directions of its principal polarisabilities og^ a 2 , a 3 , 
and a fixed coordinate system x, y, z. Let the electrical vector 
E of the exciting linearly polarised ray be directed along the z 
axis. Then for the moments induced in the molecule in the 
direction of its principal electrical axes we will have 

P6 = a iEcos(£, z), p T) = ^ 2 E cos (r] # z), p t = a # Ecos(E, z). 

Obviously, the components of the moments along the axes z 
and x are 


P z = P^ cos (S, z) + P,cos(r|, z) + p c cos(C, z), 

Px = P^ C0S (?> xj + p^cosft, x) + p c cos(£, x). 

To simplify calculations, in the case of a molecule with an 
axis of symmetry (ct 2 = a 3 ) we may consider the axis rj as lying 
in the plane xy, whence it follows that cos (r], z) = 0. 

Introducing the designations y) = cp and ^ (£, z) = # we 

will have 

cos (E, z) = sin#, cos (£, z) = cos#, cos(£, x) = coscp cos'd 1 , 

cos (rj, x) = siticp, cos (£, x)=—cos cp sin#. 


Substituting these values of cosines into the expressions for the 
components of the induced moments, we get 

p z — (a x sin 2 # a 2 cos 2 #) E and p x = (a 2 — a 2 ) sin # cos # cos cp . E. 

The intensities of the ^scattered light are proportional to the 
squares of the respective moments. We find the mean intensities 
as 


ic/a tt / 2 


^ ^ p x sin 0 d# sin cpdcp 


'VZ 

^ p* sin # d ft 


I 


II 11 / 2 Tt / 2 


Ii->— 7 “ 
- 1 - */, 


^ ^ sin Oddsin <p dtp 


o o 


"■/ 2 

^ sin ft dft 


Substituting here the above-obtained expressions for p x and 
p z and integrating, we get 


A 


_ («, — «j 2 

3ai 2 -J- 4a,a 2 -|- 8a 2 ’ 


(44.6) 


Sec. 4-1] 


POLARISATION OF ELECTRONIC SHELLS 


433 


If the exciting light is natural, an analogous computation for 
the degree of depolarisation yields 


A 


_ 2 («i - «^) 2 

4a* j-2ce l a 2 -(- 9a“ * 


(44.7) 


Finally, in the case of a molecule that does not have an axis 
of symmetry (a, =^=a,), the expression for the degree of depolari¬ 
sation of natural light, when it is scattered, has the form 


A 


_ 2 ( a\ 4 - a\ -f- a* — a,a 2 — a 2 a, — a a a,) 

4 ( a , J + a" + a.) + (a,a 2 + a 2 a, + a 3 a,) ’ 


(44.8) 


Inasmuch as account of the rotation of molecules leads to the 
same expressions for the degree of polarisability of scattered 
light, the foregoing equations may be considered general. 

Firstly, from these equations it follows that in the case of a 
symmetric isotropic molecule (a, = <*, = (*,) the degree of depola¬ 
risation must equal zero. In another extreme case of a totally 
anisotropic molecule (a 2 = a 2 = 0 ), the degree of depolarisation 

of linearly polarised light should equal T and of natural light 

L 

2 

To determine the principal polarisabilities of a molecule a,, 
a 2 , a s , we have the following equations. First of all, from ( 44 . 3 ) 
for the mean polarisability of the molecule, 

_«i 

“ ~3 ’ 

we get the expression 

, * 9 r 2 — 1 

+ + = 

which may be represented approximately (due to r 2 =^l) in the 
form 

«. + a 2 + a »= 3 ( L n 1) ( 44 - 9 > 


(n is the number of molecules in 1 cm 9 ). The second equation is 
(44.8), which may be rewritten as 


10 A _ («i — « 2 ) 9 + (« 2 — Ka) 2 + («i — «i) 2 

6 — 7A («i + a 2 + «a) 2 


or, 


because of (44.9), 

(a, — a,) 1 +'(«, — “ 8 ) s + (“, — )* 


45 A (r — 1)* 

6 — 7A 2n 8 n 2 ' 


(44.10): 


15-3038 
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To summarise, then, we have two equations, (44,9) and (44JO), , 
to determine the three unknowns a v a a , and oc 3 . Whence it follows 
that, alone, the measurements of the degree of polarisation and 
refractive index permit determining a lt a 2 , and a a only for 
molecules having an axis of symmetry when the missing equation 
is obtained from the symmetry of the molecule, namely, equation 
ot 2 == a 3 . Table 42 gives the values of the principal polarisabililies 
of certain symmetric molecules found in this manner. 

Table 42 


Principal polarisabilities of a number of molecules 
(in cm® X l'O* 4 ) 


Mo lecule 

*1 

a 2 

Molecule 

«1 

«a 

n 2 

2.38 

1.45 

C.H. 

5.61 

3.59 

o 2 

2,35 

1.21 

c 2 h. 

6.35 

12.31 

CO 

2.60 

1.63 

c.h 12 

8.90 

11.90 


The third equation * that is missing in the general case of an 
asymmetric molecule may be obtained by faking into account the 
Kerr effect. The essence of this effect lies in the fact that isotrop¬ 
ic substances, when placed in an electric field, become hi-refringent, 
i.e., light rays passing through them are polarised parallel and 
perpendicular to the field and acquire different velocities. The 
result is a difference in the paths of the rays. This difference, ac¬ 
cording to the Kerr law, is 

5^ = K[/E ! ' (44.11) 

where K is the Kerr constant, r and % are the refractive index 
and the length of the light wave in the absence of a field, l is 
the geometrical path of the rays in a bi-refringent substance, and 
E is the field intensity. Designating the refractive indexes of the 
two rays by ru and n , we can represent the optical difference of 

path as = whence we get the following expression 

* It is possible, in principle, to determine the quantities a lr and ot 3 
also on the basis solely of measurements of A and r, since, according to the 
foregoing, the degrees of depolarisation of linearly polarised and natural 
light are different; this gives the third equation. However, in the case of 
gases (because of great difficulties in measuring the degree of depolarisation 
and the considerable concomitant errors) measurements in polarised excited 
light are practically impossible. When measuring A the rule is to use bright 
sunlight, that is, natural light. 
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for the Kerr constant: 


K 


r n- r i 1 
r E 2 • 


(44.12) 


The theory of the Kerr effect in a nonpolar gas was given by 
Langevin and subsequently generalised to a polar gas by Born. 
We do not intend to give a detailed account of the theory but 
will confine ourselves to a brief examination of its underlying con¬ 
cepts and its chief results. 

In view of the equal probability of all directions in the absence 
of an electric field, a gas consisting of optically anisotropic mol¬ 
ecules is an isotropic medium. In art electric field there arises a 
certain directed molecular orientation, which is what leads to ani¬ 
sotropy of the gas as seen in the Kerr effect. In the case of a non¬ 
polar gas, this directivity is due to polarisation of molecules in 
an electric field; in a polar gas there is, in addition to polarisa¬ 
tion. an orientation effect of permanent dipoles. Because of the 
directivity of the total dipole moment of a molecule in an electric 
field, its polarisability in the direction of the field (a y ) will differ 
from that perpendicular to the field (ctjJ. When computing the 
mean polarisabilities an and otj_, one can represent them as a func¬ 
tion of the following quantities: the principal polarisabilities of 
the molecule in the electric field of a light wave a,, a 2 , a t , the 
principal polarisabilities in an electrostatic field a,, a 2 , a,, the 
components of the electric moment of the molecule p, i. e., the 
projections of p on the coordinate axes % £ (fixed in the mol¬ 
ecule), p,, p 2 , p 5 , the square of the electric field intensity E ! , 
and, finally, the absolute temperature of the gas. On the other 
hand, a !t and a may he represented as 


3 


jtncX[| ■ ■ ■ 



, 4 fj — 1 

and -3 


thus making it possible to express the Kerr constant (44.12) in 
terms of a,, a 2 , a 3 , a,, a 2 , a s , p 2 , p 2 , p, and the temperature T. 
By virtue of equalities (44.2) and (44.3) we should have the fol¬ 
lowing relationship between the quantities a,, a 2> a, and a,, a 2 , a,: 


<>i_ _£2_a,_ e — 1 _ r 2 — 1 

a , a 2 a, e -)- 2' r 2 -f- 2 ' 


(44.13) 


Further, the Kerr constant may be represented as the sum of two 
terms: K,, which is associated with pure polarisation of the mol¬ 
ecules, and K 2 , which is determined by the orientation of the 
permanent dipoles (dipole member). For the first of them (at r=s=l) 

15 * 
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we get from theory the following expression: 

K, = £ £ [(«, - a,)’ + K - « s ) 2 + («. “ “OM- ( 44 • 14 > 

which, in view of (44.11) and also P = nkT (ideal gas), may be 
represented in the form 

( 44 -15) 

From (44.15) it follows that the constant K, is practically inde¬ 
pendent of the temperature of the gas. 

For K 2 the following general expression is obtained: 

K s = J [(P? - P*.) (<*, - a,) + (p! - Pi) («. - a .) + 

+(p:-pj)(«.-«i)]. ( 44 - 16 > 

which, in case of coincidence of the direction of the dipole mo¬ 
ment of the molecule with the direction of one of its electrical 
principal axes (for instance, the £ axis), takes on a simpler form: 

K,=jg- P 2 ( 2a . — a 2 — a i)- ( 441? ) 

Expression (44.17) can serve as the missing third equation, 

which, together with equations (44.9) and (44.10), permits deter- 
mining the constants a lt <x t and <x t for any polar molecule on the 
condition that p = p„ p t —p t = 0 . The dipole moment of the mol¬ 
ecule should then be known. However, in'the case of nonpolar 

molecules, which always have at least one axis of symmetry, it is 
sufficient to have two equations to determine the polarisability el¬ 
lipsoid: (44.9) and (44.10) or (44.9) and (44.14). ft may be noted 
that due to the greater accuracy in measuring the Kerr constant, 
it is usual to take the second pair of equations to determine the 

principal polarisabilities. . , ,, ... 

As has already been pointed out, a determination of the optical 
polarisability ellipsoid of molecules is exceedingly important for 
finding the geometrical molecular structure. We shall consider here 
several of the simplest cases that illustrate this method of estab¬ 
lishing molecular structure. Thus, for the molecules SO a and H a S 
we may, generally speaking, conceive of both linear and bent (equi¬ 
lateral" triangle) molecular structures. Measurements of a,, a,, and 
a for SO, yield 54.9 X10" 1 *- 27.2X10'“, and 34.9 X 10-“ cm 
and for H s S 42.0X10-“, 32.1X10“”, and 39.3X10“” cm . 
The different values of all three polarisabilities in both cases com¬ 
pel us to exclude the linear structure of the molecule, for then. 
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due to an electrical axis of symmetry, the two polarisabilities would 
coincide. The bent structure is also obtained for molecules of 
alcohols, esters, ketones, etc. In contrast, in the case of the N O 
molecule, measurements yield a. = 53.2 X 10' 25 and a = a — 
— 18.3X10 ! cm 1 , that is, the structure is linear. Similar results 
also point to a linear structure of the molecules HCN, CO CS 

ii ill F lir ^er, from the fact that within experimental error 

all three principal polarisabilities of the molecules CCi and SnCl 
aie the same, it follows that these molecules are of * tetrahedral 
symmetric structure. 

On the mutual interaction of atoms in molecules. Polarisation 
0 rr . 1 P. eCLI e r s !S also extremely important as one of the essential 
conditions for conveying the mutual interaction of atoms or atomic 

°* the n l csl coninion types of mutual 
eMeet is that which Markovnikov characterised as follows - “The 

elTect ... diminishes with their (atoms — Kondratyev) recession 
Irom one another m the overall chain of chemical action ” In the 
language of electronic concepts, this type of mutual interaction be- 
came known as the induction type* 

When an atom or atomic group is replaced by another one, a 
redjstributjon of density occurs in the electron cloud of the mole- 
cule. I his distortion of the electron cloud is greatest near the re¬ 
placed (functional) group and rapidly falls off with recession from 
it. Acetic acid is one of numerous instances of the induction elTect: 


H 3 C —c^° . 
X OH 


When one of the H atoms in the methyl group is replaced by a 
halogen atom (X), we have an induction shift of the electron den¬ 
sity in the direction of the electronegative atom (as indicated by 
the arrows): y 

H 




H. 


As a result of this shift, the O-H bond in the hydroxy! group 
becomes more polar or more eleclrovalent; this is manifested in 
a more ready ionisation of the bond, i.e,, the proton in solution 
is moie easily split off. In full correspondence with theoretical 
concepts, it follows from experiment that the more electronegative 
the halogen, the easier the proton is split off; further, in the se¬ 
ries of carbonic acids, variation of proton mobility upon replace^ 


15*-3038 
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ment of the H atom in the extreme methyl group by a halogen 
becomes less and less as the chain length increases. 

The induction effect (toes not in any way exhaust the types ol 
mutual effect of atoms, A special type of mutual effect is charac¬ 
teristic of so-called conjugated systems, i.e., molecules containing 
alternating single and double bonds. This, for instance, is the 
structure of molecules with polymethine chains, such as the hexa- 
diene molecule H,C — CH = CH—CH = CH CH 3 . A characteris¬ 
tic feature of conjugated bonds is their greater or lesser similarity, 
which is due to a certain smoothing of the differences between 
single and double bonds. This is evident from both chemical ex per- 
iments and physical measurements, in particular, measurements of 
interatomic distances and bond strength, elastic forces acting be¬ 
tween the atoms and determining the vibrational frequencies of the 
molecule. All these data lead to the conclusion that the electron- 
cloud density {corresponding to a single bond) in a conjugated 
system of bonds is greater than the electron-cloud density in an 
isolated single bond and less than in an isolated double bond, 
thus being intermediate between them. The degree of similarity of 
bonds in the conjugated chain systems is the greater the longer 
the chain; this must be due to the greater uniformity of elements 
of long-chain molecules. For this reason, in the benzene molecule, 
which consists of six similar CH elements, the bonds are in every 
way similar and the molecule has a high degree of symmetry {axis 
of symmetry of the sixth order). 

Connected with the similarity of the electron density in conju¬ 
gated systems is their greater strength over systems with isolated 
bonds For this reason, the transition from molecules with isolated 
bonds to molecules with a system of conjugated bonds is oremanly 
accompanied by the release of energy. A good example is the Ze¬ 
linsky reaction: * 


H 


H 


H 


H H 
H \^/ H 


\ry 

A/ 

H-C C-H H—C C—H 

3 || |—2 | | 
H-C C-H H-C C-H 

\ r /\ 

/ C \ H H / \ H 

H H H H 


H 


H 

A 


H 


\/"V/ 

C C 


+ 


FI 


IT 


H 

Benzene 


in 


Cyclohexene Cyclohexane 

which 19.8 kcal are released per gram-molecule of benzene. 
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From the point of view of quantum chemistry, the similarity of 
single and double'bonds in conjugated and aromatic systems may 
be associated with the great mobility of (he electron cloud of n-bonds. 
The partial overlapping of the p-clouds of double bonds separated 
by a single bond leads to the formation of 
double bonds; these bridges strengthen the 
them and, at the same time, weaken the 
double bonds (Fig. 115). From this stand¬ 
point, the chemical bonds in conjugated sys¬ 
tems should be regarded as a special type 
of bond. Indeed, whereas in molecules with 
ordinary isolated single or double bonds 
each valence electron together with the 
electron of an adjacent atom forms a cloud 
that corresponds only to a definite bond, 
in conjugated systems one valence electron 
.can simultaneously be shared by the clouds 
of two adjacent bonds. Considering aroma¬ 
tic bonds as the limiting case of conjugat¬ 
ed bonds, we may assume that the chemi¬ 
cal linkage here is, to a certain extent, very 
close to the linkage in metals, i.e., to linkage between atoms in 
the crystal lattice of a metal, where each electron binds many atoms. 
And just as the valence electrons in a metal do not actually belong 
to any one atom and form a single electron cloud, so, for instance, 
in the benzene molecule the six electrons of the n-bonds should be 
considered as being shared by all six atoms of carbon. 

The peculiarities, characteristic of conjugated systems, in the trans¬ 
mission of mutual interaction of atoms are accounted for by spe¬ 
cial properties of chemical linkage in these systems. In contrast to 
the rapidly attenuating induction effect, the mechanism of its trans¬ 
fer in conjugated systems is such that the effect is transmitted 
along the chain of conjugation almost without any attenuation. By 
way of illustration, let us examine the case of crotonic and sorbic 
esters 

,o 

H 3 C — CH*=CH — C<f 


y O 

H.C —CH=CH-CH = CH —Cf . 

V OR 

Despite the great distance of the methyl group from carboxyl oxy¬ 
gen, the specific influence of the latter on this group persists in the 


“bridges” between the 
single bonds between 



system of jt-bonds (all 
C, C-bonds are equalised) 


15 * 
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molecules of these esters just as in the molecule of - acetic ester, . 

u 3 c-c{ 

x OR 

which follows from the close properties of the methyl group in all 
three esters. 

The specificity of transmission of an effect along a chain of con¬ 
jugation in these and other cases is due to the fact that all jt-elec- 
trons in a conjugated or aromatic system form, to one degree or 
another, a single electron cloud, by means of which the transmis¬ 
sion is accomplished. The correctness of this mechanism finds con¬ 
firmation in the following data. Of the following five derivatives 
of benzene, 



the first (chlorobenzene) has a typical aromatic chlorine atom of 
low mobility. In the next two (parachloronitrobenzene and meta- 
dimethyl-parachloronitrobenzene) the chlorine atom is mobile due 
to the influence of the nitro group, which influence is transmitted 
via the benzene nucleus. In the last two derivatives (orthodimeth- 
yl-parachloronitrobenzene and 2, 3, 5, 6-tetramethyl-4-chloronitro- 
benzene) the chlorine atom is again of low mobility as in chloro¬ 
benzene. At the same time, the nitro group in the last two derivatives 
is pulled out of the plane of* the ring by two adjacent CH 3 groups; 
this disrupts the cloud of rt-electrons and, thus, precludes the 
transmission of influence of the nitro group via the benzene nucleus. 

As is evident from the foregoing examples and from other numer¬ 
ous chemical and physical data, some types of mutual interaction of 
atoms and groups of atoms are explainable in terms of the electronic 
concepts of quantum chemistry. However, the problem of mutual effect 
taken as a whole still requires further theoretical development, 
particularly as regards the establishment of quantitative regularities. 

The peculiarities of the mutual interaction of atoms and groups 
of atoms (this finds expression in a redistribution of density of the 
electron cloud of the molecule and in the polarity of the covalent 
bonds, in a tendency of bonds to become similar in conjugated sys¬ 
tems, in changes of the strength of individual bonds, and in other 
effects) lead to a great diversity of properties of chemical com¬ 
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pounds. The necessity for systematisation of vast experimental mate¬ 
rial gave rise to the systems of oiganic and inorganic chemistry. 
All the compounds were airanged in separate classes characterised 
by definite features of chemical structure. However, even within the 
limits of a single class, the compounds frequently differ greatly as 
to chemical structure. The reason lies in ciianges in the electron 
cloud of the molecule under the influence of a variety of atomic 
groups fo illustrate, let us consider the derivatives of carbonic acid 
expressed by the formula 


RO v 

RO' 


>C = 0. 


where R is an H atom or group of atoms. From the capacity for 
hydrolysis, i.e., for the reaction 

= O + 2HO-—* ROH + COT - , 


RO x 

\r 

R 0 / 


it follows that 1 tie R—O bond in tiiese compounds is more or less 
clectrovatent. The gi eater the difference in electronegativity of the 
R group and the O atom, 1 he greater the tendency for hydrolysis. 
In the limiting case, a compound of this kind will have a structure 
corresponding to the formula 

R + 0- 

>C = 0 


R + 0- 


in contradistinction to another limiting case of a purely homopolar 
compound, the structure of which corresponds to the formula 


RO 

RO 


\ 


/ 


>c=o. 


However, the foregoing formula of an ionic compound does not 
express the true structure of a molecule of a derivative of carbonic 
acid even in the limiting case because it does not take into ac¬ 
count the mutual effect of tire RO groups and the carbonyl group. 
In reality, however, as follows from the symmetric structure of the 
('Or - ioii (this structure indicates complete similarity of all three 
bonds between the atoms C and O) the electron cloud of the C=^0 
bond should be shifted towards the oxygen atom and impart to it 
a certain negative charge and there should be a simultaneous dis¬ 
placement of the negative charge of oxygen of the RO group in the 
direction of the C atom. The true structure of the molecule under 
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consideration is given by the following formula (by means of curved* 
arrows that indicate ^the direction of shift of the negative charge): 


R0^( ^ 

= o- 

ROji 

From the foregoing it follows that the true structure of the deriv¬ 
atives of carbonic acid does not correspond either to the limiting 
ionic or the limiting covalent formulas, in the same way as, for 
example, the true structure of the HF molecule cannot be expressed 
by the limiting formulas 

H —F and H I- . 

The HF molecule is neither purely atomic nor purely ionic, but has 
a structure intermediate between these extreme forms. As has been 
pointed out earlier (see (33.9)), the wave function of such a mole¬ 
cule is expressed, to a first approximation, by the sum of two terms 
that correspond to the two limiting structures-, atomic and ionic. 

The above examples of changes in the mobility of individual atoms 
under the influence of substitutes depending upon the structure of 
the molecules are an illustration of Butlerov’s concept of the mu¬ 
tual relationship between the structure and reactivity of chemical 
compounds. The degree of mobility of a given atom or atomic group 
may be regarded as a certain relative measure of the reactivity of 
the molecule. The relativity of this measure is evident from the 
fact that the reactivity of a given molecule is significantly affected 
not only by its structure but by the nature of the particles interact¬ 
ing with it, and the conditions in which the reaction proceeds— 
the medium, temperature, and other factors. During the reaction the 
reacting particles form a single complex in which the same mutual 
interactions of atoms obtain as in an isolated molecule. The mutual 
interactions in a reacting system, which may be called dynamic (in 
contrast to-the static ones that occur in isolated molecules), find 
expression in a redistribution of electron density, which ultimately 
leads to a redistribution of bonds in accord with the structure of the 
newly formed substances — the reaction products. Dynamic effects 
explain the specific peculiarities of various reactions of addition 
and substitution, the phenomena of transfer of the reaction centre 
of a molecule from one atom to another, phenomena of orientation 
in a benzene ring, and many other regularities of chemical reactions. 

To illustrate, we take the case of a dynamic effect relating to the 
reaction of butadiene with hydrogen chloride in an acid medium. 
The overall equation of this reaction is given in the form 

H„C = CH — CH = CH 2 + HC1 — H S C — CH = CH — CH.Cl. 
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According to the mutual-interaction theory, in the initial stage of 
the reactwn (which involves the attack on a butadiene molecule by 
an H ion) there is a displacement of the electron cloud in the 
direction of the attacking charge in the nonpolar molecule of buta¬ 
diene: 


H + H 2 C=CH-TH^CH^. 

This results in the cation H 3 C — CH = CH — CH 2 + which, by adding 

a chlorine ion (at the end of the chain), converts into the reaction 
product 

H 3 C — CH = CH — CH 2 + +C1"-— H,C — CH = CH — CH 2 C1. 

A peculiar manifestation of the mutual interaction of atoms in 
separate molecules or during the interaction of molecules is exhibit¬ 
ed in the so-called hydrogen bond. This bond is effected between 
a hydrogen atom (which is chemically connected with one of the 
atoms in the molecule, usually with an atom of O or N) and some 
other atom (usually an atom of O, N, or F) of the same or of a 
neighbouring molecule. In the former instance one speaks of an in¬ 
ternal, or intramolecular , bond, in the latter, of an external, or in- 
termolecular, hydrogen bond. 

An example of a compound with an intramolecular hydrogen bond 
is acetyl hydro perox i de. Because of the hydrogen bond (designated 
by dots) there are two forms of this compound: 

H S C H S C 


\ 

\ 

c=o 

c=o 

/ . and 

/ 

0 

0 

\ 

V 


O - H O — H 

that are stable at different temperatures. A similar example is the 
molecule of acetacetic ester (enol form), the structural formula of 
which is 

/°\ 

H a C — C' X H 


i 

o-c 2 h 5 
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The intramolecular hydrogen bond imparts to the molecule specif¬ 
ic physico-chemical properties. The formation of a hydrogen bond 
with the participation of hydroxyl hydrogen involves “masking” the 
hydroxyl group; this is seen in the absence of the hydroxyl band 
in the infrared absorption spectrum of the compound (k 2.7 p). The 
hydrogen bond also accounts for the comparatively weak solubility 
in water, the anomalous electric conduction of solutions, etc. The 
presence or absence of a hydrogen bond essentially alters the reactiv¬ 
ity of the molecule. 

The strength of hydrogen bonds is usually measured in energies 
of 4 to 8 kcal/mol. 


45. Intermolecular Forces in Gases 

Intermolecular hydrogen bond. The intermolecular hydrogen bond 
is most frequently expressed in the association of molecules, for 
example, in the dimer i sat Ion of carbonic acids and other compounds. 
To illustrate, the formic acid molecule, which is dimeric in the li¬ 
quid and gaseous states and also in solutions in nonpolar solvents, 
may be represented in the form 

O- • -H—O 

/ \ 

C C—H. 

\ A 

O—H* • -CK 


It is essential to point out that according to electronographic 
measurements the distances O—H and O *--H in the dimers both 
of formic and other carbonic acids are different. 

Association of molecules accomplished by means of the hydro¬ 
gen bond is a type of intermolecular interaction which to some 
extent approaches the ordinary chemical interaction of molecules. 
Indeed, the intermolecular hydrogen bond is frequently seen to 
have stoichiometric ratios, which are characteristic of chemical 
interaction due to valence forces. As a result of the fulfilment of 
stoichiometric ratios in the case of the aforementioned association, 
molecules that tend to the latter possess features characteristic of 
radicals. For instance, if one disregards the mechanism of molecul¬ 
ar interaction, one notices a certain similarity between the above- 
considered molecules of formic acid HCOOH, which, as a result of 
association, form the dimeric molecules (HCOOH)., and, for example, 
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the NO and N0 2 molecules that dimerise into (NO) 2 * and (N0 2 ) 2 . 
At the same time, intermolecular interaction due to the hydrogen 
bond has certain features of similarity with the nonvalent van 
der Waals interaction of molecules. 

This type of interaction is determined by the forces of mutual 
attraction of molecules that give rise to the difference between real 
and ideal gases, to the condensation of gases, molecular association, 
solvation (in solutions), and, finally, to interaction between differ¬ 
ent parts of the same molecule that are not directly (chemically) 
connected. The interaction ener¬ 
gy that corresponds to van der 
Waals forces operating between 
neutral molecules is of the order 
of magnitude of molecular heats 
of evaporation. Many of the 
aforementioned phenomena may 
be due either to van der Waals 
forces or to hydrogen bonds. It 
has been po-inted out that the 
distinguishing feature of van der 
Waals forces is that they do 
not satisfy stoichiometric ratios 
in molecular interaction. 

The nature of van der Waals 
forces. Underlying the theory of 
van der Waals forces are the fol¬ 
lowing concepts of intermolecular 

interactions. It may be assumed that in polar substances there 
operate orientation forces between molecular electric dipoles; these 
forces tend to bring the interacting system (which in the simplest 
case is a pair of molecules) into a position of minimum potential 
energy. Further, both in the interaction of two dipoles and of a 
dipole with a nonpolar molecule we have polarisation of one par¬ 
ticle in the electric field by another, which leads to mutual 
attraction. Finally, for nonpolar molecules the main part is played 
by the so-called dispersion forces , which correspond to the interac¬ 
tion of momentary electric dipoles that arise in molecules due to 
the rotational motion of the electrons. As ,we shall see, dispersion 



Fig. H6 


Orientation interact son of 
dipoles 


* According to roentgenographic measurements, the dimer (NO) 2 has the 
following structure: 

r 2 

N—O 
r* I I 

0—N 


(rj — 1.10 A and r 2 = 2,38 A). 
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forces likewise play an important part in the interaction of polar A 
molecules. Let us consider each of the three types of van der Waals 
forces, first calculating the potential of the orientation forces. 

Fig. 116 shows two dipoles separated by a distance r. Here, 
# is the angle between the direction of r and the axis of the first 
dipole, and cp is the angle between the direction of-the electric 
field E produced by the first dipole and the axis of the second 
dipole. Considering the dipoles identical and the magnitude of r 
great as compared with the dimensions of the dipoles, we will have 

n 1^1+3 cos 2 ft 
E = - —7 -n 

r a r 

where p is the dipole moment. Whence, for the mutual potential 
energy of the dipoles U = pEcoscp, we get 

r T V 1 + 3 cos 2 ft 2 

U =--p COS cp. 


The mean value of IJ is determined by the expression 


It TT 



JJ 

U sin ft dft sin (p dq? 


u 

kT sin ft dft sin (p d(p 


0 0 


At sufficiently high temperatures, i.e., at U<<SkT, this expression 
yields 

u= “3kf76- (45.1) 

The existence of dimers in the vapours of alkali-halogen salts, 
(NaF ) 2 for instance, must be attributed to orientation interaction; 
however, dispersion interaction should also play a significant role 
as well (see p. 449). 

To compute the potential of polarisation forces let us consider 
the interaction of a dipole and a nonpolar molecule. In this case, 
the mutual potential energy of the particles is 



where a is the polarisation coefficient of the nonpolar molecule 
and E is the electric field intensity of the dipole. Substituting 

into this expression E = ^ L0S - p and computing the mean 
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value of the potential U ( cos' tt 



, we get 



(45.2) 


The quantum-mechanical theory of van der Waals forces in the 
case of nonpolar molecules was developed by London. Below we 
give a simplified derivation of the potential energy of molecular 
interaction due to Born. The motion of a single electron is con- 



4 


i 


t 


I 


Fig. 117. Model representation of dispersion 
interaction of molecules (after Born) 


sidered in the Coulomb field of the nucleus. The instantaneous 
relative position of nuclei and electrons of two such “molecules” is 
shown in Fig. 117. Here, r is the internuclear distance, x x is the 
distance between the nucleus and the electron of the first molecule, 
and x 2 , of the second one. The potential energy of the system that 
corresponds to Fig. 117 is, obviously, 


r + x 2 — Xl T r r + x 2 r - x,’ 


Expanding this expression in a series of powers of the small quantities x/r 




,••■+1-1 + 



2e 2 X!X 2 


and confining ourselves to the first term of the series, we find 

U = — 2e2x ‘ x 2 

r 3 


Considering each molecule separately as a harmonic oscillator, we 
represent the quasi-elastic force that gives rise to the oscillations 
of the electron as F = fx, where f is the quasi-elastic bond constant. 
It will be noted that the constant f may be expressed in terms of 
the polarisability of the molecule or. writing the instantaneous value 
of the dipole moment of the molecule ex = aE, where E is the 

electric field intensity equal to E = F/e, we have ex=^ x > i- e., 
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f = —. From the expression for a quasi-elastic force we get 

fx 2 


\J = — for the potential energy of the oscillator. 
Adding to U the kinetic vibrational energy T = 


2 m 


(p = mx is the momentum corresponding to the coordinate x, m is 
the electron mass), we get the Hamiltonian function 


n 2 f y 2 

h Hs + T- 

from which we find the oscillation equation *^ = — ^ or 

ITIX = — fx. 


Solving this equation we find the oscillation, frequency of the 
oscillator 

..Si/l 

2 n V m 


oo = 


In the given case of two interacting oscillators, the Hamiltonian 
function will be written in the form 


H = 2 S(P' + P ^ + 4 (X '+ X ^ 


Introducing new variables 


X , = ^=(x 1 + x 2 ) and x, 


V 2 


2e 2 x 1 x 2 


(x, — X J. 


we can rewrite the Hamiltonian function as 

h =h< p :+ p '>+(t-f) 

Solving the oscillation equations of the system that are obtained 
from this expression 


mX, = —(f —X. andraX. 


f+^)x, 


we get, for the oscillation frequencies, 

- ™.=-s /TT+F)- 

Expanding these expressions in a power series of 1/r, 


co, =co ( 1 — 


2f 2 r e 


and co 2 = (o ( 1 


2f 2 r® 


...) 
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(here o) = ^ y and discarding terms that contain the higher 

powers of 1 /r, we get the following expression for the zero vibra¬ 
tional energy of the system (see p. 355 ): 


hto,, 
2 ' 




We see that as a result of the interaction of momentary 
zero vibrational energy of the system diminishes by 

t j_ hcoe 4 

— 2F? 


dipoles the 


(45.3) 


which is thus the potential of the van der Waals forces that cor¬ 
respond to this interaction. Since 0 ) = -^- 1 / — and f = — ex- 

* V m a ’ 

pression (45.3) can be transformed to 


hccX 2 
2ji y mr'' 


(45.4) 


Expressions (45.3) and (45.4) were generalised by Slater and 
Kirkwood for the case of spherically symmetric molecules having 
n outer electrons. The expression they obtained for the potential of 
van der Waals forces is of the form 


U = -Q. 68 hect -l^ n . 

2jt y m r 6 


(45.5) 


Comparing (45.1), (45.2) and (45.5), we see that in all cases of 
interaction the potential of van der Waals forces is inversely pro¬ 
portional to the sixth power of the intermolecular distance r and, 
consequently, may be expressed as 



(45.6) 


rui vanuus cases oi interaction, 


nets Lilt: lurm: 


3 kT 


entation effect), A 2 = ap 2 (polarisation effect), and A,, = 0.68 


hea 3 / 2 y n 

(dispersion effect). 2lt ^ m 

For an approximate comparative appraisal of these three effects, 
we calculate the values of A,, A,, and A„ putting p= 10 ,B ’ 
a —10 n = 8 , and T = 290°K. This calculation yields: 
A,= 1-7X10“", A a = I X 10 “'°, arid A S = 3X10“’ 7 . We thus 
see that even in the case of polar molecules the dispersion effect 
is comparable with the orientation effect, while the polarisation 
effect may, apparently, be ignored in ali cases. 
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Van der Waals molecules. The negative sign of the potential of 
van der Waals forces (45.6) shows that all molecules mutually 
attract, irrespective of 4heir chemical nature. However, in the case 
of saturated molecules or molecules that are not capable of estab¬ 
lishing a chemical bond between themselves, chemical forces of 
repulsion are superposed on the van der Waals forces of attraction. 
For this reason, the mutual potential energy of these molecules may 
be represented to a first approximation as the sum of two terms: 

U = U-A (45.7) 

where U 0 is the potential of repulsive forces (U 0 ^>0). Computa¬ 
tions of U 0 for H and He atoms show that in this case it can 

approximately be represented by an expo¬ 
nential function of the form 

U 0 = Be“ Cr (45.8) 

where B and C are constants. Extending 
this expression to other atoms and mol¬ 
ecules, * we rewrite expression (45.7) 
in the form 

U = Be -Cr —A. (45.9) 

From (45.9) it follows that as a result 

of the superposition of the van der Waals 
force potential on the positive potential 
of repulsive forces, the ordinary repul¬ 
sion curve can have a shallow minimum 
which will account for a certain stability in the associated, or, 
as it may be called (after J.* Franck), van der Waals molecule. 
This type of potential-energy curve is shown in Fig. 118, which 
also gives the original repulsion curve and the curve of van der 
Waals potential (dashed). Differentiating U (45.9) with respect to r 
and equating the derivative to zero, we get an expression for 
determining the equilibrium distance r 0 between the atoms in a van 
der Waals molecule. Experimental and theoretical data show that 
r 0 is of the order of several Angstroms, which is several times 
greater than the equilibrium distance between atoms in ordinary 
molecules (see Sec. 48). Now the energy of dissociation of van der 
Waals molecules, which is equal to the distance of the minimum 
of the potential-energy curve from the axis r (Fig. 118), is usually 

* It may be noted that in addition to expression (45.8), U 0 is frequently 
represented as U 0 = B/r 12 or U 0 = B/r m , m > 6. 



Fig. 118. Potential-energy 
curve of van der Waals mol¬ 
ecule 
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measured in tens and hundreds, and sometimes even in thousands 
of cal/mol, which is from 100 to 1000 times less than the heats 
of dissociation of ordinary molecules. To illustrate we give the 
values of r 0 and the heats of dissociation D of van der Waals 
molecules of neon, argon, and krypton: 


Element 

Ne 

Ar 

Kr 

r 0 , A 

3.0 

3.8 

4.1 

D, cal/mol 

80 

240 

335 

dissociation of 

some 

van der 

Waals molecules have 


also been determined spectroscopically. Due to the low interaction 
energy of the atoms in diatomic van der Waals molecules, the energy 
levels of the latter differ but slightly fnjm the levels of the 
respective atoms. For instance, in the case of potassium, Kuhn 
found weak absorption lines, which he attributed to van der Waals 
K a molecules. These bands are located near the atomic absorption 
lines at a distance of several Angstroms. Unlike the quasi-molecule 
spectrum (see p. 318), the bands of van der Waals molecules exhibit a 
fine structure characteristic of stable molecules. Such bands are 
observed also in the case of the molecules Hg 2 , Cd 2 , Zn 2 , HeH, 
NeH, ArH, etc.; these bands are invariably associated with certain 
atomic lines, which is an indication of the proximity of the 
respective molecular and atomic energy levels. The 
heats of dissociation (determined from spectra) of the van der 
Waals molecules Hg 2 and Cd 2 came out to 1840 and 2000 cal/mol, 
respectively. 

We further point out the possibility of calculating the constant a 
in the van der Waals equation 

(p+^)(v-b) = RT 

on the basis of the van der Waals force potential. Such calcula¬ 
tions were first carried out by Slater and Kirkwood for Ne, Ar, Kr, 
Xe, H 2 , N 2 , 0 2 , and CH t . The results of their calculations are 
given in Table 43, which also gives the directly measured values 
of a for comparison. It will be seen that the calculated values are 
in satisfactory agreement with the measured values. 

Table 43 

Calculated and measured values of the van der Waals constant 
for certain gases (in erg cm 3 ) 


Gas 

Ne 

Ar 

Kr 

X* 

H s 

N, 

0 2 

CH t 

a X 10 -12 (calc) 
a X 10“ 12 (meas) 

0.37 
0.21 ; 

1.67 

1.29 

2.33 

2.07 

3.70 

3.86 

0.55 

0.20 

1.58 

1.34 

1.64 

1.49 

2,32 

2.28 
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It may also be noted that attempts were made to connect the * 
mutual influence of separate atomic groups in the molecule with 
their van der Waals attraction. 


Sec. 46. Dipole Moments of Molecules 


The presence of a permanent dipole moment in a molecule is the 
result either of a difference in electrical properties or of a certain 
asymmetry In the arrangement of the atoms in the molecule. All 
diatomic molecules consisting of different atoms have a dipole mo¬ 
ment, in contrast to the molecules N„ O z> Cl a , etc., the dipole 
moments of which are zero. The bent shape of the molecules, which 
upsets their symmetry, accounts for dipole moments in the mole¬ 
cules H a G, (CHj) 2 O t {CH a ) 3 S, etc. The asymmetrical arrangement of 
atoms in the linear molecule of nitrogen oxide NNO is likewise the 
cause of the finite value of its dipole moment. We thus have a 
direct relationship between the dipole moment of a molecule and 
its geometrical structure; hence the great importance of measuring 
dipole moments for determining molecular structure. 

Measuring dipole moments. The experimental determination of 
dipole moments has, until just recently, been based exclusively 
on measurements of molar polarisation and molar refraction, i.e., 
ultimately, on measurements of the dielectric constant and the index 
of refraction of the substance under study. 

In the case of a nonpolar gas (zero molecular dipole moment), 
molar polarisation is entirely due to molar polarisability in an 
electric field; polarisability is characterised by the polarisation 
coefficient a. Between a and the dielectric constant of the medium e 
there is a unique relationship expressed by the Clausius-Mossotti 
equation (44.2): * 


D e — 1 M 4jt M 
P -^ F 27 = X NAa > 


on the basis of which the coefficient a may be obtained from 
measurements of e. 

However, this equation does not suit the case of a polar gas 
because in addition to polarisation of molecules in an electric field 
we have to take into account the orientation of dipoles with respect 
to the field direction. Disregarding thermal motion, we will have, 
tor the molar polarisation contributed by each molecule, a magni¬ 
tude equal to its dipole moment p (plus the induced dipole moment 
due to polarisation of the molecule in an electric field). In reality, 
however, the thermal motion disorients the molecular dipoles that 
tend to align with the field. As a result we measure a certain 
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effective value of the dipole-moment projection of the molecules on 
the field direction. 

In the molecular theory of paramagnetism (Sec. 47), too, we 
shall encounter a similar phenomenon: the orienting action of the 
field and—its opposite —the disorienting action of thermal motion, 
in this theory classical concepts yield the following expression For 
the average projection of the magnetic moment of the molecule on 
the field direction: ji' = p*/3kT (for the field intensity H=l). 
Insofar as quantum effects are inessential for orientation of molecu¬ 
lar dipoles in an electric field, this expression may be applied in 
full to the case of dipoles; for this we rewrite it in the form 



where p' denotes the average value of the dipole-moment projection 
of the molecule on the direction of the electric- field. Substituting 
into (44.2) the sum p' + « in place of a, we get the following 
expression for the molar polarisation of a polar gas: 


P 


8 — 1 M 4ji M 

e - + 2i^T NA 



(46.2) 


This expression was first derived by Debye and is called the Debye 
equation. 

The Debye equation serves as the basis for one of the methods 
of determining dipole moments. By measuring the dielectric constant 
of a given substance at different temperatures, the results of these 
measurements (according to equation (46.2)) may be represented 

graphically as a straight line P = a (in coordinates P and 1/T). 

The magnitude ot the moment is determined from the angle of 
Inclination of this line to the axis 1/T, the tangent of which is 


p = 0.0127 Y b X 10 -18 absolute unit. (46.3) 

In the particular case of p=0, the dielectric constant (like the 
polarisation P) is independent of temperature; in this case, the 
straight line P = a is parallel to the abscissa axis. Dipole moments 
are customarily expressed in debyes, 1 debye=10" 18 absolute unit. 

The accuracy of measurement of the dipole moment by means 
of the foregoing method is determined by the precision with which 

the angle of inclination of the straight line P = a-|-^ is found. 

Whence it follows that to obtain accurate results it is necessary to 
perform the measurements in a sufficiently broad temperature inter- 
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val; in a number of cases this involves considerable experimental 
difficulties. Besides^, temperature variations may involve changes 
in the substance under study (processes of dissociation and associa¬ 
tion, etc.) which distort the measurement results. For this reason, 
one often resorts to another method that permits measuring the 
dipole moment at a constant temperature. It consists in the simul¬ 
taneous measurement of molar polarisation and molar refraction 
expressed by the Lorents-Lorenz relation (44.3): 


R 


r 2 — 1 M 
r 2 + 2 q 


4jt 

IT 


Na<*. 


From (46.2) and (44.3) it follows that 

P 
or 


R _4n Na j 
K — 9 kl P 


p = 0.0127]/(P —R)TX 10" 18 absolute unit. 


(46.4) 


Thus, by measuring the index of refraction of the given substance 
and its dielectric constant for a certain (constant) temperature, we 
find the appropriate values of molar refraction and molar polarisa¬ 
tion, substitution of which into (46.4) gives p. 

In addition to the above-considered two methods, a new experi¬ 
mental method has in recent years been successfully employed to 
determine dipole moments; it is based on measurements of micro- 
wave radio-frequency spectra, which ordinarily are rotational (less 
frequently rotation-vibrational) spectra. In an electric field, the 
individual rotational lines are displaced relative to their position 
in the spectrum in the absence of an electric field because of 
displacement and splitting of the energy levels of the molecule, 
and there appear new linfis associated with transitions between 
components of electrical splitting of the rotational levels. In this 
process, the frequencies of lines observed in the presence of an 
electric field are dependent upon the field intensity and the electric 
moment of the molecule. Frequency measurements of the microwave 
spectra of molecules in an electric field as a function of the field 
intensity enable us to determine dipole moments. 

The advantages of the microwave method over other methods of 
measuring dipole moments are its high accuracy and sensitivity, 
which makes measurements possible with small quantities of material. 
The latter is especially significant in the case of low-volatile 
substances whose dipole moments either could not at all be deter¬ 
mined by the old methods (because it was impossible to measure 
the dielectric constant and index of refraction of these substances 
due to the low vapour pressure) or could be measured only in 
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a solution, which frequently entails errors caused by interaction 
of the molecules of the substance under study with the solvent. 
This interaction distorted the dipole moment. It may be noted 
that the microwave method (in a modification of it consisting of 
measurements in a molecular beam and closely resembling the 
magneto-resonance method, see p. 225) was used to measure the 
dipole moments of the molecules of such low-volatile substances 
as the halogen salts of alkaline elements (see Table 27, p. 282). 

All the foregoing methods of determining dipole moments yield 
the moment of the molecule as a whole. Yet of particular interest 
in clarifying the various peculiarities of molecular structure— 
distribution of electron density in the molecule, the character of 
intramolecular bonds, the mutual interaction of the atoms, and the 
reactivity of the molecule—are the dipole moments of individual 
bonds in the molecule. In certain cases the latter may be evaluated 
on the basis of a vector dipole model of the molecule (see below). 
This evaluation, however, is extremely crude. 

An experimental method for determining the dipole moments 
of intramolecular bonds has been proposed by Mecke (already men¬ 
tioned on p. 369); it consists in measuring the intensities of infrared 
vibrational spectra. According to quantum mechanics, the intensity 
of the absorption band that corresponds to the transition v—*v' 
(v and v' are vibrational quantum numbers) is determined by the 
square of the respective quasi-moment M VV ' (see p. 387) which may 
be expressed as follows: 


|M 


3hc 


w' 


8jt 2 v 


Mv = 


I ^ tvP'IV 


dr I 


$ 1 4vl 2 dr £ |t v ' i 2dr 


(46.5) 


Here, Jp v dv is the area of the absorption band (p v is the absorp¬ 
tion coefficient and v is the frequency), i|) v (r) and i|v (r) are wave 
functions that correspond to the combining vibrational states of the 
molecule, and p is the electric moment of the chemical bond 
whose valence vibrations give rise to the given absorption band. It 
is thus fundamentally possible to determine the electric moment 
of the bonds from the experimentally measured area of the appro¬ 
priate absorption band, on the condition that we know the wave 
functions i|) v (r) and i|v (r) and the variation of the dipole transi¬ 
tion moment versus the interatomic distance r, i.e., the form of the 
function p(r). 

The wave functions can be found by solving the wave equation 
for normal vibrations of the molecule. The question of the depend¬ 
ence of p upon r requires special investigation and at the present 
stage of development of quantum chemistry can, apparently, be 
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solved only semi-empirically, i.e., by correlating the computed 
values of the dipole moment (on the assumption of a certain p-r 
relationship) with t(je directly measured values of the moments of 
the simplest molecules (including diatomic). The presently available 
experimental data are insufficient to decide on the fitness of such 

an assumption and on the possibility of representing the p (r) rela¬ 

tion in various molecules by means of a function of some one 
type. We may note that Mecke, in development of this view, 

recently proposed an empirical formula that represents the dipole 
transition moment as a sum of the ionic, polar, and inductive 
components. 

From measurements of intensities in the infrared spectra of HCI, 
H 2 0, and CHC1,, Mecke calculated the values of the dipole mo¬ 
ments of the bonds Cl—H, O—H, and C— H. In this way, a number 

of workers have also determined the moments of the C —F and 
Si—F bonds in CF t and SiFj, respectively, the moments of C—H 
and C—D bonds in C S H, ami in CjDj, and others. 

A vector dipole model of a molecule.* Table 44 gives the 

measurements of the dipole moments of a number of simple mole¬ 
cules, and can serve as a ba¬ 
sis for certain definite conclu¬ 
sions regarding the structure of 
these molecules. For instance, 
by comparing the dipole mo¬ 
ments of type AB 2 triatomic 

'molecules we conclude that 

the molecules H 2 0, H 2 S, S0 2 
are triangular, in contradistinc¬ 
tion to the molecules C0 2 
and CS 2 , to which we should 
assign a linear structure due 

to p = 0. This is in complete 
agreement with all other data 
relating to these molecules. 
Further, the presence of a di¬ 
pole moment different from zero 
m the case of the molecules NIT,, PH„ AsH a , and <C 2 H ) S N ex¬ 
cludes a planar structure and compels us to assign to them the 
structure of a trihedral pyramid. The fact that CH, and CC1 have 
zero dipole moments is equally compatible with a symmetrical planar 
structure and with a tetrahedral structure. However, the entire 
assemblage of data referring primarily to the optical and electrical 


Table 44 


Molecular dipole moments (in debyes) 


Mole rule 

p 

Molecule 

p 

h 2 0 

1.84 

co 2 

0 

HjS 

0.93 

cs 2 

0 

so 2 

1.61 

CH t 

0 

nh 3 

1.46 

ecu 

0 

PH s 

0,55 

PCI, 

0 

AsH 3 

0.16 

C 2 H„ . 

0 

(c 2 h 5 ) 3 n 

0.83 

c 2 h 4 

0 

(CH,),0 

1.30 

c 2 h 2 

0 

(CH 3 ) 2 CO 

2.73 

C.H. 

0 

I 


The theory given here is simplified; it does not take into account, for 
instance, the atomic dipole moments (see p. 462). 
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properties of the CH 4 and CC1 4 molecules is in favour of a tetra¬ 
hedral structure. Further, the C 6 H 6 molecule is symmetrically planar 
and the C 2 H 6 , C 2 H 4 , and C 2 H 2 molecules are symmetrical, and the 
latter one is linear. Since the dipole moment of (CH a ) 2 0 is different 
from zero, we must assign to it a triangular structure. The fact that 
the dipole moment of (CH 3 ) 2 CO is different from zero and also the 
fact of directed carbon valences compel us to assign to it the 
structure 

H a C x 

c=o, 



It is interesting to note that unlike PC1 S the dipole moment 
of BrF 5 is not zero but 1.51 debyes. Whence we can conclude that 
the BrF 5 molecule has the shape of a square prism, whereas PC1 0 
is a symmetrical trigonal bipyramid. A study of isotope exchange 
between PC1 B and Cl a shows that of the five chlorine atoms in PC1 6 
three are most readily exchangeable. In the molecule, these three 
occupy an equatorial position. We thus see that the five P—Cl 
bonds in PCI fl are not equivalent* 

As has already been pointed oul T all diatomic molecules con¬ 
sisting of different atoms are polar, i.e., they have a finite dipole 
moment. Such, for example, are NO (0.16), CO (0.11), HCI (1.04), 
HBr (0.79), HI (0.38), ICI (0.50), OH (1.54 debyes), etc* This 
compels us to assign a definite moment to each pair of directly 
hound atoms in a molecule or to each intramolecular bond, on the 
condition that the atoms are different or are in different valence 
states. The zero dipole moment of many symmetric polyatomic 
molecules is due to the mutual compensation of the moments of 
individual bonds. 

To illustrate, let us consider the CH 4 molecule. Undoubtedly, 
each of the four C—H bonds of this molecule has a certain dipole 
moment different from zero. However, due to the symmetrical tetra¬ 
hedral structure of the methane molecule, the moments of the indi¬ 
vidual bonds are mutually compensated, indeed, if the moments of 
ihe C— H (P) bonds are directed along these bunds, as is shown in 
Pig. 119, we get, for the sum of the projections of the three 
moments on the direction of the fourth, 3P cos (HCH) = P (because 
cos ( HCH) = cos 109°28 ' = 1 / 3), T h us, the th ree momen ts of t he 
C—H bond in the CH 4 molecule are completely compensated for 
by the fourth. 

* An approximate quantum-mechanical calculation gives 1.97 debyes for the 
dipole moment of the CH molecule (radical). From this calculation it also follows 
that the 2 II state (near which is the 4 2 state) is the ground state of CH. 
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If we replace one of the H atoms in the CH 4 molecule with 
some other univalent atom or radical, for instance, the Cl atom; 
we violate the internal compensation of moments of bonds, and the 
molecule as a whole (the CH 3 C1 molecule in the given instance) 

will acquire a finite dipole moment, 
obviously equal to the geometrical sum 
of moments of the individual bonds. 

The vector concept of the moments 
of bonds, or the vector dipole model 
of a molecule , which was first intro¬ 
duced by J. J. Thomson, is very im¬ 
portant in elucidating the structural 
peculiarities of molecules. 

Measurements of the dipole moments 
of different molecules permit of the con¬ 
clusion that in a large number of mol¬ 
ecules the dipole moments correspond¬ 
ing to the bond of a given pair of atoms remain approximately 

unchanged. For example, if on the basis of the vector model 
we represent the dipole moment of the water molecule as 

2P 0 h cosy (HOH) = 2P 0 h cos52°30', where P 0 h is the moment 

of the O—H bond, we find P 0 h = 1.51 debyes. Further, from 

the dipole moment of dimethyl ester (1.30 debyes), which we rep¬ 
resent as 2 Poch 3 cos y (H a COCH 3 ) = 2 P OC h ;i cos 55°30\ we get 

Poch 3 — 1-15 debyes. Taking advantage of these values of the mo¬ 
ments of P oh and Poch, we can find the dipole moment of the 
methyl alcohol molecule CH s OH. Calculating the latter as the sum 

Poh cos -T (HOCH s ) -j-PocH a ,cos T (HOCH s ) = (1.51 —1.15) cos 54°, 

we get 1.57 debyes in place of the directly measured 1.67 debyes. 

A comparison of the dipole moments of different alcohols shows 
that the difference in dipole moments of the C — C n H 2n+I bonds is 
not significant. Indeed, from Table 45, which gives the values of 
the dipole moments of a number of normal alcohols, it is seen 
that despite the great diversity of alky] radicals R = C„H 2n+ ,, the 
dipole moments of homologous alcohols differ but slightly from one 
another, ranging between 1.60 and 1.70 debyes. A comparison of 
the dipole moments of the compounds of other classes leads to an 
analogous conclusion. For example, the dipole moments of ketones 
of various structure exhibit a surprising constancy which again 
provides evidence for the small difference in dipole moments of 
C — C n H in+ i bonds. 



Fig. 119 . Vector dipole model 
of CH 4 molecule 


See. 
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Table 45 


Dipole moments of alcohols (in debyes) 


Alcohol 

P 

Alcohol 

p 

Methyl CH.OH 

1.66 

Octyl C 8 H I7 OH 

1.62 

Ethyl CjH s OH 

1.70 

Nonyl C 9 H 19 OH 

1.60 

Propyl CjH,OH 

1.66 

Decyl C 10 H 21 OH 

1.63 

Butyl C„H a OH 

1.66 

Undecyl C n H 23 OH 

1.66 

Hexyl C,H 1( OH 

1.64 

Duodecyl C 12 H 23 OH 

1.62 


Let us now consider the dipole moments of the ortho-, meta-, 
and para-dichlorobenzene. Their structural formulas and measured 
values of dipole moments are: 

ortho meta para 



Cl 

2.27 1.48 0 


Expressing the dipole moment of chlorobenzene C 6 H 6 C1 as the 
sum Pqh.ci — Pc-ci +Pc-u, where Pc-ci and Pc-h are, respec¬ 
tively, the dipole moments of C—Cl and C—H bonds in the C 6 H 5 C1 
molecule, and calculating the dipole moments of the three dichloro¬ 
benzenes from their vector models, we obtain: P orltio = 2 (P c _ci — 
“b Pc - h) COS 30°, Pmeta = 2 (Pc - Cl Pc - h) COS 60°, and Ppara = 
= 2 (Pc- ci Pc-h) cos 90°. Introducing the experimental values of 

the C 6 H 5 C1 moment, Pc-ci +Pc-h = 1.55 debyes, cos30° = -y^, 

cos60° = —L and cos90° = 0, we get P orlho = 2.68, P me ta = 1 -55, 

and Ppa r a debyes. Comparing these with the observed values we 
see satisfactory agreement with experiment. One cannot expect 
exact quantitative agreement (with experiment) of the results of 
such calculation because the Cl atoms that replace the H atoms in 
the benzene ring deform the hydrocarbon core. The magnitude of 
this deformation is determined both by the properties of the latter 
and by the electrical properties of the substituting atom. In addi¬ 
tion, due to the interaction of the substituting atoms themselves, 
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particularly in the ortho form where these atoms are closer together, 
the angle between the respective bonds cannot be considered as 
exactly equal to 6Cf°. However, the possibility of an approximate 
calculation of the dipole moments of complex molecules on the 
basis of their vector models shows that in most cases these effects 
are comparatively slight. 

Let us also consider the following examples. Below we give the 
values of the dipole moments and the positions of the substituting 
atoms or groups for the following derivatives of benzene: 


Bromobenzene 

Br 


\ .. 

1.52 


Aniline 

NH, 


Nitrobenzene 

NO, 


3.96 


Parabromonitrobenzene 

NO, 


Br 

2.60 

Parabromoaniline 

NH, 


/ \ 

\ / 

1.53 


/\ 


\/ 

Br 

2.91 


Expressing the dipole moments of the three monosubstituted 
compounds of benzene as the corresponding sum Pc„H s ar = Pc-Br— 
-f- Pc - H. Pc a HsNOi — Pc -- NO; + ^C - H , and Pc„HsN H 3 = Pc - NH, -f~ 
-j-Pc-H, from the two first sums we obtain for the dipole moment 
of parabromonitrobenzene: PNo^H^r^Pc-No, + Pc-h — Pc-u r — 
— Pc-h= 3 96—1.52=2.44 debyes. This value is in lair agree¬ 
ment with the measured value, 2.60 debyes. Similar calculation of the 
parabromoaniline dipole moment gives PNH 2 c 0 H 4 Br = 1-53—1.52=0.01 
whereas the experimental value is 2.91 debyes. It seems possible 
to eliminate this discrepancy by assuming that the Pc-h moments 
in C 6 H 5 Br and C 6 H 5 NH 2 , as well as the Pc-nh 2 and Pc-Br mo¬ 
ments for parabromoaniline, have different signs, whence it follows, 
in good agreement with experiment, that PNH 2 c 0 H 4 Br = Pc s h 5 nh 2 4- 


Sec. 46] 


DIPOLE MOMENTS OF MOLECULES 


461 


-|~ Pc„Hr.Br = Pc-NHj - Pc - H + Pc - Br + ?C - H = 1-53 1.52—= 

= 3.05 debyes. 

The vector dipole model of a molecule is again useful in explain¬ 
ing the peculiarities of the electrical properties of substances that 
have isomeric cis and trans forms. Such, for instance, are the 
disubstituted derivatives of ethylene, an example of which is 

H .Cl 

dichloroethylene. In the trans form )C = C^ the moments of 


the individual bonds are mutually compensated, as a result of which 
the dipole moment of the molecule is zero. In the cis form 
H x M 

X C=CC this'compensation is absent, and the molecule gets 
CK X C1 

a finite dipole moment. The dipole moments are thus a sensitive 
criterion for determining the structure of a given isomer and for 
distinguishing individual isomers. In the foregoing case of dichlo¬ 
roethylene we have the moments 1.80 and 0 for the cis and trans 
forms. The third isomer, asymmetric dichloroethylene, with the 
H, /Cl . 

structure )C = C<( very sharply differs from the first two, 

H X X Cl 


having a dipole moment of 1.18 debyes. 

Calculations of dipole moments on the basis of the vector dipole 
model of the molecule show that in some cases the calculated 
results are close to the observed values, while in other cases the 
discrepancies are rather considerable. The cause may be sought in 
the mutual influence of atoms or atomic groups, which influence 
distorts the total moment and may be due both to changes in the 
valence angles and to the mutual polarisation of polar groups and 
of the hydrocarbon core. An instance of a molecule where a sub¬ 
stantial discrepancy between the calculated and measured moment 
should be due mainly to the effect of secondary polarisation is that 
of paranitroaniline N0 2 C 6 H 4 NH 2 . Computing the dipole moment of 
this molecule as the sum of moments corresponding to the bonds 
0 2 N—C and H 2 N—C, we get 3.96+1.53 = 5.49 debyes, whereas 
measurements yield 6.2 debyes. Despite the para position of the 
N0 2 and NH 2 groups (when both substituted groups are at greatest 
separation), the discrepancy between the calculated and measured 
values of the moment is rather great; this may be due to the strong 
inductive effect of the substituting groups. Experiment shows that 
this influence is particularly great when the substituting groups have 
radically different electrical properties (this likewise occurs in the 
case of N0 2 and NH 2 ) and also when the polarisabilities of these 
groups are great. 
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Moreover, it has recently been demonstrated that very often the 
main part of the electric dipole moment is due (as, for instance, in the 
molecules H 2 0 and /NH S ) to unshared pairs of electrons of the 
component atoms of the molecule (atomic dipole moments). This 
still more limits the possibility of assigning definite dipole moments 
to individual bonds in the molecules of different compounds. In 
general, investigation into the role of atomic dipole moments has 
led to a complete revision of all the material on dipole moments 
of bonds and has actually made it impossible to construct a quan¬ 
titative vector model of molecules without account of atomic dipole 
moments. 

Especially big changes in the dipole moments are observed in 
the formation of certain molecular complexes. For example, the 
complexes of tin tetrachloride SnCl 4 -(C 2 H,.) 2 0 and SnCl*-C,H,CN 
have dipole moments of 3.6 and 6.7 debyes, whereas the dipole 
moments of (C 2 H s ) 2 0, C a H s CN, and SnCl 4 are 1.1, 3.9, and 0 debyes, 
respectively. Similarly, the complexes of aluminium trichloride 
A1C1,-(CjHjtjO, AlClj •C,H s NH i , and AlCI,-C jHjjNOj have dipole 
moments 6.7, 6.9, and 9.3 debyes, and the dipole moments of 
C S H 3 NH 2 , C u H 5 N0 2 , and A1C1, are 1.5, 3.9, and 0 debyes. Here, 
the changes in the dipole moments can no longer be accounted 
tor by simple deformation of molecules and are a reliable indica¬ 
tion of chemical bonds between the molecules forming the given 
complex. 

Summarising the foregoing with respect to vector addition of 
dipole moments of individual bonds in molecules, we can state 
that the vector model method is not always reliable quantitatively. 
However, as a qualitative method it is very important, for it sim¬ 
plifies orientation in the experimental material and systematisation. 
It also helps to clarify the structural peculiarities of molecules 
precisely in those cases whan there is a very great discrepancy 

between the calculated and measured values. 

Dipole moments and free rotation of polar groups. A substan¬ 

tial supplement to the static molecular vector model is the concept 
of free rotation of the component polar groups that are connected 
with the remainder of the molecule by simple valence linkage. To 
illustrate this type of molecule we take the simplest case, H 2 0 2 , 
hydrogen peroxide. One of the most probable structures of this 

molecule is that of a trapezium (Fig. 120a), which in free rotation 
passes into the shape depicted in Fig. 120b. 

Given free rotation, the dipole moment of H 2 0 2 may be calculat¬ 
ed as follows. Designating the moment of the O—H bond by p 
and the angle that it forms with the axis of the molecule 

(—O—0—) by ft, we will have, for the momentary value of the 
moment of the molecule, 2p sin dcos <p/2, where tp is the angle 
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between the planes —O—O—H. In the case of free rotation, all 
values of angle <p are equally probable, whence for the average 
square of the effective moment of the molecule we get 

2 tc 

P 2 ®**^ J ( 2 P sin ^ cos tt) d( P = 2 P 2 sin 2 ft. 

0 

that is, 

P = V2 p sin ft. (46.6) 

Assuming the moment of the O—H (p) bond in the H 2 0 2 mole¬ 
cule to be equal to that which we calculated earlier (p. 458) for 
this bond in the H 2 0 molecule, p=»t.51 debyes, and the angle 

h H 


0 0 
a) 

Fig. 120. Two forms of H 2 0 2 molecule 

between the bonds —O—O— and O—H equal to the valence 
angle in H s O, /_ (HOH)= 105°. we get 2.06 debyes from (46.6) 
for the dipole moment of the hydrogen peroxide molecule, whereas 
the measured value of this quantity is 2.26 debyes. The satisfac¬ 
tory agreement of both values is a weighty argument in favour of 
the accepted structure of the H 2 Q S molecule. 

Like the H s 0 2 molecule, nonzero dipole moments are found in 
the parasubstitutes of benzene in which the dipole moments of* 
the substituting groups form a certain nonzero angle (due to direct¬ 
ed valence) with the axis of the benzene nucleus (such groups are 
called irregular in contrast to regular groups, the moments of 
which are parallel to the axis of the nucleus). Such molecules, for 
instance, are those of hydroquinone HOC.H/JH (P = 2.47 debyes) 
and para- diami nobenzene H 2 NC 0 H 4 NH 2 (P = 1.55 debyes). But 

the dipole moment oF the disubstitutes of benzene with regular 
substituents, for example, paraxylene H 3 CC 9 H 4 CH 31 paradinitro- 
benzene 0 2 NC s H 4 N0 2 , paradichlorobenzene C1C S H 4 C1, is zero. 

Let us now consider molecules of the X11 2 C — CH 2 X typo 
which can exist in two isomeric forms, cis and trans; in the cis 
fortn the C-—X bonds form an angle of 180 Q 00' — 109“30’— 70°30' 
lor strictly tetrahedraliy directed valences of the C atom, while 
in the trans form both bonds lie in the same plane forming an 
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angle of 180°. For this reason, the cis form should have a finite 
dipole moment, whereas this moment in the trans form should be 
zero. In the case ot free rotation of CH 2 X groups about the C —C 
bond (axis of the molecule) one form is constantly passing into 

the other, and the difference between the two isomers is actually 
obliterated. 

The dipole moment of a molecule of this type (if there is free 
rotation) is expressed by equation (46.6). Assuming that it is 
determined by the moments of the C—X bond, we will have, 
for the cis form, 

P = 2p sin tt cos 30° = l/~3 p sin 0. 

Substituting • into this formula and into (46.6) p= 1.5 
(X=C1) and fl = 70°30\ we find for the cis form P = 2.45 de- 
byes and for the freely rotating form P = 2,00 debyes, whereas 

the measured dipole moment of the l f 2-C 2 H,CI E molecule turns 
out slightly in excess of I deb ye, i.e. f considerably less than the 
calculated values, To account for this discrepancy (on the assump¬ 
tion that the formulas used foi P are sufficiently accurate) we 
have to assume that at room temperature (at which the measured 
value of the dipole moment of dichloroethane was obtained) there 
is no free rotation and we have a combination of cis and trans 
forms. This assumption is confirmed by the observed temperature 
dependence of the dipole moment: for a rise of temperature from 305° 
to 554°K the measurements yield an increase from 1.12 to 1.54 
debyes, The fact that the temperature coefficient is positive indicates 
that the nonpolar trans form has less energy than the cis form 

and the freely rotating form, as a result of which the equilibrium 

is displaced towards the latter when we have a rise in temperature. 

The difficulty of free rotation, which is established on the basis 
of the temperature depen (fence of the dipole moment of dichloro¬ 
ethane, is due to the fact that (as in all similar cases as well) two 
(or more) isomeric modifications are separated by an energy poten¬ 
tial barrier. For'a sufficiently high barrier the molecule in each 
state (for instance, cis or trans) can perform only torsional oscilla¬ 
tions about the equilibrium position, the amplitude of which in¬ 
creases with the temperature. With increasing temperature, these os¬ 
cillations pass into free rotation; from calculations by Meyer it 
follows that the latter is practically realised on the condition 

AU<^kT (AU is the barrier height). 

The temperature dependence of the dipole moment has also been 
established in the case of dibromoelhane BrH 2 C — CH 2 Br, chloro- 
bromoethane CIH 2 C — CH^Br, diacetyl H 3 COC —COCH 3 , etc. In a 
number of cases, on the basis of an approximate coincidence of 
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calculated (on the assumption of free rotation) and measured dipole 
moments we can draw the conclusion that there is free rotation 
for individual substituting groups even at room temperature. Such, 
for instance, are the groups OH, CH 3 , NH 2 in the disubstituted 
derivatives of benzene. In a number of cases, free rotation has 
also been established on the basis of measurements of heat capacity, 
the Kerr constant, and electrono- and roentgenographic studies. 

47. Magnetic Properties of Molecules 

Diamagnetism. The magnetic moment of an atom or molecule 
is equal to the geometrical sum of the moments of all electrons in 
the atom or molecule. In a particular case, as the result of mutual 
compensation of the components of moments, the total moment of 
the atom or molecule may be equal to zero; this, obviously, occurs 
in the case of atoms in the *S state, and molecules in the Estate. 
A gas consisting of such atoms or molecules will be diamagnetic. 
Such are the inert gases He, Ne, Ar, Kr, and Xe, and also H 2 , 
N 2 , CO, H 2 0, C0 2 , CH 4I C fl H e , and many other gases. Otherwise, 
that is, if the atoms or molecules have a magnetic moment, the 
gas is paramagnetic. 

Diamagnetic bodies have negative magnetic susceptibility; this 
is seen in the repulsion experienced by diamagnetics when intro¬ 
duced into a magnetic field. A pictorial interpretation of the dia¬ 
magnetic properties of gases may be obtained by the Bohr theory. 

From the standpoint of mechanics an electron revolving in orbit 
is like a top. The stability of a top whose axis of rotation forms 
a certain angle with the vertical (direction of the force of gravity) 
is due to the precessional motion of the top’s axis about the ver¬ 
tical. The electron orbit follows the same precessional motion about 
the direction of a magnetic field due to magnetic forces (Larrnor 
precession). Given orbital precession, an electron will experience, in 
addition to a magnetic force 

f H — e [v X H] =evH sin (v, H) 

(v is the electron orbital velocity, H is the magnetic field inten¬ 
sity), the direction of which is perpendicular to the plane v, H, 
also a Coriolis force 

f Cor = 2m [v X oj — 2mvo sin (v, 0 ) 

(0 is the angular velocity of precession). Since vector o is parallel 
to vector H, the forces fH and f Co r are also parallel. Besides these 
two forces, the electron experiences an additional centrifugal force 
proportional to o 2 . However, since the angular velocity of the 
electron co is much greater than that of precession (in ordinary 
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magnetic fields), the centrifugal force may be disregarded in com- v 
parison with the first two forces. The equilibrium condition of 
these forces, which 'is the condition of stability of motion, has the 
form f = f H + fcor = 0, whence for the angular velocity of preces¬ 
sion we have 


1 e TJ 

o = H. 

2 m 


(47.1) 


The Larmor precession gives rise to an induced magnetic moment 
that may be calculated in the same way as we earlier (p. 162) calcu¬ 
lated the orbital magnetic moment. Representing a current equiva¬ 
lent to a precessing orbit in the form i = eo/2n and the area over 
which this current flows, in the form S = jtr /2 , where r' is the pro¬ 
jection of the mean orbital radius on the plane perpendicular to 
the field direction, we get the following expression for the sought- 
for induced moment Afx: 

Ap = iS = ^r'* = -gV. (47.2) 


Accordingly, for the atom or molecule with N electrons we have 


— 


e^H N 
4m 


(47.3) 


Assuming that all orientations of the orbit to the field direction 
are equally probable, it can be readily shown that r' 2 is connected 
with the mean square of the orbital radius r 2 by the relation 

2 2 

r'"=-^-r\ whence it follows that 

e 2 H N 

Ap*=—ri. (47.4) 

, Ul11 1 = 1 


In the case of atoms and molecules with compensated electron 
moments, Afr obviously expresses at the same time also the total 
magnetic moment. In this case, multiplying Aju by the Avogadro 
number Na and dividing by H, we get the following expression 
for the molecular susceptibility %: 


X 


e 2 N A 

6m 


2* 


(47.5) 


The negative value of magnetic susceptibility points to a diamag¬ 
netic effect. Further, in accordance with the empirical regularities 
established by P. Curie, it follows from expression (47.5) that the 
diamagnetic susceptibility is independent of the temperature and 
also (to the extent that the sum 2r? retains its value) of the ag- 
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gregate state of the substance. It may be added that 2r? ordinarily 
turns out but slightly dependent on the chemical transformations 
experienced by the atoms. 

As follows from the foregoing reasoning, the magnitude and sign 
of the induced moment are independent of the presence or absence 
of a permanent moment in the molecule. The diamagnetic effect is, 
therefore, equally peculiar to dia- and paramagnetic gases. However, 
for the latter it plays a comparatively secondary part, giving way 
to the much stronger paramagnetic effect. 

Paramagnetism. Underlying modern views on the nature of para¬ 
magnetism is the classical theory of Langevin, which treats the 
paramagnetic effect as the result of a simultaneous orienting action 
of the field and a disorienting action of molecular thermal motion. 
Designating the permanent magnetic moment of a molecule by p, 
we will have, for the equilibrium number of molecules, the magnet¬ 
ic axes of which form the angle d± ^ with the field direction, 

(jiH cos ft 

dn==2nNe kT sin Odd 


where pH cos d is the magnetic energy of the molecule. Calculating 
the average value of the projection of moment on the field direction 
p' (on the assumption that all angles are equally possible) from the 
equation 


\ jx cos fttin 



* p.H cos ft 

J e kT cos ft sin ft du 
0 


* P H c os J) 

l e kT sin ftdft 


o 


which, for pH<^kT (this is practically always the case), reduces to 

it 

^cos 2 ftsin ftdft 


— iA z H o 

M- k T 


s 


M- H- 2 

= ^ F cos 2 
kl 


(47.6) 


sin ftdft 


(47.7) 


we find _ 

p' ___ pH 
p 3kT’ 

Multiplying p 7 by the Avogadro number and dividing by H, we 
obtain for the molecular paramagnetic susceptibility 

_{CNa__C 
X 3kT T ' 


(47.8) 
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Equation (47.8) expresses the well-known Curie law, according to 
which the magnetic susceptibility of a paramagnetic gas is - in¬ 
versely proportional to its absolute temperature. 

A weak point in the classical theory of paramagnetism is the as¬ 
sumption of equal possibility of all angles 0. in reality, however, 
due to the space quantisation of atomic (molecular) elementary 
magnets in a magnetic field, the projections of the magnetic mo¬ 
ment of molecules on the field direction take on discrete values 
that correspond to definite discrete values of the angle 0. 

In accord with this quantisation of angle 0, and, consequently, 
of cos there should also be a change in the average value of 
because cos 2 § in expression (47.6) will no longer be equal to 1/3. 
Inasmuch as the projection of (he magnetic moment on the field 
direction in the Bohr theory is expressed by the formula p' = p B m, 
(Mb is the Bohr magneton), and the quantum number m, f takes on 

the values 0, ±1. ±(n?—1), ±n ¥ , i.e., a total of 2n rr —(— 1 

values (n ¥ is the Bohr azimuthal quantum number), by calculating 
the average value of cos 2 tt from the formula 


cos 2 ft - 


-L«<p 


(2n ? + I)n* " 


m„ = - 


2(H + 2 2 +...+n 2 ) 


(2n ? +l)n 2 


_ 1 ~t~ n iQ 

3n„ 


and substituting it into equality (47.6), we get 

l_+n 9 pH 
p n, f 3kT 

whence, due to p^pBn.^ we find 

- 7 = n^+l)^H. (47.9) 


Accordingly, for' the magnetic susceptibility we 
(47.8), 


P Ha _n 9 (n<p -f- 1) 

■H ^ 3kT 



get, 


in place of 
(47.10) 


We further reiine tiie theory by calculating the average projection 
of the magnetic moment on the direction of the magnetic field on 
the basis of quantum mechanics. Proceeding from the quantum-me¬ 
chanical expression of p' = gmp B (30.3), for the square of j? that 
enters into expression (47.6), which we rewrite as 
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we obtain 


and, hence, 


_p 2 ii, 2 _ — j 


— a-,- J g 2 J (J + 1) „2 

P = g(A B2j T T = — 3 - 


~ _g 2 J(J+l).._2 H 

[X — 3kT 


Whence for the paramagnetic susceptibility x we find 
1 


yN A 


g y B NA j (j i i), 
H 3kT 1 


(47.11) 

(47.12) 


This expression is in excellent agreement with experiment. 

Comparing expressions (47.12) and (47.10), we can readily dem¬ 
onstrate that for large n^ (because of n 9 = /-[-l and J =/± 

(47.10) passes, into the exact expression (47.12). 

Let us examine in more detail the paramagnetic susceptibility 
of molecules. The quantum states of the latter, if they belong to 
Hund’s cases a and b (see p. 327) to which we will confine ourselves 
here, are defined by the quantum numbers A and 2 (or S). The 
simplest case is the term *2, which corresponds to the ground state 
of a large number of molecules. Here, since A = 0 and S = 0, the 
magnetic moment is zero, as a result of which all molecules in the 
3 2 state are diamagnetic. 

The spin in molecules in states 2 2, 8 2, .. , , imparts paramagnet¬ 
ic properties. Such, for example, are the molecules 0 2 and S 2 , the 
principal term of which is 3 2. For the projection of the magnetic 
moment of the molecule on the field direction in the case of mole¬ 
cules in 2-states, we have fx' = 2mu B , where m takes on the values 
m= ±S, ±(S— 1), ... In the case of molecules 0 2 and S 2 , S = 1 
( 3 2) and the maximum projection is 2 jxb, Studies of the Stern-Ger- 
lach effect in 0 2 and S 2 yield experimental confirmation of this 
conclusion. 

Measurements of the paramagnetic susceptibility of oxygen lead 
to the same coincidence of theory and experiment. To calculate this 
susceptibility in the case of molecular 2-terms, we can make use of 
(47.12), putting J=^S=1 and g = 2. In this way we get the for¬ 
mula y = _^Na, from which for the specific susceptibility of oxy- 
A 3kT 

gen (susceptibility of 1 cm’ of gas) at 760 mm Hg and 20°C, we 
get 0.142 X 10 _6 > whereas measurements under the same conditions 

yield (0.1447 to 0.1434)X 10' s - 

In the general case of a molecular term with nonzero A and b 
the projection of magnetic moment of the molecule on the field 
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direction is expressed by the formula 

p' — (22A) cos ft (47.13) 

where ft is the angle formed by the axis of the molecule with the 

direction of the magnetic field H. The average value of u' in this 
case is 

tp = ^b(2^ + A) 2 pj 

3kT 


whence for the molecular paramagnetic susceptibility we find 


(2^ + A) 2 
akT 


Na. 


(47.14) 


Strictly speaking, this equation is applicable to terms for which 
strong interaction (S, A) is characteristic. And since the latter de¬ 
termines also the magnitude of multiple splitting of a term (natu¬ 
ral splitting), we can take the following inequality for the criterion 
of applicability of (47.14): 

hAv 0 >kT 

where Av a is the w r idth of the multiple!. 

But when hAv 0 <^kT, i.e., when the interaction energy between 
the spin and the A vector is small compared with the mean thermal 
energy, the spin, to a first approximation, may be regarded as a 
free vector. In this case, we obtain the magnetic susceptibility as 
the sum of the expressions 

4riS(S+l) ^ 


and (47.14), putting 2 = 0 in the latter, i.e., 

pD • 

X — 3pj[4S(S-|- 1) -\- A 2 ]Na. (47.15) 


All the foregoing cases have referred to isolated molecular terms. 
Yet there may be cases when another term with different magnetic 
properties is adjacent to the given term. Such, for instance, is the 
case of the NO molecule, the principal term of which is *11, Here, 
the magnetic susceptibility is determined by the components “IL., 
and of term *11, which possesses different magnetic properties; 
moreover, due to different population of the terms *11.and 
for different temperatures, the temperature dependence of the sus¬ 
ceptibility no longer follows the Curie law. The magnetic suscepti¬ 
bility of NO as a function of temperature was calculated by van 
Vleck on the basis of the Boltzmann distribution of molecules be¬ 
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tween the levels 2 IL/ 2 and 2 IL/ 2 . The formula he derived is 


4p,g 1 — e x -|- xe “ x 
^ 3kT xxe “ x 


N a 


(47.16) 


where x = hAv 0 /kT, Av 0 = 2 Il3/ 2 — 2 IL/ a . Experimental verification 
of this formula leads to a practically complete coincidence of cal¬ 
culated and measured values of %* 

Magnetochemistry. Measurements of magnetic susceptibilities play 
a significant part in studies of molecular structure (magnetometric 
method ). Pascal’s investigations showed that the molecular magnetic 
susceptibilities % M (to a first approximation) are additively com¬ 
posed of atomic susceptibilities % A (atomic increments ), like molar 
refraction is composed of atomic refractions (see Sec. 44). In the 
second approximation, to the sum of atomic increments are added 
certain “constitutive components” which take into account the 
structural peculiarities of a given molecule (the presence of multi¬ 
ple bonds, etc.). We thus have 

X M = ^ A +^. (47.17) 

The values of the atomic increments for certain atoms (after Pas¬ 
cal and Klemm) are given in Table 46. The minus sign here indi¬ 
cates diamagnetism and the plus sign, paramagnetism. 


Table 46 

Atomic increments % A (X 10 6 absolute ur its) 


H —2.93 

F — 11.5 

Li — 4.2 

C —6.00 

Cl —20.1 

Na — 9.2 

N in open 



chains —5,57 

Br —30.6 

K —18.5 

N in rings —4.61 

I —45 

Mg —10 

N in monoamides—1.54, 

S —15.0 

Ca —16 

N in diamides 



and imides —2JI 

Se —23 

A1 —13 

0 —4.61 

Te —37 

Ag -31 

0, bound to C -{-1.73 

P —26.3 

Zn —13.5 

O in carboxyl 



group —3.36 

As —43 

Hg -33 


Table 47 gives the constitutive components for certain of the sim¬ 
plest bonds. 

To illustrate, let us follow through the method of computing % M 
on the basis of Tables 46 and 47. First we take normal hexane 
C 6 H 14 . We have 6C atoms and 14 H atoms with single bonds be¬ 
tween them, for which A = 0. Therefore, according to (47,17) 
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Xm — 6x c + 14 Xh = - (6X6.00+ 14X2.93)X10-° = _7 7 ovin-, 
whereas experiment yields — 77 .1X10" 9 * ".0X10 

Let us further^ consider benzoyl chloride C H — C —Cl 

’ 5 II 

^X'“ la <t7A7> musl obviously be written as , = 

- 1 .73 + 20. UM .44 + it- -ilT/sx to-°.° + T 5 h X 2 ' 9 " 3 - 

mental value of is — 77.9X10 - *, ' ^ 10 ' The experi ' 


Constitutive components k (X10 8 absolute units) 


Table 47 


i i i i 

4- 5.5 

1 

— C — Cl 

1 

+3.1 . 

— c = c_c_c_ 

+ 10.6 

1 

- C - Br 

1 

+4.1 

1 

n 

I 

n 

I 

+ 0.8 

1 

-C-l 

1 

+4.1 

ch 2 =ch-ch 8 - 

+ 4.5 

ci — c — c — c, 

1 1 

+4.3 

— N = N — 

+ 1-8 

Br — d — Br 

I | 

+6.2 

-c — 

- N=0 

C, * 

Cii* 

Cm* 

* /--> 

+ 8.2 

+ 1.7 
0.24 

- 3 1 

— 4.0 

Cl 

Y 

/X Q 

C,“ 

C ** 

W 

C, and C 4 *** 

+1-4 

—1.29 

—1.54 

—0.48 


carbon atom ^0^=^ and V com P ound * of a 

+ ++••• 

*•' The sanle , but in position l 6 * ’" 
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The foregoing examples clearly indicate the importance of mag- 
netometnc measurements in determining the structure of a variety 
of chemical compounds. The procedure in these measurements is 
based on measuring the force experienced by bodies in an inhomo- 

ISdlS? eq3S“to ’ WhiCh f0rce iS (in the case 0f diama g" etic 

F = x J H S dv (47.18) 

where H is the intensity, d ~ the field gradient, and dv is a volume 

element of the body. By replacing the body under consideration (a 
gas, tor example) with a body of known susceptibility y and of 
equal volume and shape, it is frequently possible to avoid difficult 
measurements of the magnitude of the field gradient. In this case 
from a measurement of the force F and the force experienced by a 
standard body (F„) we get x = (F/F 0 ) Xo on the basis of (47.18). 
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CHAPTER 10 

MOLECULAR CONSTANTS 

48. Geometrical Constants 

The molecule as a chemical entity is characterised by definite 
numbers, molecular constants. Molecular constants may be divided 
into two large classes: geometrical constants and energy constants. 
The geometrical constants characterise the dimensions and structure, 
the arrangement of atoms in the molecule,'and (he electric-charge 
distribution in them. The constants of this class include molecular 
diameters, distances between atoms in the molecule, angles between 
bonds, and dipole moments. The class of energy constants, which 
describe the various energy states of the molecule, its stability in 
a given energy state, etc., include the energies of molecular terms, 
the heats of dissociation, average bond energies, etc. The vibrational 
frequencies of molecules may be put in this class of constants. 
The present chapter is devoted to a brief survey of these constants 
and to a description of certain experimental methods of determining 
them. 

Dimensions of molecules. Molecular dimensions represent a certain 
conventional magnitude. Indeed, each molecule is a more or less 
complex system of electric charges and is surrounded by a field 
of force extending to infinity .*In quantum theory the infinite extension 
of the molecular field corresponds to the fact that the density of 
the electronic cloud of the molecule becomes zero only at infinity. 
However, the force field of a molecule rapidly fails oil with the 
distance r from its centre, becoming negligibly srriail at a certain 
distance r 0 which may arbitrarily be called the radius of the molecule. 
Since the dimensions of molecules are most significant for their 
interaction, the natural criterion for the strength or weakness of 
a molecular field at a given distance is the magnitude of interaction 
energy of the molecules separated by the distance r. For the limiting 
value of interaction energy we can take the mean energy of relative 
thermal motion of molecules kT, thus subjecting r 0 to the condition 

U(2r 0 ) = kT 
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where U (2r 0 ) is the energy of interaction of molecules at a dis¬ 
tance 2r 0 . 

This condition should, in particular, be fulfilled at the critical 
point when the forces of molecular adhesion are not able to counteract 
the thermal motion (as a result of which the difference between liquid 

and gaseous states of the substance vanishes). For this reason, to 
compute the dimensions of a molecule of a given substance we can 
take advantage of its critical volume v cr . Representing the molecules 
as spheres of radius r 0 and proceeding from the most dense packing 
(to which there corresponds a three-fourths population of the volume), 
we have 

i- nr jN A = |V ct (48.1) 

whence we can calculate r 0 . It may be noted that due to the known 
relation between the critical volume and constant b in the van der 
Waals equation, V cr = 3b, equation (48.1) yields 

b = -g-jtrjN A ; (48.2) 

this also enables us to calculate r 0 from constant b. The values of 
r 0 obtained from these formulas in the case of molecules that do 
not have spherical symmetry are obviously certain mean values of 
molecular radii. 

Another method for determining molecular dimensions is based on 
transfer phenomena (diffusion, thermal conduction, internal friction). 
Since, according to the kinetic theory of gases, transport phenomena 
are essentially determined by the mean free path of the molecules A,, 
which in turn depends upon the molecular diameter d 0 = 2r 0 , 


V 2 Jtdjj n 1 j . C 

(n is the number of molecules in 1 cm 5 , which at normal p and T 
is 2.69X10 19 * an d C is the Sutherland constant), we have the 
following relationships between the coefficients of diffusion, thermal 
conduction, and internal friction, on the one hand, and the diameter d 0 , 
on the other. These relationships permit calculating d 0 from the 
measured value of any one of the three indicated coefficients. Mostly 
used is the coefficient of internal friction 

ti = 0.499qvA, (48.3) 

(q is the density of the gas, v is the mean square of molecular 
velocity). Calculating the constant C from the temperature dependence 
of the internal friction, we find d 0 by (48.3) from the measured rj. 
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We shall not dwell on other methods used to determine molecular 
dimensions and shall confine ourselves to certain data taken from 
Stuart (Table 48). ' 


Table 48 

Diameters of molecules (in A) 


Mole¬ 

cule 

Calculated 
from 7) 

Calculated 
from V 

cr 

or b 

Mole¬ 

cule 

Calculated 
from t) 

Calculated 
from V 

cr 

or b 

He 

1.96 

2.52 

NO 

3.0 

_ 

Ne 

2.35 

— 

CO 

3.2 

2.86 

Ar 

2.92 

2.92 

HC1 

3.0 

2.85 

Kr 

3.2 

— 

HBr 

3.12 

— 

Xe 

3.5 

3.1 

ch 4 

3.34 

2.96 

H 2 

2.47 

2.5 

C0 2 

3.32 

2.92 

n 2 

3.18 

2.86 

H 2 0 

2.72 

— 

0 2 

2.98 

2.45 

N 2 0 ! 

3.2 

— 

CL 

3.7 


so, 

3.38 

— 

Br 2 

4.04 

— 

CC1 4 

3.8 

— 

h 

4.46 

— 

C 6 H 6 

4.1 

— 


Intramolecular distances. Unlike the dimensions of a molecule, 
the distance between the atoms of a molecule is a physically strict¬ 
ly definite magnitude — the equilibrium distance at which the 
attractive forces experienced by each atom are balanced by the 
forces of repulsion. Vibrations or rotation of the molecule do not 
introduce any uncertainty, because any change in the equilibrium 
distances caused by them can, generally speaking, be taken into 
account. 

An experimental determination of the intramolecular distances 
does not encounter particular difficulties in the case of diatomic 
molecules, nor in the case of the simplest (especially symmetric) 
polyatomic molecules, the structure of which are known on the ba¬ 
sis of certain properties of the molecule. Of the methods now in 
use, most important are the spectroscopic (including microwave 
spectroscopy), roentgeno- and electronographic methods. In the case 
of diatomic molecules, all these methods solve the problem of in¬ 
tramolecular distances r 0 quite unambiguously. The spectroscopic 
method based on an analysis of rotational band structure is the 
most precise. 

As we saw in Chapter 8, the distances between two adjacent 
lines in a band (Av) are connected by definite relations with the 
moment (or moments) of inertia of the molecule. By measuring the 
quantities Av, it is not difficult to find the moment of inertia on 
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the basis of these relations: 

i _. m 1 m 2 ^2 

A o — mi m 2 0 

whence we can also find r n (we, of course, assume that the masses 
of the atoms in the molecule m, and m t are known). 

Just as simple is the determination of intramolecular distances 
in the case of symmetric triatomic linear molecules (CO s , CS s , and 
others). Here the moment of inertia, which determines the fine 
structure of the spectrum, is expressed by 

I 0 = 2mrjj 

where m is the mass of each of the extreme atoms and r 0 is their 
distances from the central atom. 

In the case of symmetric triangular molecules (H s u, H 2 b, bU r 
etc.), we have the following relations between the principal moments 
of inertia I„ 1„. and 1„ which are determined from the rotational 
structure of’ the spectra, and the distances r, and r, (r, is the dis¬ 
tance between identical atoms, r 1P between different atoms): 


. 2mM r 2 
b“2m-fM _ 2 

(m is the mass of each of the identical atoms, and M is the mass 
of the third atom). We-thus have two independent equations to de¬ 
termine the two unknowns r, and r = . , 

The quantities r n are uniquely determined from I„ also in the 
case of symmetric tetrahedral molecules (CH a , CC1 4 , etc.), whose 
principal moments of inertia are expressed by the formulas 

I, = l, = ^r? and I s = mr: 

(m is the mass of each of the end atoms, r, is the distance between 
these atoms). The distance between the end atom and the central 
one, i.e., between the vertex and centre of the tetrahedron, is 

'.= Vh- 

In all the foregoing cases, the number of unknown intramolecular 
distances r, was equal to the number of independent moments of 
inertia of the molecule, from which it was possible to determine r,. 
In the more general case of asymmetric linear tri atomic molecules 
(COS, HCN, etc.), and also in the case of linear tetra-atomic mol- 
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ecuks (C 2 H 2 , C 2 N 2 , etc.) and more complex molecules, the number 
of independent moments of inertia is always less than the number 
of distances r h and we need additional data to find them. 

By way of illustration, let us consider the linear molecule HCN. 
Here we have two distances, namely, r, = (C — H) and r 2 = (C — N), 
and one moment of inertia: 


I = m H r 2 + mN r 2 2 — 


t m h r i - q*N r *)* 

m H “t" m C 


(niH, me , m N are the atomic masses of H, C, and N). In this case, the 
missing second equation (for a determination of the two unknowns 
r, and r 2 ) can, for example, be obtained from an analysis of the 
rotational structure of the spectrum of the DCN molecule. Indeed, 
because of identical chemical properties of the H and D atom (as 
in all cas£s of the isotopes of the same element), the distances 
(C—H) and (C—D)—and, of course, the distances (C—N)—in the 
HCN and DCN molecules must be the same. Consequently, for the 
DCN molecule we have (C—D) = rj and (C—N) = r 2 , and 


I' = m D rf + m N r 2 — 


(m D r 1 — m N r 2 ) a 
m D + m c + m N 


(mo is the mass of deuterium). Thus, having determined I and I' 
we get two equations to find the unknowns r t and r 2 . The spectro¬ 
scopically measured values of the moments of inertia of the mole¬ 
cules HCN and DCN are I —18.935 X 10~ 40 g cm 2 and 
T = 23.159 X 10" 40 g cm 2 , whence by means of the previous for¬ 
mulas we get t 1 = 1.058, A and r, = 1.157, A. 

Underlying the roenlgeno- and electronographic methods is the 
scattering of X-rays and electrons by the molecules of the substance 
under study. These methods of measuring intramolecular distances 
are particularly suitable fop cases when the molecule contains sev¬ 
eral heavy atoms situated symmetrically with respect to the re¬ 
mainder of the molecule, as in the case of CC1 4 , PC1 8 , CH 2 C1 2 , etc,, 
inasmuch as the diffraction pattern here is less complicated; this 
makes the calculation more reliable and accurate. In addition, the 
intensity of the scattered rays that give rise to the diffraction pat¬ 
tern is greater for heavy atoms, and this too simplifies the meas¬ 
urements. 

The scattering of X-rays is the result of interaction between a 
light wave and the electrons that form the electron clouds of the 
scattering atoms, while the cause of electron scattering is the action 
of the intramolecular electric field on the electrons being scattered. 
Outwardly, the scattering of X-rays and electrons appears the same, 
obeying nearly the same laws: in both cases the diffraction pattern 
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produced by scattering is a system of concentric interference rings. 
The reason for the identity of both diffraction patterns lies in the 
'wave properties of an electron beam, making it possible to regard 
the latter as a plane wave. 

The calculation of a diffraction pattern (roentgeno-and electro¬ 
nograms) is based on the law of intensity distribution of the scat¬ 
tered rays over the scattering angle i.e., over the angle between 
the directions of the scattered and primary rays. 

Let us first consider the scattering of a beam of monochromatic 
X-rays of wavelength K by an individual atom. Under the action 
of the electric vector of the incident wave (E 0 ) the charges (elec¬ 
trons) contained in the volume element dv perform forced oscilla¬ 
tions and emit secondary waves. The amplitude of these waves at 
the distance R (which is large compared with the size of the atom¬ 
ic nucleus) from the nucleus of the scattering atom will be ex¬ 
pressed as 


1 e 
TT me* 



1 -|- cos 2 ft 
2 


E 0 Qdv 


where e and m are the charge and mass of the electron, c is the 
velocity of light, and q is the density of the electric charges equal 
to Q = e|T r | 2 (M r is the wave function of the atom). On the assump¬ 
tion of spherical symmetry of charge distribution in the atom, i. e. } 
q = q (r), we obtain the following expression for the amplitude of 
secondary emission of the atom as a whole (as a result of integra¬ 
tion over the whole volume of the atom): 


where 


4 ji 
R" 


e 2 i f 1 -f- cos 2 ft 

me 2 V 2 


00 

I'Vdr 

0 


4n . ft 

^=T sm T 


The integral in this expression 

00 

F R (0)=4nj s -^M)( r )r r , d r (48.4) 

0 

which characterises the effect of the electronic structure of the atom 
on the intensity of scattered radiation is called the structural (atom¬ 
ic) factor. To a certain degree of accuracy, the latter may be 
determined either theoretically or experimentally. Experimentally, 
F r is found from measurements of the intensity of scattered radia¬ 
tion proportional to F R . 
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Let us examine electron scattering by an atom, in other words, 
let us attempt to determine the effect of the atomic electric field on 
the primary electron beam. To do this, we must solve the Schrod- 
inger equation that corresponds to the perturbation problem. Here, 
the potential energy of the electron being scattered in the field of 
the atom is the perturbing function. In the case of spherical sym¬ 
metry of charge distribution in the atom, this energy is expressed 
by the formula 

r 

V (r) = - j -L- 1 4 k J | y (r) | 2 r’dr - Z J dr. ( 48 . 5 ) 
0 

Solving the Schrodinger equation we find the function which 
characterises the scattered beam of electrons. Like the amplitude of 
secondary X-radiation, the function ip' may be represented in the 
form of the product of a constant quantity and a certain factor Fe, 
the square of which yields the distribution of scattered electrons 
over angle '0. Mott demonstrated that Fe and F R are connected by 
the following relation: 

Fe W = §57* < Z ~ F * cosec2 T ( 48 - 6 > 

(v is the electron velocity). Thus, with the aid of this relation, 
F, which may be called the atomic factor for electron diffraction , 
can be calculated directly from the atomic factor for X-rays. It 
will be noted, however, that F R , which in equality (48.6) has the 
meaning of a screening term, plays only a secondary part and can 
frequently be discarded without greatly affecting the accuracy of 
measurements. Then the expression for Fe reduces to 

< 487 > 

The principal formulas for calculating the intensity of secondary 
X-rays scattered by gas molecules were given by Debye and Ehren- 
fest. Following Debye and considering each atom in a molecule 
as an independent scattering point-centre, we can calculate the 
oscillation amplitude of the radiation scattered by a given mole¬ 
cule as the sum of amplitudes of the separate elementary waves 
scattered by the individual atoms in the molecule (taking into ac¬ 
count the phase differences). Calculation of the average square of 
this total amplitude for all possible orientations of the molecule 
yields the intensity of the radiation scattered by the molecule. By 
introducing the atomic factors we take account of the charge distri¬ 
bution in the atoms. 
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In this way, Debye derived the following equation for the inten- 
sity of X-radiation scattered by a gas, the molecules of which con¬ 
tain n atoms separated by the distance r,j and characterised by the 
atomic factors F,, F 2 . F n : 


I(ft) = k R 


1 -|“ COS 2 


i =n j = n 

^ ^ p.Fj £l!LEli 

1 = 1 j =i 


P r ij 


(48.8) 


A similar equation for the case of electron scattering has the same 

1 j— cos 2 tEI 

form as (48.8) minus the factor -g-’ 

i,») = k E li”£”F.F 1 Sj ^ a - < 48 - 9 > 

i = i j =1 ^ 11 

In the case of X-rays, F are expressed by (48.4); but in electron 
scattering, F represent atomic factors for electron diffraction and are 
expressed by (48.6). In the latter instance (formula 48.9), A in the 

expression p, = -~sin-^- is the de Broglie wavelength. Besides, these 

two cases differ in the values of the constant factor k (k R and ke). 

According to (48.8) and (48.9), the intensity of scattered radia¬ 
tion passes through a series of maxima and minima with variation 
of the scattering angle ft. For this reason, due to the axial sym¬ 
metry of scattering in the case of a narrow beam of rays, the 
diffraction pattern, which ordinarily is recorded photographically, 
presents a system of concentric rings of variable intensity (see 
Fig. 4, p. 33), which is determined by the values of the respective 
double sums. The radii of the interference rings depend upon the 
wavelength X, the distances r u between the scattering atoms and also 
the distances between the scattering entity and the photographic 
plate (R). Therefore, if we know R and X, we can find the values 
of the intramolecular distances r^ from the measured radii of the 

The method of interpreting a diffraction pattern usually consists 
in the following. Having specified a definite molecular structure 
that appears probable on the basis of certain reasoning, from (48.8) 
or (48.9) and with the aid of known values of the atomic factors 
we plot a curve of the relative scattering intensity versus the pa¬ 
rameter x = pr s ,. By changing the scale of x this theoretical curve is 
made to coincide with the curve of intensity distribution over the 
angle ft obtained by photometry of the appropriate roentgeno- and 
electronograms, and we obtain proof of the proper selection of the 
molecular model by the coincidence both of intensities and of the 
arrangement of interference maxima (rings). If the theoretical and 
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experimental curves cannot be made to coincide, this indicates that 
the selected molecular model is not the right one. 

Tables 49 to 51 give some data on intramolecular distances. 


Table 49 

Intramolecular distances in the molecules of elements (after Herzberg) 


Molecule 

Distance, A 

Molecule 

Distance, A 

h 2 

0.7417 

p31 

2 

1.894 

d 2 

0.7416 

q32 

1.889 

HD 

0.7414 

Cl 3 ; 

1.988 


2,6723 

K S 2 

3.923 

B r 

1,589 

Se 20 

2.16 

^12 

S 

1,3117 

Br^Br” 

2.284 

N U 

1.094 

Te 2 

2.59* 

O’ 6 

l ,2074 

1127 

*2 

2.667 

pl9 

2 

I.435* 

Hg 2 

3.3** 

Na” 

3.079 



* Obtained 
** Obtained 

from electronic 
from data on li 

diffraction, 
quid mercury. 



T a b 1 e 50 

Intramolecular distances in diatomic molecules of hydrides (after Herzberg) 


Mo 1 ee u It 

A 

Molecule 

V A 

Molecule 

V A 

Li 7 H 

Li 7 D 

Be B H 

Be 9 D 

B n H 

B 11 D 

C 12 H 

C 12 D 

N I4 H 

O l6 H 

O lfl D 

F 19 H 

F 18 D 

Na 28 H 

Na 28 D 

Mg 24 H 

Mg 24 D 

1.5953 

1.5949 

1.3431 

1.3425 

1.2325 

1.231 

1.1198 

1.119 

1.038 

0.9706 

0.9699 

0.9171 

0.9170 

1.8873 

1.8865 

1.7306 

1.7301 

A1 27 H 

A1 27 D 

Si ?a H 

C1 35 H 

C1 35 D 

K 3e H 

Ca 4(j H 

Ca 4o D 

TiH 

Mn 55 H 

CoH 

NiH 

Cu 68 H 

Cu 08 D 

ZnH 

Br 7e H, Br 8I H 
RbH 

SrH 

1.6459 

1.6456 

1.520 

1.27460 

1.275 

2.244 

2.002 

2.001 

1.870 

1.73075 

1.542 

1.475 

1.463 

1.4625 

1.5945 

1.414 

2.367 

2.1455 

SrD 

AgH 

AgD 

CdH 

CdD 

InH 

HI 

Cs 133 H 

BaH 

Au l9, H 

Au 1B7 D 

HgH 

HgD 

TIH 

PbH 

Bi 20 'H 

Bi 20S D 

2.1448 

1.617 

1.6172 
i ,762 

1. 748 
1.8376 ; 
1.604 
2.494 
2,2318 

1.5237 

1.5237 

1.7404 

1,7378 

1.870 

1,839 

1.809 

1,805 
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Table 51 


Distances between carbon atoms in molecules with single, double, and triple bonds 


Molecule 

Bond 

r. A 

Molem Ee 

Bond 

1 r, A 

D iamond 

c—c 

1.54 1 

| Cis-2,3-epoxybutaneC 4 H a O 

C—C 

1.54 

Ethane C a H s 

c—c 

1.56 | 

Tetrahydrofuran C 4 H 8 0 

C—C 

1.54 

Propane C 3 Hp 

c—c 

1.54 

1 c 2 

C=C 

1.31 

Isobutane C 4 H 1( , 

c—c 

1.54 

! Ethylene C 2 H 4 

C=C 

1.34 

Neopentane C 3 H 12 

c—c 

1.54 

Allene C a H„ 

C=C 

1.31 

Cyclopropane QH fl 

c—c 

1.53 

Ketene C 2 H,0 

C=C 1 

1.35 

Cyclopentane C 5 H 1() 

c—c 

1 .52 

St il bene (C 6 H 5 ) 2 C 2 H ? 

C=C 

1.33 

Cyclohexane C 6 H 12 

c—c 

l .51 

, Benzoquinone C 6 H 4 0 2 

c=c 

1.32 

Butylbromide C 4 H fl Br 

c—c 

1.55 

, Acetylene C 2 H 2 

c=c 

1:20 

Nonacosane C 59 II 6C> 

c—c 

1.54 

Diacetylene C 4 H 2 

c^c 

1.20 

Paraldehyde (CH,CHO) 3 

C—c 

1.54 

C 2 Br 2 

c=c 

1.20 

Met aldehyde (CH.CHO) 3 

c—c 

1.54 

c 2 i 2 

c=c 

1.18 

Trans-2, 3-epoxy butane 
C,H,0 

c^c 

1.54 

HfeCX 

c=c 

1.20 


Table 49 gives the values of r e obtained from the moments of 
inertia I e expressed by the formula 

I e = ^9. 4 Xl 0- g cm 2 . (48.10) 

D e 


Unlike r e , r 0 is computed from the equation 

I o = ^ 4 X 10-‘°gcm 2 . (48.11) 

D 0 

The connection between r e and r 0 is evident from the following 
relation: 

B 0 = B e -^ (48.12) 

(cf. (38.11) p. 370). The quantity r e corresponds to the minimum of 
the potential curve, whereas r 0 is the mean value of the internu- 
clear distance in the state v = 0. We may note that the difference 
between r e and r 0 is small: for Be O, r e = 1.331 A and r 0 = 1.335 A. 

The data given in Tables 49-51 exhibit a number of regularities 
that are particularly marked in the lighter elements (second and 
third periods). In diatomic molecules of the elements in the Li-F 
series (Table 49), r p , which is maximum in the Li a molecule, 
diminishes with increasing atomic number and passes through a 
minimum in nitrogen. This change in r e corresponds to a change 
in the bonding strength from least in Li 2 (single chemical bond) 
to greatest in N 2 (triple bond). A similar variation of r e is ob¬ 
served in other periods as well. In the case of hydrogen compounds 
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(Table 50), there is a regular decrease in r e in each of the first 
two periods; apparently, this may be correlated with the decrease 
in size of the atoms # bound to hydrogen and an increase in the 
stability of the molecule. Also characteristic of A—H bonds is the 

constant distance between A 
Table 52 and H atoms in various com- 


Length of A-H bond in different 
molecules 


Mole¬ 

cule 

Bond 

r, A 

Mole¬ 

cule 

Bond 

r t A 

CH 

C — J1 

1.12 

NH a CI 

N—H 

1.03 ' 

CI-I. 

G-H 

1.09, 

OH 

O— H 

0.97 

HCN 

C— H 

1.07 

H a Q 

O — ij 

0.97 

QH, 

C— H 

1.06 




NH 

N-H 

I .04 

SiH 

Si—H 

1.52 

nh 5 

N — H 

i.oi 

SiH 4 

Si—H, 

1.5 


pounds, as may be seen from 
Table 52. This must be attrib¬ 
uted to the small change in 
stability of the respective bond 
when passing from one com¬ 
pound to the next (seeSec. 49). 

The approximate constancy 
of bond length is also 
marked in the case of single, 
double, and triple bonds 
of carbon atoms (Table 51). 
As may be seen from this 
u , table, to an accuracy of 

hundredths of an Angstrom, r=L54 A corresponds to a single 

(a ' P , h on C l C-C bond, r= 1.34 A t 0 a double C^C bond, and 

i *° a n P e bond. There is a similar constancy of bond 

length also in the case of the bonds C—0 (1.44 A) C—N (I 4 At 

^ T’Z" 1 / 8 , A) ’ 9 = 0 {^ L2 A).,C=N (1.16 A), etc. The 

bond length between two carbon bonds in molecules with conjugat¬ 
ed and, particularly, with aromatic bonds differs from the length 
of .he aliphatic C C bond and the double carbon bond For 
instance in the benzene molecule the length of the carbon-carbon 
aromahc) bond is 1.40 A in C 8 Cl e , 1.42 A and in C,(CH,)„ 
1.42 A. From these examples, it is seen that the length of an 
aromatic bond in benzene and its derivatives Is intermediate be¬ 
tween the lengths of single anh double bonds. 

Let us further consider the lengths of carbon-carbon bonds in 
the molecules of butadiene H 3 C= CH—CH = CH„ where C—C is 
1.46 A and C=C 1.35A; of diacetylene HC = C—,C = CH, where 
i s 1 ‘i?. 6 . A , for C = C equal to *-20 A; of methvlacetylene 
HjC C=CH, where the length of the C—C bond is 1.46 A, etc. 
%e see the lengths of the bonds C—C, C = C, and C = C in 
these conjugated-bond molecules differ less than in molecules with 
isolated- carbon-carbon bonds (Table 51). This indicates a certain 
similarity of bonds in conjugated systems and a complete simi¬ 
larity of bonds in the simplest aromatic compounds. 

The above-mentioned regularities, namely, the approximate con¬ 
stancy of distance between a given pair of atoms in different com¬ 
pounds with covalent bonds and the regular decrease in this distance 
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with increasing multiplicity of the bond permit us, in purely formal 
fashion, to attribute to each atom in its given valence state a defi¬ 
nite radius, as was proposed by Pauling, the radii of certain atoms 
computed (after Pauling) from crystallographic structures and also 
from spectroscopic and eiectronographic data (these computations are 
based on the assumption that the distance between adjacent atoms 
in a crystal or in a molecule is equal to the sum of their radii) 
are given in Table 53 (for a single bond). Atomic radii for double 
(r 2 ) and triple (r 3 ) bonds arc approximately satisfied by the following 
empirical relations: 


-\j.uv i. emu i. 


-U. i J 1 , 


Table 53 

Covalent radii of atoms for single chemical 


H 


0.31 

Li 

Be 

B 

C 

N 

O 

F 

1.34 

1.07 

0.89 

0.77 

0.70 

0.66 

0.64 

Na 

Mg 

A1 

Si 

P 

S 

Cl 

1.54 

1.40 

1.26 

1.17 

1.10 

1.04 

0.99 

Cu 

Zn 

Ga 

Ge 

As 

Se 

Br 

1.35 

1.31 

1.26 

1.22 

1.21 

1.17 

1.14 

Ag 

Cd 

In 

Sn 

Sb 

Te 

I 

1.53 

1.48 

1.44 

1.40 

1.41 

1.37 

1.33 

Au 

1.50 

Hg 

1.48 

T1 

1.47 

Pb 

1.45 

Bi 

1.51 




For the atoms B, C, N, O, and S, the values of r a obtained from 
this relation are, respectively, 0.80, 0.69, 0,63, 0.59, and 0,94 A. 
Similarly, for r s in the case of C and N we find 0,61 arid 0.55 A. 
It will be readily seen that 
these values are close to those 
computed from Table 49. 

Using r,, r 2 , and r 3 , it is bonds in A 

possible to find the approxi¬ 
mate distances between the 
atoms in different molecules. 

In addition, the possibility 
to assign to the atoms in a 
molecule definite radii may 
also be very important for 
determining the character 
of the valence bond in var¬ 
ious compounds. Let us 
consider the SO and CO 
molecules. The close agree¬ 
ment of the value of r cal¬ 
culated on the assumption of 


a double bond and the observed value in the case of SO (1.53* and 
1.49 A) may serve to indicate that the bond between the atoms S 
and O in this molecule is indeed a double bond. But in the case 
of CO the distance between atoms calculated as the sum of the radii 
of the C and O atoms is 1,28 A** for a double bond, whereas the 
measured value of this distance comes out to 1,13 A* Whence it 
may be concluded that the bond in a CO molecule should be strong¬ 
er than an ordinary double C = 0 bond; which is actually the case. 


* 

and r 


From the data in Table 49, we get 1.51 
s 2 * 

From the data in Table 49, we ge’ r c 


A for r SO as the average of 
. n =1.26 A. 
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A number of other properties of the CO molecule (for instance, its 
great similarity to the nitrogen molecule N = N) permits us to con¬ 
sider the bond in CO $s close to the triple C = 0 bond. The surn 
of the radii of the atoms C and O calculated from the r 4 values 
given in Table 53 for a triple bond comes out to 1.13 A, i.e., 
it coincides with the measured value of the bond length in the CO 
molecule. 

As may be seen from the foregoing, the concept of “atomic radius”, 
unlike that of the interatomic distance (in the molecule), is con¬ 
ventional, just like the concept of ionic radius , which is introduced 
in the case of ionic compounds, ionic crystals for instance. All meth¬ 
ods for determining ionic radii proceed from the view of ions as 
rigid spheres closely packed in the crystal lattice and surrounded 
by spheres of opposite electric charge. From the directly measured 
constants of the crystal lattice (these constants give the distance 
between ions in the crystal, i. e., the sum of their radii) the radius 
of each ion may be calculated only on the basis of certain simpli¬ 
fying assumptions. To illustrate, in the case of crystals built up of 
large anions (I - , for instance) and small cations (Li + , for example) 
the dimensions of the latter may be ignored, whence the radius of 
the anion comes out to half the distance between two anions. Then, 
from the interionic distances in the lattices built up of this anion 
and of other cations, it is possible to determine the radii of the 
latter. Using known cation radii, it is possible from the crystal 
structure to calculate the radii of other anions. In this way we 
get a system of ionic radii that is used to determine molecular 
structure, electrical and optical properties, types of crystal lat¬ 
tices, etc. 

Ion radii can also be calculated from the properties of the elec¬ 
tronic shells of the ions, for instance, from ionic polarisation or 
from the law for the repulsive force that counteracts further approach 
of adjacent ions. A common feature to all systems of ionic radii 
worked out on the basis of different initial data is the fact that 
they are confined to a comparatively small range of compounds for 
which the ion radii are indeed certain (though conventional) constants. 
Outside this range, i.e., when applying this system to other com¬ 
pounds, the additivity of the interionic distances is, as a rule, not 
fulfilled; whence it follows that the ionic radii are not constant. 
Further, we have to distinguish ion radii as a function of the type 
of crystal lattice. This brings the ion radius closer to the “chemical 
radius” of the atom. However, the concept of approximate constancy 
of ionic (like atomic) radii turns out to be useful in studies of 
various properties of atoms and ions, in evaluating interatomic and 
interionic distances in molecules and in crystals, and in interpreting 
the structure of a variety of compounds. The radii of ions that 
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have the electronic structure of an inert gas are given in Table 54 
(after Rice). 


Table 54 

Ion radii (in Angstroms) 





H" 

He 

Li + 

Be+ + 

B 3 + 

C 4 + 

N 5 + 

o«+ 

F 7 + 

C 4- 

N 3 ~ 

o-- 

2.05 

0.92 

0.59 

0.43 

0.34 

0.29 

0.25 

0 22 

0.19 

F" 

Ne 

Na + 

Mg + + 

Al 3 + 

Si 4+ 

P* + 

S c + 

Cl 7 + 

4.14 

2.47 

1.76 

1.36 

1.12 

0.95 

0.82 

0.72 

0.65 

0.59 

0.53 

0.49 

Si 4- 

■ps- 

S“ “ 

cr 

Ar 

K+ 

Ca + + 

Sc 3 + 

Ti 4+ 

Y# 

Cr 9 + 

Mn 7 + 

3.84 

2.79 

2.19 

1.81 

1.54 

1.33 

1.18 

1.06 

0.96 

0.88 

0.81 

0.75 






Cu+ 

Zn+ + 

Ga 3 + 

Ge 4 + 

As 5 + 

Se 6 + 

Br 7 + 

Ge 4_ 

As 8 ~ 

Se‘- 



0.96 

0.88 

0.81 

0.76 

0.71 

0.66 

0.62 

Br~ 

Kr 

Rb + 

Sr f + 

y 3 + 

Zr 4 + 

Nb 5 + 

Mo fl + 

3.71 

2.85 

2.32 

1.95 

1.69 

1.48 

1.32 

1.20 

1.09 

1.00 

0.93 







Ag+ 

Cd + + 

In 3 + 

Sn 4 + 

Sb 5 + 

Te 6 + 

r+ 

Sn 4 ' 

Sb 3 “ 

Te-~ 



1.26 

1.14 

1.04 

0.96 

0.89 

0.82 

0.77 

1“ 

Xe 

Cs + 

Ba + + 

La 3 + 

Ce 4 + 


3.70 

2.95 

2.50 

2.16 

1.90 

1 69 

1.53 

1.39 

1.27 









Au + 

Hg+ + 

TP# 

Pb 4 + 

Bi 5 + 








1.37 

1.25 

1.15 

1.06 

0.98 




Molecular structure. The problem of geometrical molecular struc- 
ture belongs to the field of stereochemistry. Since the time of van’t 
Hoff and LeBel — the founders of this important branch of the 
science of matter a vast body of experimental material has been 
amassed. The principal concepts originated on a purely chemical 
ground, were subjected to physical verification through experiment 
and now rest on a firm theoretical foundation. One of these is the 
concept of directed valency. As was demonstrated in Chapter 7, it 
follows directly from the quant urn-mechanical theory and is thus 
substantiated theoretically. Earlier examined instances have shown 
the importance of the theory of directed valency for establishing 
the geometrical structure of molecules. 

Here we shall dwell only on the basic results obtained from an 
experimental establishment of molecular geometry and also on 
some of the methods. Some of the results "and methods that have 
already been considered will be omitted. 

One of the important physico-chemical methods that played the 
chief part in an experimental substantiation of the concept "of the 
tetrahedral directivity of carbon-atom valences (van’t Hoff) is the 
polarimetric method , which is based on studies of the rotation of 
the plane of polarisation. It is precisely with this method that the 
discovery of optical isomers — substances that have identical compo¬ 
sition but rotate the plane of polarisation in different directions— 
is connected. As follows from the theory of this phenomenon, the 
spatial arrangement of atoms (or atomic groups) in optical isomers 
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should be such that one molecule is a mirror image of the other. 
Such, for example, are the molecules 


R/ R, 


Ri 


and 


C 



(R l? R 2 , R 3 , and R 4 are different atoms or radicals) that are obtained 
from one another by interchanging two radicals. It will readily 
be seen that in the case of two identical radicals one molecular 
model passes into the other as a result of simple rotation, and 
therefore both models have identical structure, i.e., they coincide. 
Inasmuch as optical isomerism is experimentally observed only in 
the case of four different R i? these experiments must be regarded 
as proof of the arrangement of atoms or radicals in the vertexes of 
a tetrahedron. 

One of the manifestations of directed tetrahedral carbon-atom 
valences is the constancy of the angle between the valence bonds 
of a tetrahedral C atom. For instance, from measurements of the 
angles of H— C—Cl or Cl—C—Cl in the molecules CCI 4 , CC1 3 H, 
CC1 2 H 2 , and COM, it follows that upon substitution of hydrogen 
by a chlorine atom these angles undergo a comparatively small 
change. Yet in the absence of directed valency, for instance in the 
case of the CCl a H £ molecule, one should (for reasons of symmetry) 
expect an arrangement of Cl atoms in a single straight line, Le., 

Cl—C—Cl = 180°, whereas in reality we have an angle of 132°. 

Cogent proof of the constancy of the valence angle of carbon is given 
by X-ray studies of normal hydrocarbons, the molecules of which are in 
the form of an extended chain. These investigations show thai the dist¬ 
ances between planes of the crystaj lattice of normal hydrocarbons vary 
in proportion to the number of *C atoms in the molecule with two 
other practically unchanged lattice parameters. From this it follows 
that the axes of the molecules in the crystal are oriented perpendi¬ 
cular to the plane of the lattice. Dividing the measured distances 
between planes by the number of C atoms in the molecule yields a 
practically constant value of 1.2 A in all cases. Dividing this 
number by the distance between the C atoms for an aliphatic bond 

(this distance is 1.5 A) (see p. 484), we get siny=^0.8, and, con¬ 
sequently, the angle between the bonds C—C—Ca=107° is close 
to the angle between the axes of a regular tetrahedron, 109°28'. 
Therefore, the zigzag structure of hydrocarbon chains that follows 
from these data is a consequence of the constancy of the valence 
angle of the carbon atom. The constant valence angle of carbon, 
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together with the constancy of interatomic distances between the 
carbon atoms belong to the fundamental principles of the stereo¬ 
chemistry of carbon, which play a guiding role in modern investi¬ 
gations into the structure of organic compounds. 

Theoretically substantiated directed valency occurs also in the 
case of tri- and bivalent elements. In this respect, trivalent N and P 
and bivalent O and S have been studied in greatest detail. From 
the quanturn-mechanical theory of atoms with valence p-electrons 
(such as N, P, O, and S) it follows that in the absence of pertur¬ 
bations the valence bonds must be mutually perpendicular, whence 
we get 90° for the angle between bonds. In reality, however, due 
to the interaction of the atoms the valence angle must, to a greater 
or lesser degree, differ from 90° (exceed it). Theoretically, one 
should expect triangular molecules of H 2 0, H 2 S, C1 2 0, (CH 3 ) 2 0, 
etc., and pyramidal molecules of NH a , PH a , NC1 3 , PC1 3 , N (CH 3 ) 3 , 
etc. This conclusion is brilliantly confirmed by extensive experi¬ 
mental material obtained on the basis of diverse methods of research. 

By way of illustration, let us consider the PC1 3 molecule. The 
pyramidal structure of this molecule with the P atom at the vertex 
of the pyramid and Cl atoms at its base is obtained from various 
data. First we must point to a dipole moment (1.1 debyes) that is 
incompatible with the symmetrical planar structure. The Raman 
spectrum of PC1 3 exhibits four frequencies (510, 480, 257 and 
190 cm' 1 ), which is the number to be expected for a symmetric 
molecule of pyramidal structure (two of these frequencies correspond 
to doubly degenerate oscillations); if the molecule were planar there 
would be only three active frequencies in the Raman spectrum. 
The electronogram of PC1 3 vapour is likewise compatible only with 
a pyramidal molecule. Its calculation gives the following interatomic 
distances: Cl—Cl = 3.18+ 0.06 A and P—Cl = 2.04+ 0.06 A, from 
which follows ^Cl—P—Cl = 102°. Through the use of the same 
research methods, the pyramidal structure was established also in 
the case of NH 3 , PH 3 , PF S , PBr 3 , AsF 3 , AsC 1 3 , and SbCl a , 

Interesting from the standpoint of the effect of directed valency 
on molecular structure is the difference between the molecules C 2 H 2 
and H 2 0 2 . The former is in the shape of a stick, the latter, a tra¬ 
pezium. The linear shape of the HC = CH molecule follows from 
the directed valence of the =C— atom, the trapezoidal structure 
0—0 
/ \ 

of the H H molecule likewise directly follows from the theo¬ 

retical angle of valence of the oxygen atom. As has already been 
pointed out, this angle is ordinarily somewhat greater than 90°: in 
the case of H 2 O a it is close to 105°. The difference in the molecu¬ 
lar structure of C 2 H 2 and H 2 0 2 is evident from the absence of a 
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dipole moment in the case of acetylene and its presence in hydro¬ 
gen peroxide. The dipole moment of H 2 0 2 (2.26 debyes) is close to 
that of H 2 0 (1.84 debyes), whence it may be concluded that the 
angle /_UOO in H 2 0 2 differs but slightly from the angle ^HOH 
in H 2 0. Let it be emphasised that from the viewpoint of the sym¬ 
metrical arrangement of atoms in the molecule one should expect 
an identical geometrical structure of the molecules HCCH and HOOH. 

Let us consider two more methods of studying the geometrical 
structure of molecules. The first — the parachor method — which is 
similar to the earlier considered refractometric and magnetometric 
methods, consists in the following. The parachor is the temperature- 
independent and constant coefficient P in the empirical formula 

V o = PD (48.13) 

or in the more precise formula 

J/a—-P (D — d) (48.14) 

that relate the surface tension of a pure liquid a to its density D 
(d is the vapour density above the liquid). The parachor is an 
additive constant (of a given substance) composed of individual 
elements that characterise the atoms and groups of atoms (radicals) 
in the molecule — P, and also various structural peculiarities of the 
molecule — n,, i.e., 

p = 2Pi+2X (48.15) 

Definite values of P, and ji, were established from an analysis 
of experimental material for different structural elements of mole¬ 
cules and these may be utilised for calculating the parachor of a 
chemical compound (liquid). These values for certain structural 
elements follow: P H = 17.1, P c = 4.8, P N = 12.5, P C h 2 = 39.0, 
Pci = 54.2; for a double bond, ,n= = 23.2; for a triple bond jt= = 
= 46.6; for a six-member ring jt^ = 6.1. 

Let us take advantage of these figures to calculate the parachors 
of some compounds. In the case of CC1 4 we find P = P c -|-4Pci = 
= 4.8-(-4 X 54.2 = 221.6 in place of the measured value of 219. 
For normal heptane C 7 H 16 P = 7P C -j- 16P H = 307.2 in place of 309.3. 
For benzene C 6 H 6 P = 6P C -j- 6P H 4- 3n = 4- ji<> = 207.1 in place 
of 206.3. 

We see that the calculated values of the parachors practically 
coincide with the measured values. Thus, by comparing the calcu¬ 
lated and measured values of the parachor of a given compound it 
is possible to judge of the correctness of the structure attributed 
to the molecules of the compound. 

Another method of studying molecular structure is based on the 
Ramsauer effect. The essence of this effect is that when slow electrons 
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(or protons) pass through a gas we observe a peculiar dependence, 
upon the electron velocities, of the total effective cross-section for 
the interaction of electrons with the gas molecules. Depending on 
the nature of the gas, the effective cross-section, which is usually 
taken as the sum of the cross-sections of the molecules contained 
in 1 cm s at 1 mm Hg and CPC, varies with the electron velocities 
in accordance with a curve that is characteristic of the given 
compound or the given class of compounds. We will not go into the 
theory of the Ramsauer effect, but will only note that this effect 



0 12 3 4- 567 

SR 


Fig. 121. Effective cross-sections for 
slow electrons in N 2 , C 2 H 2 , and HCN 
(after Brueche and Schmieder) 


is a diffraction effect since it is 
caused by the wave properties- 
of electrons and protons. 

Figs. 121 and 122 show curves 
of effective cross-section Q (in 
cm -1 ) as a function of the elec¬ 
tron velocities in N a , C a H„ and. 



US 


Fig. 122. Effective cross-sections for 
slow electrons in C0 2 and H 2 CCCH 2 
(after Brueche and Schmieder) 


HCN (Fig 121) and CO a and H.CCCH, (Fig. 122). We see that 
the curves for each class of molecules are charateristic of this class 
Ihese data are interesting from the viewpoint of Grimm’s law of 
the displacement of hydrides (Table 34, p. 334) according to which 
the CH molecule and the N atom, just like CH, and O, that have 
the same number of electrons (isoelectron particles) must in a cer¬ 
tain sense be regarded as chemical and physical analogues. This 
peculiarity is also evident from the,shape of the curves under con¬ 
sideration because the substitution of an N atom by a CH group 
or of an O atom by a CH Z group does not essentially alter the 
shape of the respective curve. Hence, the intramolecular field — 
that acts on the electron and determines the magnitude of the 
effective cross-section (for a given electron velocity) —in molecules 
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that belong to each of the two classes under consideration has a 
similar structure within the limits of a given class. And since 
this is hardly possible, for unlike molecular structure we must 
conclude that the molecules of each given class have a similar 
structure peculiar only to the given class. Thus the C atoms in the 
molecule H 2 CCCH 2 , like the C and O atoms in the C0 2 molecule, 
should be situated on a single straight line. 

Apparently, Q is also a sensitive indicator of the type of valence 
bond in a molecule. Interesting in this respect are the curves for 
the molecules 0 2 and H 2 C=CH 2 given in Fig. 123. Despite the 
same number of electrons in these molecules and the double bond 
in both, the curves that correspond to them are radically different. 

However, this difference be¬ 
comes understandable if one 
takes into account that oxygen 
is paramagnetic, whereas eth¬ 
ylene is diamagnetic. Whence 
we get the different type 
of bonding between the O 
atoms in the 0 2 molecule and 
between the methylene radi¬ 
cals CH 2 in the C 2 H 4 mole¬ 
cule: in 0 2 the chemical bond 
is accomplished by four elec¬ 
trons, two of which have un¬ 
compensated spins ( 3 2 state) 
while in the C 2 H 4 molecule 
all electron spins are mutual¬ 
ly compensated. This differ- 





Fig. 123. Effective cross-sections for slow 
electrons in oxygen and ethylene (after 
Brueche) 

^ence in valence bonding undoubtedly exerts its effect on the struc¬ 
ture of the field of the molecules under comparison. It is this, there¬ 
fore, that accounts for the marked difference in the shapes of 
the respective Ramsauer curves. 

It may be noted that in recent years new methods have emerged 
in the study of molecular structure. These methods are associated 
with the development of nuclear physics. One consists in the use 
of scattering and diffraction of neutrons. On the basis of the 
scattering of thermal neutrons by the molecules of sulphuric acid, 
Janik established the presence of OH hydroxyls in the H 2 S0 4 
molecule. Applying neutron diffraction, Levi and Peterson studied 
the crystalline "structure of NH 4 C1 and determined the distance 
N—H (1.03 ±0.02 A). 

The second in this group of new methods is one that 
utilises positron-electron interaction to produce positronium. It 
is capable of measuring the rate of transformation of ortho- 
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positronium into para-positronium (by measuring the lifetime of 
positronium with the help of counters and coincidence circuits). 
Since this transformation is accomplished with particular ease on 
free and unpaired electrons in atoms and molecules and since as 
a result we get, in place of the relatively long-lived ortho-positronium 
that decays into three gamma-quanta, para-positronium, which is 
a thousand times more long-lived and decays into two gamma- 
quanta, it becomes possible to determine the concentration of 
electrons, atoms, and radicals in the substance. Another possibility 
of the positron method is connected with observing the annihilation 
of positrons in their collisions with electrons. This permits studying, 
the distribution of electron density in molecules. 

Finally, molecular structure may be studied by a method based 
on the Mossbauer effect, which consists in the resonance scattering; 
of gamma-quanta by nuclei. Since the resonance-level width of 
excited nuclei is many orders of magnitude less than the recoil 
energy obtained by the nucleus due to its emission of a gamma- 
quantum, resonance scattering of gamma-quanta does not occur in 
the case of recoil. However, it is observed (this is the Mossbauer 
effect) if recoil is eliminated. This is achieved by getting the 
scattering atoms (nuclei) firmly fixed in the crystal lattice at low 
temperatures. The very slightest external effect (for example, changes 
in the chemical composition of the scatterer) brings about a 
displacement (shift) in the nuclear levels. This upsets resonance 
because of the above-mentioned small width of the resonance 
levels. Resonance may be restored with the aid of the Doppler 
frequency shift, which is used to measure the shift in nuclear 
levels. Studying such shifts in the nuclei of iron Fe 57 in its various 
compounds, Kistner and Fynyar made a quantitative determination 
of the contribution of different electron shells to the valence bonds 
of iron. Measurements, made by Hanna and others, of the magnitude 
of the shifts in the case of metallic iron and its oxide Fe 2 O a have 
further led to the conclusion that iron nuclei are situated in strong 
magnetic fields (of the order of hundreds of thousands of oersteds) 
induced by electron shells. It is very probable that subsequent 
elaboration of this method will, in the near future, open up great 
possibilities for studying the fine structure of the electron shells 
of atoms and molecules. 


49. Energy Constants of Molecules 

Methods for determining bond energies. Let us first take up the 
experimental methods of determining the energy of chemical bonds 
(heats of dissociation). Most widespread are the thermal methods , 
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which are based, for example, on measurements of thermodynamic 
equilibrium. In the simplest case, one of these methods amounts 
to measuring the pressure of a heated gas or to measuring the 
concentration (pressure) of the initial gas or its products of disso¬ 
ciation at various temperatures. Having in view to determine the 
heat of dissociation of a diatomic gas, we can express the constant 
of equilibrium X 2 ^±2X 


(px and px 2 are the partial pressures of the atomic and molecular 
components), on the assumption that both components obey the 
law of ideal gases, by the following formula: 


K p = 


4(Ap)* 
p - 2Ap 


(49.1) 


where Ap = p — (T/T 0 ) p 0 , p is the overall pressure at temperature T 
and p 0 is the initial pressure of X 2 at temperature T 0 .* Calculating 
K p (49.1) from the values of Ap (measured at various temperatures) 
by means of equation 


d In K p Q p 

dT~ RT 2 


(49.2) 


we find the heat of dissociation D = Q P at temperature T. The 

heat of dissociation at absolute zero D° may be obtained from 

the equation 

T T 

D°=D —2 fc p dT+JCp dT (49.3) 

** A ^ A? 

o a 

which is one of the particular expressions of the Kirchhoff formulas. 

As may be seen from (49.1), Ap, at a given temperature, is the 
greater the higher the equilibrium constant K p , i. e., the less the 
heat of dissociation D. Therefore, this method of determining the 
heats of dissociation (due to measuring difficulties at high temper¬ 
atures and the associated considerable errors) yields the most 

precise results only in the case of small D when the atom concen¬ 

tration even at relatively low temperatures is appreciable. This 
method has yielded good results in the case of the halogens Cl 2 , 
Br 2 , and I 2 . By way of illustration, we give the results of 
measurements of the heat of dissociation of iodine obtained by 
Perlman and Rollefson. The values of D° computed by these 


* At this temperature the partial pressure of the atomic component p x 
is practically zero. It will be noted that p x —2Ap. 
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(872^40 ^'vTroT/qww?* S o at different temperatures are: 35.757 

35 515kca iS 1274= R K > ’i, 35 ' 504 < !173 °K), and 

nrnnH^n ' -i 2 4 *})' Ttle mean weighted value of 35.514 kcai mol 

lt sho dd 01 5nn des W,th K 35 -^ 56 k ca 1 mo 1 obtained spectroscopically. 
It should, however, be noted that during recent years as a 

atures fnd^on' 3ra , ble .. refineme n t in methods"of measuring temper- 

this thermal meth™M a + 0nS ’ WayS have been foimcJ for extending 
for M eT ; me thod to temperatures up to 3000’K and, consequently 
foi measuring comparatively high values of heats of dissSionl 



Fig. 124. Thermal dissociation of hvdro^en 
(after Hendrie) 


To illustrate, Fig. 124 gives the measured * (at various temperatures) 
values of the degree of dissociation of hydrogen x _vi00“ ' 

(open circles). In this figure, the curve is nlnHwi tL .ft, , 

from the heel of dissociation o? values 

?! tfeT'r , a ,i? 

M-.'Sa*""* th f mea f re ‘ l and calculated rate! of propaw? 
hat nf ih k W3V ! in nitrogen ' Toennis and Greene showed 

f ! iea ' > 
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All the foregoing methods are based on measurements of thermo- 
dynamical equilibrium in heat gases. Besides these there are 
thermal methods that might also be called kinetic inasmuch as 
they deal with measuring the rates of chemical processes, Ot this 
group we shall consider only the pyrolitic method , which consists 
in measuring the rate of thermal decomposition of the substances 

C °Obviously, we can here speak only of the decomposition of 
molecules into radicals, i.e., of the monomolecular process of 
type R R =R -4-R*. The activation energy E that enters into 
the expression for the constant of the rate of this process 


k = — 


(RiR 2 ) dt 


J_ d (RiR 2 )_ rt 


(49.4) 


is in most cases equal to the bond dissociation energy of R, — R 2 (D)- 
Thus, D may be obtained from the rate constant of monomolecular 
decomposition measured at various temperatures: 


D = E =—R 


dink 

4 +)' 


(49.5) 


Frequent use is made of a simplified modification of this method 
based on the fact that the pre-exponential factor A in (49.4) _‘ s - lT \ 
most cases, of the order of 10“sec *. Putting A—10 sec and 
measuring k at a certain (single) temperature, one obtains the 
dissociation energy of the bond 


D = E = RT In 


to 13 

k 


(49.6) 


This simplified method was first used by Butler and Polanyi to 
determine the dissociation energy of the C—1 bond in various organic 
iodides. It later found wide application in many studies. 

Spectroscopic methods comprise another important group ot 
experimental methods for determining the heats of dissociation of 
molecules. Of this group, the most precise method is that based on 
a determination of the convergence limit of bands in the absorption 
spectrum of a given gas (v progressions, p. 398). As follows from 
the theory of molecular electronic spectra the frequency v , which 
corresponds to the convergence limit of the bands, is in the following 
relationship to the excitation energy E and the heat of dissociation 
of the excited molecule D': 


hv con = hv el + D' = E + D'. 


(49.7) 


Using this expression, one can determine the dissociation energy 
of an excited molecule to the accuracy with which the values ot v con 
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and E are determined. And to find the dissociation energy of a 
molecule in the ground state it is necessary to have additional 
information on the origin of the terms that correspond to the ground 
and excited states of the molecule. Here, various cases are possible. 
We shall examine three. 

Case a. The ground and excited terms of the BC molecule originate 
from terms of the B and C atoms which are in the ground state. 



c) 

Fig 125. Different cases of the photodisso¬ 
ciation of diatomic molecules 


In this case, as a result of the dissociation of the excited molecule 
we get two atoms in the ground state [Fig. 125 a); the sum E-j-D' 
will be equal to D (the heat of dissociation of the molecule in the 
ground state): 

D = E + D' = hv con . (49.8) 

Case b (Fig. 125 b). The ground term of the BC molecule originates 
from the ground terms of atoms B and C; the excited term, from 
the ground term oi atom B and the excited term of atom C. In this 
case, the dissociation of an excited molecule yields B-J-C', while 
the dissociation of the molecule in the ground state yields B-j-C. 
The sum E-}-D' here should equal the sum D-j-A, where A is the 
excitation energy of atom C, i.e., 

D = E + D' — A = hv con — A, (49.9) 

In this case, to determine the dissociation energy in the ground 
state from the convergence limit of bands, it is necessary, consequently, 
to know the excitation energy of one of the atoms. 

Case c. The ground term of the BC molecule originates from the 
terms of atom B in the ground state and from the excited atom C; 
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the excited term, from the terms B and C, which are in the ground 
state. In this case, obviously (Fig. 125c), 

D = t + D' + A = hv con + A. (49.10) 

Here, as in the preceding case, we must know A in order to find D. 

It should be noted that cases a and b, particularly the latter, are 
the most Frequently encountered ai d, for thisreason, the most important 
practically. Unfortunately, the convergence limits of the bands are 
observed only in very few cases, for example, for Cl s , Br a , I., O t , 
and certain other molecules. Case b is encountered for all these 
molecules. 

In connection with this spectroscopic method, of interest is the 
history of the determination of the heat of dissociation of oxygen. 
Before the discovery of this method nothing definite was known 
about the heat of dissociation of O,, and the figures given by 
different workers ranged from 45 to 400 kcal/mol. The experimentally 
determined convergence limit of the absorption bands of oxygen 
came out to 162 kcal mol (Birge and Sponer). For some time it was 
believed that both the ground and excited term o[ the 0„ molecule 
originates from the a P terms of O atoms (case a). Accordingly, the 
dissociation energy of oxygen D was considered equal to D = hv t0I1 = 
— 162 kcal.mol. However, Herzberg demonstrated that the excited 
state of the O a molecule unlike its ground state ( 3 y/~ ), does 

not originate from the ground terms of 0 atoms ( l P —|— 3 P, cf. p. 327), 
but from the terms s P-[-'D (case b). Therefore, a precise determi¬ 
nation of the heat of dissociation of 0 2 proved possible only after A 
was found: A='D-— 3 P=45 kcal mol (Frerichs). On the basis of 
this value, from (49.9) ye find D=162 — 45=117 kcal/mol. At 
the present time, as a result of a precise determination of the band 
convergence limit (Herzberg) we have D° (at 0°K)= 117.96 kcal/mol. 

It is to be noted that the heat of dissociation of hydrogen 
(D°= 103.24 kcal/mol) was determined from observations of the 
convergence limit in the emission spectrum (v' progressions). In this 
case, the convergence limit directly yields the dissociation energy of 
the H 2 molecule in the ground state (that originates from atomic 
terms which correspond to the ground state of H) as the difference 

D = hv e , —hv con . (49.11) 

As was pointed out earlier, the band convergence limit is actually 
observed in very rare instances. And the spectra of most gases are 
either a system of bands consisting of the initial members of 
progressions or are continuous. In the first case, to find the disso¬ 
ciation energy from the spectral data, use is made of an approximate 
method of extrapolation (Birge and Sponer), which is based on the 
fact that the maximum vibrational energy of a molecule is equal to 
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~4x~ 


(49.12) 


(Sec. 37), which is obtained on the ass um of inn that me u a* i 

te y S pSr a l aP I,T,fT^ Se i0 ", “'id*"' 

s s « 

sirs’ & ,yr er trrv n ° d * 

true values (in" p ( eSge°“'fT is1* SS*™* ttae th « 
extrapolated values exceed the true v“ es by ” 2 o‘ "* 

when using a more precise eJnrSn I o extrapolation method 

three-term'expressionTLtaScT "* vlbratio " al «B, • 

E.i b = ha, (v +4) -hrnx (v +-i)' + hcoy (v + -IY 

or a four-term one. 


Indeed, 


Table 55 

Heats of dissociation of some diatomic 
molecules obtained by the extrapolation 
method (in kcal/mol) 


Molecule 

D . 
extrap 

D 

! meas 

D , _ n 1 

extrap meat 

- 5 - ^^xioo 0 /* 

1 meas 

1 h 2 

^ 111 

103.2 

7 


275 

225.1 

22 

0 2 

147 

118.0 

25 

NO 

179 

150.0 

19 

OH 

127 | 

101.5 

25 

] 

' CO 

258 

256.1 

HC1 

123 

102.2 

20 

HBr 

111 

86.5 

17 

Cl 2 

57 

57.2 

0 

Br 2 

70 

45.4 

53 

- J 


using the extrapolation formula 



(49.13) 
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derived from the three-term expression, we find for the heat of 
dissociation of the hydroxyl OH — the vibrational energy of which 

is expressed by' the formula E vib = h 3738.48 ( v +4*) — 

- 85.482 (v + 0.7232 (v + - 0.04544 (v ~ 

118 kcal/mol, i.e.. a magnitude 16 0 /„ in excess of the true value, 
whereas the value given in Table 55 obtained from (49.12) exceeds 
the true value by 25“ i 0 . 

The extrapolation method is applicable in the case of a vibrational 
structure of the spectrum. However, when the absorption spectrum 
is continuous throughout, then, as follows from what has been said 
about the nature of continuous absorption spectra (Sec. 41), one can 
calculate the upper limit of the dissociation energy from the long¬ 
wave limit of the spectrum. Experiment indicates that this method 
ordinarily has an accuracy of several tens per cent, rarely of units 
per cent. Continuous absorption spectra have been detected in the 
case of molecules of type HX, MX (X is a halogen), etc., and also 
in the case of a large number of polyatomic molecules, for instance 
N,0, C1 3 G, COS, XCN, H 2 0, H 2 S, H 2 0 2 , S0 3 , saturated hydrocar¬ 
bons, alcohols, ethers, acids, etc. 

Let us now consider the spectroscopic method based on a determi¬ 
nation of the predissociation limit. In the case of diatomic molecules 
the predissociation limit (frequency v pre d) almost always yields 
only the upper limit of the dissociation energy: 

D<hv pred . (49.14) 

However, when it is possible to observe a break-off in the rota¬ 
tional structure in several vibrational levels of the molecule and 
thus to establish the trend of the perturbation curve, the pre- 
dissociation method is an extremely precise method for determin¬ 
ing the magnitude of D. Such is the case for the molecules H 2 , 
Nj, CO, P, ; and SO. In a number of cases (including four of 
the above five), difficulties arise because it is impossible to give 
an unambiguous solution to the problem of the state of the dis¬ 
sociation products of a predissociating molecule. For example, a 
strictly definite limit of dissociation (from v pred for several 
bands) of the P 2 molecule lies at 116.03 kcal/mol. Identification 
of this number with the heat of dissociation of P t is based on 
the assumption that in the region of predissociation the P 3 mole¬ 
cule decomposes into the atoms P( 4 S) and P(*D). Another pos¬ 
sible value of the heat of dissociation of P 2 equal to 94.98 
kcal/mol is obtained if we consider the atoms P( 4 S) and P( 2 P) 
to be the products of dissociation. The latter value must, appar¬ 
ently, be considered less probable. 
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tin^nmLhf 6 of P oIy f molecu les, the sharp limit of predrssocia- 
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Of late, the mass-spectroscopic method of determminrr w j 
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ombardment of .he modules of .he gas under study, Slur 

mg the minimum energy of the bombarding electrons atwhM." 
appropriate ions - delected by their mass spectrun ™ „ a L th 'f“ 
appearance (appearance potential of ions of this kin Hi La 
measuring the energy of these ions. OUgreatest interest f^S th 
viewpoint of determining the bond energy is the following pSre£l 

RiR 2 + e = R ( h -j- -j-2e. 

ionisation potential 

D=E " — eI ', ( 49 . 15 ). 

the bond energy R.-R.p). E . is found from the appearance poten 

obtained 'spectrtMcoftly « "* P olenlial cm be 

detaSS’ hlT first - appHed ,he a >>o,e-described method for 
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RCH s — R + 4- CH 3 4- e — E RCHs 
R + + H +e=RH4-E RH 

CH. + RH = RCH, + 2H + AH c „, + AHr „ _ A H RC „, - 2AH „ 
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CH 4 = CH, 4- H — d hc _ H 
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where 

Dh 3 c — h =f E R ch 3 — E R h — AHch, — AH R h + 

+ AHrch 3 + 2 AHh- (49.16) 

Thus, by measuring the appearance potential of the R + ion under 
electron bombardment of RH and RCH„, i.e., the quantities E RH 
and E RCHa (it is taken here that the energy of R + is equal to 
zero), we find D Hj c-h from the known heats of formation of meth¬ 
ane (AHchJ. the substances RH and RCH, (AHrh and AHrch,). 
and atomic hydrogen (AH h ), using (49.16). In the first experi¬ 
ments, Stevenson took ethane C 2 H„ (RH) and propane C S H 9 (RCH S ), 
i.e., R = C 2 H 5 . From the measured values of E Ci m 0 =15.2 eV, 
E c Hj = 14.5 eV and from the known heats of formation (— A^ch, — 
— AH Ci h. + AH C .h. +2AHii= 5.08 eV) it follows that D H|1 c- H= 
= 4.4± 0.2 eV, which coincides with the value obtained by means of 
the ionisation potential of CH a . 

Let us briefly dwell on the theoretical determination of the energy 
of chemical bonds. Theoretically, the dissociation energy of a given 
bond, for instance the energy of the R, —R 2 bond in the molecule 
R R , may be calculated as the energy difference of the particles 
r| and R 2 and the molecule R,R 2 . The mean energy of the bonds 
is*determined from the heat of atomisation, which is obtained as 
the difference between the energy of all the atoms of the given 
molecule and the energy of the molecule. Thus, the theoretical 
problem of determining bond energies reduces, in the final analysis, 
to calculating the energy of the molecules. 

However, even in the case of the simplest diatomic molecules, 
this calculation, which consists in the solution of the quantum-me¬ 
chanical problem of the interaction of a definite number of elec¬ 
trons and nuclei, encounters tremendous mathematical difficulties. 
Suffice it to say here that it was only in the 17th approximation 
that calculation of the H 2 molecule (a system consisting only of 
two electrons and two nuclei) gave a heat of dissociation of H 2 
that coincided with the experimental value (see p. 288). The heats 
of dissociation of certain other simple diatomic molecules were 
calculated with less accuracy. 

Substantial progress in this field should be expected with the 
development of computer techniques. 1 he molecules 0 2 and N 2 
were the first to be attacked by computing machines. Meckler 
calculated the heat of dissociation of 0 2 , which came out only 2% 
less than the true value (116 in place of 118 kcal/mol). Using 
two computational methods (variational and electrostatic) for the 
heat of dissociation of nitrogen, Bruchner obtained 227.07 and 
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22/.95 kcal/mol, which differ from the true value of 225 kcal/mol 
by roughly 1%. ' u 

Naturally the calculation of triatomic and more complex mole¬ 
cules is a still more difficult problem. As yet there is not a single 
satisfactory solution Therefore, of interest are various semi -empirical 
methods of calculating complex molecules that in part utilise experi- 
mental data, in this way greatiy simplifying the computations 
Bond dissociation energies. Table 56 gives the heats of dissocia- 
hon of some diatomic molecules. These heats are of interest in that 

ImL S n FV f 3S the , initial data for determining the bond energies in 
other diatomic and polyatomic molecules. 

Table 56 

Heats of dissociation of certain diatomic molecules in kcal/mol at 0°K 


h 2 

103 24 

o 2 

t J 7.96 

N a 

225.09 


38.5 

HO 

101,4 

HD 

10.1.05 

s, 

98.5 

P* 

116.03 

Cl 2 

57.10 

CO 

256,J 4 


105.02 

Se 2 

65 

As a 

90.8 


45.4-1 

NO 

152.3 


61.07 

Te 2 

53 

Sb 2 

70.6 


35.57 

SO 

123,6 


In this table the heats of dissociation of H s , HD, D 2 , H^, N,. 

l a t r h’ aild are exacl values; the errors do not exceed 

hundredths of a kcal/mol. The heats of dissociation of nitric oxide 
and hydroxyl may be considered accurate to within ±0.9 and 
±0.o kcal;rriol, respectively. The heats of dissociation of (he other 
molecules given m Table 56 (S 2 , Se 2 , Te s , P„ As 2 , Sb 2 , SO) are 

UP °a , C6r ain , as3t, mp0°ns, the validity of which has as 
yet not been definitively proved. 

it may be noted that the heat of dissociation of CO is connected 
with the heat of formation of gaseous carbon AH C by the relation 

D co ' AHc -(- -T Do, — AHco 

from which it follows that AH C = 169.96 kcal. AH C is of funda- 
organic compounds. Comf>aUns the bond ener § ies in molecules of 

The heat of dissociation of NO may be obtained from the heats 
the d formida 0n ° N ’ ^ ° ! ^ * he heat of fom iation of NO from 


D 


AB 


— ~2 (°a 2 + Db 2 ) — AHab. 


— iinAB. (49.17) 

On the basis of (49.17), we can calculate the heats of dissociation 
of many other molecules. For example, from the well-known heats 
of formation of the halogen hydrides HX and the heats of dissocia- 
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lion of hydrogen and the halogen molecules we obtain the follow¬ 
ing heats" of dissociation of HX molecules {at 0° K): 134.1 (HF), 
102.2 (HCl), 86.5 (HBn), and 70.5 (HI) kcal/mol. In the same way, 
from the heats of formation of gaseous alkali-halogen salts MeX 
(Me stands for an alkali metal atom) and the heats of dissociation 
of halogens we get the most precise values of the heats of dissocia¬ 
tion of MeX molecules. 

The heats of dissociation are also used for calculating the ener¬ 
gies of splitting of complex molecules into atoms (heats of atomisa¬ 
tion). For instance, from the heat of formation of water vapour 
AH h , o-57.I1 kcal (at 0° K) and the heats of dissociation of H 2 
and 0 3 (Table 56) we get 219.3 kcal for the heat of atomisation of 
H 2 0. The heats of atomisation are of prime importance in deter¬ 
mining the average bond energies (see below). 

ft may be noted that when the heat of formation of a substance 
AB is unknown, the following procedure is often resorted to to find 
the heat of dissociation. Pauling and Jost postulated the additivity 
of the energies of single covalent bonds; by this the energy of a 
normal covalent bond between unlike atoms A and B is equal to 
the arithmetical mean of the two energy values D A , and D B .. Later, 
however, it was found that this postulate had to be replaced by a 
similar geometrical-mean postulate. According to the latter, the 
energy of a normal covalent bond between atoms A and B is 
1 

{Da,Db 3 ) 2 - Here, the difference between the true energy of dissocia¬ 
tion and the value obtained for the geometrical mean must be the 
less the smaller the difference between atoms A and B as regards 
electronegativity, i.e M the more covalent the bond in the AB 
molecule. 

However, it will readily be seen that this method of determin¬ 
ing the dissociation energy is jsuitable only for a rough evaluation 
of this quantity. Indeed, taking advantage of the data in Table 56 
and calculating the heats of dissociation of NO and HO molecules 
from the formula 

D ab = /dZD^, (49.18) 

we get 163 kcal/mol for NO in place of 152, and 111 for HO in 
place of 101, i.e., values that exceed by 10% those given in 
Table 56. A still greater discrepancy is found in the case of halo¬ 
gen hydrides where the values of D calculated from (49.18) are less 
than the true values by 14 to 54%. 

The bond dissociation energy in saturated molecules and radicals 
is- quantity that is of interest both from the viewpoint of the 
structure pf these particles and for elucidating the kinetics and reac¬ 
tivity- of* the-compound. This quantity may be calculated from the 
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following equation: 

^ (^i ^i) = AHr, -f- AHr 2 — AH r ,r 2 (49.19) 

from the heats of formation AH of the appropriate molecules, radi¬ 
cals, and the particles formed in their decomposition. Table 57 
gives the quantities thus obtained for some of the simplest mole¬ 
cules that decompose with rupture of a simple chemical bond. 


Table 57 

The energy of decomposition of molecules into two univalent radicals 
at 25° C (in kcal/mol) 



H 

CH, 

c 2 h 5 

c,H 5 

nh 2 

OH 

CN 

NO 

NO;, 

Cl 

Br 

I 

H 

104.2 

103 

98 

1 102 

104 

119,2 

114 

— 

_ 

103.2 

87,5 

71 .4 

ch 3 

103 

86 

84 

90 

81 

89 

90 

— 

49 

82 

; 68 

54 

c 2 h 5 

98 

84 

80 

88 

— 

90 

— 

— 

56 

80 

65 

51 

C 6 H 5 

102 

90 

88 

98 

90 

105 

— 

— 

62 

85.6 

70,9 

57 

nh 2 

104 

81 

— 

90 

60 

63 

— 

— 

— 

— 

. _ , 

_ _ 

OH 

110.2 

89 

90 

105 

63 

50 

— 

51 

51 

— 

. _ 

. _ 

CN 

114 

90 

— 

— 

— 

— 

112 

— , 


85 

75 

63 

NO 

— 

1 — 

— 

— 

— 

51 

— 

2.9 

9.6 

38.0 

30.6 

_ 

no 2 

— 

59 

56 

62 

— 

51 

— 

9.6 

13,7 

— 


_ 

CJ 

103.2 

82 

80 

85.6 

— I 

— 

85 

38.0 

— 

58.0 

52.5 

50.3 

Br 

87.5 

68 

65 

70.9 

— 

— 

75 

30.6 

-_ 

52.2 

46 I 

42.5 

I 

71.4 

54 

51 

57 i 

— 

— 

63 

— 

— 

50.3 

42,5 

36.1 ! 

i 


Of great interest is the dissociation energy of simple chemical 
bonds in the homologous series. From general reasoning 1 hat follows 
from ordinary concepts concerning the mutual interaction of atoms in 
molecules it may be concluded that as radicals become more complex 
in the molecules that form the given homologous series, for example, 
the aliphatic radical R n —Q T H 2n + I in the series R ts — X (X = H, 
OH halogen, C S H 5 , etc,), the energy of the R n ~ X bond must 
tend to a certain constant value. An analysis of experimental data 
referring to paraffin hydrocarbons (both normal and of isostructure) 
carried out by Voyevodsky yielded 77.6 kcal/mol as the limiting 
value of the CnH^^j—H bond energy. The decrease in bond dis¬ 
sociation energy when passing from methane to ethane and other 
heavier hydrocarbons is to be explained, according to Voyevodsky 
by the inductive effect of CH 3 groups. Proceeding from this assump¬ 
tion, Voyevodsky obtained for the C~H bond dissociation energy 
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the following equation 

Dc_h = D (£„ Han+i — H) = 77.6 + 8.02 0.4 (49.20) 

where k| is the number of C atoms in each of the three radical 
chains R x , R 2 , and R, 

R. 

R -c-R.. 

I 

H 

For example, in the case of 

CH, 

I 

H,C — C — CH 2 CH, 

H 

we havek 1 = k, = 1 and k 2 = 2. The energy values, obtained from 
(49.20), for the detachment of an H atom from various hydrocar¬ 
bons are in good agreement with experiment. 

A formula similar to (49.20) was derived by Voyevodsky also 
for the C — C bond dissociation energy in paraffin hydrocarbons. 

With respect to known experimental data on the bond energies 
in homologous series we note that in the case of the series R n —H, 
R n —CH,, R n —C.H,, R n — C,H S the C—X bond energy dimin¬ 
ishes, in accord with theoretical reasoning (see p.505), with increase 
in the number of the series term (n) and tends to a certain constant 
value. Unlike these series, the energy of the C — OH bond in al¬ 
cohols fluctuates about a certain mean value, which for norma! 
alcohols is 89.4 kcal/mol. The same constancy of bond energy is 
observed in the homologous series of ethers R n — OR m , and also of 
alkyl nitrites R n ONO, alkyl nitrates R n ON0 2 , and alkyl peroxides 
Rn OOR n . 

From the foregoing it may be concluded that the bond energies 
in the homologous series of different compounds retain approximate 
constancy if the participant in the bond is an oxygen atom (C — O 
bond in alcohols and ethers, 0 — 0 in peroxides, and N —O in 
nitrites and nitrates), while the C — C and C — H bonds exhibit a 
monotonic decrease to a certain constant value. 

This decrease in the R n — X bond energy in the case of X = H 
and CH, (and also in the case of X = I and Br) and the practically 
constant bond energy in the case of X=OH (alcohols) is correlated 
by Baughan, Evans, and Polyani with the particular stability of 
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Rn OH molecules that is due to the considerable weight of the 
ionic structures R„ —0~H + and R n +0~H. g 

if H the i d ,f C ^ mpoS i tion c °[ 3 molecule of a paraffin hydrocarbon 

. r eoMt,^o\ ca ^ r Ld„! h , e h e C C- H C K 

then the corresponding decomposition of alkvl radicals C H + i * 

uon oi me latter the expended energy j s partially compensated Fnr 
« iCevidenfLm fl ™ ti0 " °' " bond ’ 

H H H H 

11 II 

H,C C C-«■ H,C —f- C = C . 

11 II 

H H H H 

J J mdT mPenSa,i ° n iS abSen< * he decom P° sit i°n of saturated com- 

nsrance, biradicals can form by rupture of the douhle C c n a 
in the ethylene molecule H.C = CH -> 2CH or in th= T ^ 
molecule H,C = CH — CH —-CH -4cH— rn i! propylene 

o^theT d the hr d | er 5 ase t , her( j occur * s - simultaneously wrtjf theTupture 
p < e bond a displacement of the H atom in the biradical 

th CH, that leads to the formation of a new double bond and 
the process follows the scheme FLC = CH — CH — .CH x h r 
Due to partial compensation, the latter is moiT a^atag^TS' 
getically than a process that leads to the appearance of kvn K,- r Ji 
cals. Indeed, whereas the rupture of tl ' r V® e °) two bl,ad| - 

decimpLflta'intoTh'requt™ 1« 

c“j c "sr- 

the case of the decomposition of 2-butylene CH CH_rHm mi 

wo molecules of ethylene we l.eve'CH,cff£mCH = fc H ° 
cal/mol or m the case of the decomposition of 2-pen tene into 
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ethylene and propylene CH 3 CH = CHCH 2 CH 3 = C 2 H 4 -|-C 3 H 6 , 
25 kcal/mol. * 

In addition to total rupture of a double bond we can also have 
a partial rupture, i.e,, the transformation of a double bond into 
a single bond, as a result of which the molecule passes into the 
state of a biradical without decomposing, for instance, H 2 C — 

= CH 2 —*H 2 C — CH 2 . The energy of this process (65 kcal/mol) 
was obtained as the energy expended on cis-trans-isomerisation of 
dideutero-ethylene that is accomplished via the intermediate bi¬ 
radical state: 

H H H H HD 

II II II 

c=c^ —c —c— >c=c. 

II II II 

D D D D D H 

Bi radical states are most frequently encountered experimentally 
among the aromatic compounds, in the case of which the energy 
of transition into the latter, i.e., the energy difference between 
the biradical and ground states of the molecule, is particularly 
small. For example, the excitation energy of the biradical state of 
the paraquinodimethane molecule 



is only about 10 kcal/mol. Because of the low excitation energy 
of the biradical state, the concentration of biradicals of paraquino¬ 
dimethane * 



is very considerable already at room temperature. 

Another example is the Chichibabin hydrocarbon 

(C 6 H 5 ) 2 C = / = C ( C . H .).* 

for which the excitation energy of the biradical state 

(C.H,),C -< "> C (C.H.), 

is estimated at several kilocalories. The ease with which biradi¬ 
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cals are formed in these cases is due to the large energy gain in 
the formation of aromatic rings. In this sense, we can again speak 
of the compensation effect. 

Transition to the biradical state frequently signifies a transition 
of the molecule from the ground singlet state to an excited triplet , 
which is one of the electron states of the given molecule. For this 
reason, in addition to thermal excitation, direct radiative excita¬ 
tion of the biradical state of the molecules 'is possible to the extent 
of probable intercombination transition from the singlet to the 
triplet state, rerenin demonstrated that the biradical triplet states 
of molecules play a very great part in photochemical reactions, 
particularly in the reactions of various dyes. And Terenin established 
that under the conditions of a photochemical reaction the biradicals 
can make their appearance both by means of a direct radiative 
transition to the triplet state and via an intermediate excited sin¬ 
glet state with subsequent transition to the triplet state upon col¬ 
lisions with molecules. In the case of radiative excitation of birad¬ 
ical triplet states the excitation energy can obviously be determined 
directly from the positions of the respective absorption bands in 
the spectrum of the given compound. This energy can also be ob¬ 
tained theoretically. 

It may be added that in a number of cases the triplet biradical 
state has been detected by measuring the paramagnetic susceptibil¬ 
ity of the compounds. This measurement is possible due to the 
considerable concentrations of excited molecules, which concentra¬ 
tions are in turn possible because triplet excited states are metasta¬ 
ble and, hence, comparatively long-lived electronic states of 
molecules. 

Proton affinity. Of considerable interest is the bond energy of 
various neutral particles (molecules and radicals) with the proton. 
It has been established, for example, that molecular ions of water, 
H 2 0 + , which initially form in an electric discharge in water vapour, 
interact with H 2 0 molecules, this yields hydroxonium H a O + and 
hydroxyl OH. It will readily be seen that the thermal effect Q of 
the process 

h 2 o + + h 2 o = h 3 o + +oh 

can be expressed as the difference of the heats of proton attachment 
to the H 2 0 molecule and to the OH radical, i.e., as the difference 
of proton affinity of H 2 0 and OH: 

Q = Ph 2 o — P OH* 

Proton affinity also determines the thermal effects of the forma¬ 
tion of alkyl ions from protons and olefine molecules or complex 
alkyl ions from simpler ions and olefines. 
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Table 58 gives the values of proton affinity of free and hydro¬ 
genated atoms O, N, and C. These values are obtained for atoms 
and radicals from measured ionisation potentials and the heats of 
dissociation of the appropriate radicals.* The proton affinity of the 
NH 3 molecule was obtained indirectly. 

Table 58 

Proton affinity of free and hydrogenated atoms 
of oxygen, nitrogen, and carbon (in kcal/mol) 






c 

138 



N 

44 

CH 

158 

0 

115 

NH 

148 

ch 2 

183 

OH 

142 

nh 2 

185 

CH„ 

118 

oh 2 

169 

nh 3 

202 

ch 4 

122 


The values of proton affinity of H 2 0 and CH 4 molecules have 
been measured by Frankevich and Talroze. In Table 58 we note 
a regular increase in proton affinity of the O and N atoms with 
their increasing degree of hydrogenation and the absence of an anal¬ 
ogous regularity in the case of carbon. It is extremely probable that 
the sharp decrease in proton affinity in the transition from CH 2 to 
CH 3 is due to the absence of an unshared electron pair in methyl. 

Other alkyl radicals, halogen atoms, olefines and other substances 
also display substantial proton affinity. Some of the relevant data 
are given in Table 59. 


Table 59 

Proton affinity of halogen atoms, alkyl radicals 
and the simplest olefines (in kcal/mol) 


Halogens 

Alkyl radicals 

» 

Olefines 

F 

(120) 

ch,- 

118 

c 2 h 4 

156 

Cl 

124.5 

C.H, 

144 

c s h 6 

176 (H-C 3 H 7 ) 

Br 

134.5 

c 3 h, 

156 

c 3 h 6 

184 (iso-C s H,) 

I 

147 

n — C 4 H 9 

166 

c 4 h 8 

196 (tert-C 4 H 9 ) 


Average bond energies and the rule of additivity of bond 
energies. The bond energies in the simplest molecules, such as H 2 0, 
NH S , CH 4 or C1 2 0, NC1 S , CC1 4 , which contain the same bonds, may 

* For example, the proton affinity of an oxygen atom is Pq = D oh -|- 
+ eI H — eI OH , where D OH * s the heat of dissociation of OH, I H and I Q h are 
Ahe ionisation potentials of H and OH. 
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be calculated from the heats of formation of the molecules and the 
heats of foniiation of the component atoms. For example, by calcu¬ 
lating the energy of formation of the methane CH* molecule from 
the H and C atoms {the energy of atomisation of methane) from the 
formula A c h 4 = AH c + 4AH h — AH ch< = 171.3 + 4><52.1 + 17.9= 
= 397,5 kcal/mol, for the mean energy of the C — H bond in GH 4 
we find, in view of the identity of all four C — H bonds in the 
CH* molecule. Ec-h = V 4 A C H t = 99,4 kcal/mol. In similar fashion, 
for the mean energy of the bonds N —H in NH a and O — H in 
Hp we get En-h ^ViAnh, —93,4 and Eo_ H —*/» A Ha o = 
— 110.8 kcal/mol. 

In the case of more complex molecules with different bonds, the 
mean energy of the bonds between respective pairs of atoms may be 
determined if we proceed from the fact that the bond energy of 
a given pair of atoms is approximately constant in different com¬ 
pounds. The most convincing experimental proof of this constancy 
consists in the possibility of a rather exact representation of the 
energy of atomisation of the various compounds (with single or with 
isolated * multiple bonds) in the form of a sum of the bond ener¬ 
gies of the respective pairs of atoms (additive formula ). Let us 
consider, by way of illustration, the normal paraffins. Assuming the 
additive formula to hold, we represent the energy of atomisation of 
these compounds as the sum 

Ac n H 2 n+ 2 == 2 (n-f- l)Ec-H-l-(n— 1) E c _c- (49.21) 

On the other hand, A may be calculated from the experimentally 
known heats of formation of hydrocarbons of the class under study: 

Ac n H 2 n+ 2 = nAHc4"2 (n —J— 1) AHh — AHc n H 2n + 2 * 

The experimental values, calculated from this formula, of the energy 
of atomisation of normal paraffins are given in the second column 
of Table 60, In the third column are given the values of A obtained 
from the additive formula (49,21) for the following values of the 
mean bond energies: E C -h = 98.75 and E c _ c = 82.87 kcal/mol. 

As may be seen from the data of Table 60, already beginning 
with pentane there is complete agreement of the atomisation energies 
computed from the additive formula and obtained experimentally. 
II will be noted that the mean bond energy E c _h = 99.4 kcal/mol 
(see above) obtained from the experimental value of the atomisation 
energy of methane differs by only 0,6 from the value of 98.75 kcal/mol 
taken in the additive formula. 


* Isolated multiple bonds are bonds separated by more than one single 
bond. 
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Table 60 


Atomisation energy of normal hydrocarbons 
of ttoe paraffin series (in kcal/mol) 


Hydro¬ 

carbon 

^meas 

A calc j 

^ineas ^ca 3c 

ch 4 

397.5 

395.0 

2.5 

C t H ( 

675.3 

675.4 

—0.1 

CjH a 

955.3 

955.7 

—0.4 

C t H„ 

1235.8 

1236.1 

—0.3 

C,H W 

1516.5 

1516.5 

0.0 

C.H„ 

1796.8 

1796.8 

0.0 

QH„ 

2077.2 

2077.2 

0.0 

c,h 18 

2357.6 

2357.6 

0.0 

c,h* 

2637.9 

2637.9 

0.0 

c,„h 2! 

2918.3 

2918.3 

0.0 

C„H i4 

3198.7 

3198.7 

0.0 


3479.1 

3479.1 

0.0 


Correlating the mean energy of the C — C bond with the mean 
energies of single bonds of other atoms of the same period: 

C—C N—N 0—0 F—F 

82.9 75.3 59.5 37.6 

we note a decrease in bond energy from carbon to fluorine. 

From the additive formula for the atomisation energy of normal 
alcohols 

Ac n H 2 n + iOH = (2n 1) Ec - H ( n 1) Ec-C-j- 

+ Ec- 0 +Eo-h (49.22) 

with the aid of the experimental values of the atomisation energy 
obtained from formula 

Ac n H 2n+1 oH = nAHc —2 (n —1) AHh AHo — AHc n H 2 n+ 2 ^H 

and the above-obtained mean values of bond energies Ec-h = 98.75, 
E C -c = 82.87, and E 0 _ H = 110.8 kcal/mol, we get Ec-o = 
— 85.5 kcal/mol for the mean energy.of the C — O bond in alcohols. 
A value of Ec-o close to this is obtained from the heats of for¬ 
mation of ethers (85.3) and also from the heat of formation of ethy¬ 
lene glycol CH 2 OH — CH ? OH (85.9). Following are the mean 
energies of a single bond with oxygen for other elements as well: 

C —O N —O 0 — 0 F —O 
85.5 75.5 59.5 45.8 

Here E N -o is obtained as 1 / 2 Dno* and Ef-o as 1 / i Dp a o- 


* E n _ 0 calculated as ! / # A NO comes out to 74.7 kcal/mol. 
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In similar fashion we can calculate the C — N bond energy. Such 
calculation from the heats of formation of CH S NH,,, C S H S NH 
TO.NH, and HCN yields, on average, Ec-n=69.0 kcalJmol 
with an average spread of ±0.7 kcal/mol. For different elements we 
get: 

C —C C —N C —O C —F 
82.9 69.0 85.5 102.2 


Here E C _ F is obtained as '/ 4 Acp,. 

Let us also calculate the average energies of the bonds C_Cl, 

A n , d ^9 — L For Ec - Cl from the heats of formation of CCI ’ 
r H ri , C,HC1 S , CjHjCl^, C.H.Cl,, C s H 4 C] s , and 

~*H S CI we get 79.2 kcal/mol, for Ec_bf from the heats of forma- 

Eon ° f t , C P r ‘* J 9 1B t- CH * Br ” CH = Br ’ C,H 4 Br„ C,H,Br, 
ru ? k ’ and 0r Ec -‘ from tbe lieais of formation of CHI,, 
CH I 2 , CHJ, C a H 4 I 2t and C E H 5 I t 52.4 kcal/mol. For the average 
bond energy of different elements with the chlorine atom we get: 


C — Cl N —Cl O —Cl F — Cl 
79.2 37.9 49.6 61.0 . 


Her , e , En - c1 is obtained from the heat of formation of NOC1, E 0 n 
as yV D ci 2 o and E f _ C i as D fc i. 

It will be noted that the energy of the C — C bond in trimethylene 

CH 2 

/\ 

CH-CH, 

comes out appreciably reduced as compared with the hydrocarbons 
ol lhe paraffin series. From the heat of formation of trimethylene 

^°oon e i ing , Ec -H = 98.75 kcal/mol) we get E c - c = 73.8 in place 
of 82.9 kcal/mol. 

Also reduced are the energies of the C — C and C — O bonds in 
the molecule of ethylene oxide 

O 

/\ • 

H 2 C-CH 2 

Considering E C - H = 98.75, from the heat of formation of ethylene 
oxide we get Ec c + SEc -0 = 215.5 in place of 253.9 kcal/mol. 
The decrease in the bond energies in both of the cases just consid¬ 
ered (this signifies a rise in (he energy of the molecule) is caused 
by a deformation of valence angles that is associated with ring 
structure. Let it be noted Ihat in the case of cyclohexane C H 
where the deformation of the valence angles (tension) is absent* 
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calculation of the average energy of the C — C bond yields a normal 
value, 82.9 kcal/mol. 

Smaller, but quite clearcut, differences in the bond energies are 
observed also in passing from normal hydrocarbons to hydrocarbons 
of a different structure; this is directly evident from their heats of 
formation. For instance, the heat of formation of isobutane 

H 

H a C—C—CH, 

CH, 

comes out to 1.6 kcal/mol more than that of normal butane 
H,C —— GH t — CH 2 —— CH a . In the same way, the heats of formation 
of the three isomers of pentane: normal pentane H,C — CH a — CH 2 — 

— —CH,, 2-methylbutane CH,CH E CH (CHJ S , and 2,2-dimethyl- 
propane (neopentane) (CH a ) 4 C are 35.0, 36.9, and 39.7 kcal/mol, 
thus differing by 1.9, 2.8, and 4.7 kcal/mol. 

Approximate constancy of bond energies is frequently observed 
also in the case of multiple bonds. For example, this constancy of 
energy of the doub le carbon-carbon bond occurs in the case of 
olefines, as may be seen from the data given below; calculating the 
energy of the C —C bond from known heats of formation of olefines 
of normal structure and from the earlier accepted values of Ec^h= 

— 98.75 and E C -c= 82.97, we get, for the first twelve olefines, 
the following values of E c =c' 143.4, 146.1, 145.8, 146.1, 146.1, 
146.2, 146.1, 146.1, 146.2, 146.2, 146.2, and 146.2 kcal/mol. We 
see that beginning already with the second member of the series of 
normal olefines, Ec=c is practically constant. 

As in the case of paraffin hydrocarbons, the heats of formation 
of olefines of iso-structure turn out somewhat greater than those of 
the corresponding normal olefines. If this difference is due to the 
C — C bond, for example, in the case of pentenes, we will have: 
for 2-cis« and 2-trans-pentenes CH S CH = CHCH a CH 3 Ee-C” 147.8 
and 148,7, for 2-methyl-1-butene E c =c= 149.8, for 3-methyl-i-butene 
E c _ c= 148.0, and for 2-methyl-2-butene Ec—c = 151.3, whereas 
for normal pentene we had Ec—c= 146.1 kcal/mol. 

An appreciably different mean energy of the C = C bond is also 
obtained for the compounds of certain other classes. For instance, 
in the case of allene H*C=C = CH 2 we have E c =c = 140.6 kcal/mol. 

Whereas the heats of formation of olefines are known to a high 
degree of accuracy for a large number of the members of the 
homologous series, due to a lack of such data for aldehydes, ke¬ 
tones, carbonic acids, and their alkyl derivatives, the mean energy of 
the C = 0 bond in compounds of these classes may be determined 
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only for the first two members of the homologous series of each of 
these classes. For this reason, one can only speak conditionally of 
the average energy of the C = 0 bond for these compounds. 

The values of this energy obtained from known heats of formation 
of aldehydes RCHO, ketones and acids RCOOH are 173.0, 

181.6, and 189.5 kcal/mol respectively. Despite the rather approxi¬ 
mate nature of these values, variation in the average energy of the 
C = O bond when passing from aldehydes to ketones and to acids 
is, apparently, regular. The principal reason for this difference is to 
be sought in the conjugation effect (see below). 

Bond energies in conjugated systems. When a hydrocarbon mole¬ 
cule has two or more double bonds, the energy of the carbon-carbon 
bonds depends upon their relative arrangement. We have already 
seen that the energy of the double bond C = C in allene H 2 C = C = CH 2 , 
which is a representative of hydrocarbons with cumulated double 
bonds, is considerably less (140.6 kcal/mol) than the energy of the 
C = C bond in olefines, where there is no cumulation of double 
bonds (146.2 kcal/mol). On the contrary, in compounds with conju¬ 
gated double bonds, i. e., with double bonds separated by a single 
C — C bond, the energy of carbon-carbon bonds is always greater. 
For instance, in propylene H 2 C = CH — CH a or in 1,4-pentad iene 
H 2 C=CH — CH S — CH=CH 2 , in which the double bonds are isolat¬ 
ed, the sum of the energies of single arid double bonds Ec-c^b 
4~ Ec-c is 229.0 and 228.8 kcal/mol, whereas in isoprene H 2 C = CH — 
— CH=CH, and 1 ( 3-pentadiene H.C—CH —GH = CH —CH,, i. e., 
in molecules with conjugated bonds, this sum is 230.1 and 
232.1 kcal/mol. In the symmetric benzene molecule with its most 
perfect system of conjugated bonds, the sum of energies of two 
carbon bonds is 242.6 kcal/mol. 

The phenomenon of conjugation is not a specific peculiarity 
solely of carbon-carbon bonds and is observed also in the case of 
C = 0 and other multiple bonds; conjugation is also possible be¬ 
tween a double bond and an unshared pair of electrons of some 
atom (for instance, an O atom or a halogen atom). These types of 
conjugation also lead to a strengthening of chemical bonds. An 
instance of conjugation of C = 0 bonds is glyoxal 




/ 

H 


\ 

H 


in which the energy of the C = 0 bonds is substantially higher 
than the energy of isolated C = 0 bonds in aldehydes (180.2 and 
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pSpa-iSSSsOTW 

for formaldehyde H s C = 0). . E c =o 165.2 kcal/tnol 

An examination of the experimental material referring tn 

ietrf s b ° mlS Sh0WS «» approx'ml Sancy of 
H ene, &y °* a given pair of atoms is be^t satisfied in Ihe 
^imll ° compounds with single bonds and also in molecules with 
r s,UC LIie ’ lor example, in homologous series But in the 

fflSltirj e tZ5! U ?h S ° f dif I erent classes containing both single and 
crudt? thf' S| ! C a ? suin ^ tlon constant bond energies is extremely 
ll,ls ,s clear| y exemplified by dale referring to C=0 

It may be stated that the constancy of bond enemies and the 

in those cSTwh“^‘’v^Sce"'^ “ f re satisfactorily 

;.y the accepted structal tZia'isTmmLof Tl^afi/Som- 

Hon ^ 0V n 0 her < p r osslble valence schemes, Onlv on this condi- 
on c^ n . {,] e heat of atomisation of a molecule be represented fto 

t>„ds f,C c„ e : taTT^The™' “ the SU T ° f oALtfdill 

formula glven P ail ‘ of atoms, i. e„ the additive 

A = 2 E i (49,23) 

where E, is the energy of the fth bond in the molecule However 
m the case of several possible valence schemes (which is parBcm 

obvteirwrite- 0 in' plSST M9 m *7“}* V*"* « «* 
the bond envies- P ( 23> and reta,I ""S values of 

A = A“ + 4A (49.24) 

where A- = 2« and AA is a term that lakes into account the »ar 

and which ^thr^S ^ Vi ° iale the P oshllate uf additivity 
-1™' ' n ,™ e / lnal analysis, are conditioned by the mutual 
interaction of the atoms in the molecules. The quantity AA which 

may ria'lcm t'ed To “"*? ?> im or "* 

quantum S£S£ ‘° “ Cer ‘ am deeree ° f «“*» ^ 

Another method of taking into account, empirically, the changes 
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that the bond energy of a given pair of atoms undergo in different 
molecules consists in the following. Depending upon the class of 
compound io which the molecule belongs, some value is assigned to 
the bond energy of each pair of atoms. In this way, we "distin¬ 
guish the bonds C,.,i—H and C ai —H, i.e., the bonds of C and H 
atoms in aliphatic and aromatic compounds, to the energies of which 
somewhat different values are assigned. The bonds C al —Q.i, C ai —C iir , 
Car C ar , C a i O, C ar —O, etc., are further differentiated as having 
different energies as well. 

This empirical method has been most consistently applied by Ta- 
tevsky, who used hydrocarbons of different structure and demon¬ 
strated that by introducing tbe concept of the types of C, C and C, 
H chemical bonds, which is determined by the position of the given 
bond among the other bonds in the molecule, and by assigning to 
the bond energy of each type a definite and characteristic value, 
ii is possible (by means of an appropriate equation) to compute to 
a sufficiently high degree of accuracy the heats of atomisation and 
tiie heats of combustion of any hydrocarbon. 

The additive formula, as a purely empirical formula (in the more 
simple and crude form that it is ordinarily used or in the more 
complex form proposed by Tatevsky that takes into account a va¬ 
riety of types, and even subtypes, of bond of a given pair of atoms), 
requires theoretical substantiation and a theoretical establishment 
of the range of its applicability. This problem reduces to the gen¬ 
eral problem of the molecule, a rigorous solution of which, how¬ 
ever, encounters great mathematical difficulties. 

In a number of cases the bond energies do not remain constant 
even very approximately. Thus, from the heat of the reaction 
N, + 0 = N,0 we have for the energy of the N = 0 bond 39.9 
kcal in place of the normal value close to 150 kcal. There is a 
large difference in the energies of the Hg—X(X=CI, 
Br, I) bond in the molecules HgX, and in the radicals HgX: B Hs ;-x 
calculated from the atomisation energy of HgX, molecules is 2 to 3 
times the iieats of dissociation of Hg—X radicals. As already point¬ 
ed out (p. 303), this great lack of constancy of bond energies in 
these and analogous cases is to be explained by excitation of va¬ 
lence, i.e., by the variations of energy associated with changes in 
the valence stale of the atoms. 

Double-bond character. In concluding this section let us consid¬ 
er the problem of the relationship between the bond energy of a 
given pair of atoms and the distance between these atoms (bond 
length) in the molecules of different compounds. Prom calculations 
of tiie energy of chemical bonds in diatomic molecules it follows 
that between the energy of the bond (the heat of dissociation) and 
the equilibrium distance between the atoms there is an inverse rela- 
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tionship that finds expression in a decrease in the equilibrium dis¬ 
tance with strengthening of the molecule. This relation is reflected 
in numerous empirical fprmulas connecting D and r. A similar re¬ 
lationship exists between the bond energy of a pair of atoms and 

the length of the respective bond in the case of polyatomic mole- 
cules as well. 

Fig- 126 gives the earlier found C, C- and C, O-bond energies 
in different molecules as a function of the distance between the 
corresponding atoms in the molecule. These data for C C-bonds 
refer to ethane H 3 C—CH 3 (82.9 kcal/mol, 1.543 A), benzene C.H 

(121.3 kcal/mol, 1.387 A), ethylene 
H 2 C=CH 2 (143.4 kcal/mol, 1.353 A), al- 
lene H 2 C = C=CH 2 (140.6 kcal/mol, 
1.309 A), and acetylene HC^CH (195.0 
kcal/mol, 1.207 A); it is assumed that 
the additive formula holds for heats of 
atomisation of these compounds for 
Hc-h = 98.75 kcal/mol. The data for 
C, O-bonds refer to CO (257.2 kcal mol 
1.131 A), 00,(192.2 kcal/mol, 1.163 A), 
and to methyl alcohol CH s OH (80.2 
kcal/mol, 1.427 A), for which it is 
taken that the additive formula holds 
for E c _h = 98,75 and E 0 _h = 110.8 
kcal/mol. An analogous monotonic rela¬ 
tionship is observed between the energy 
and the bond length in the case of other 
pairs of atoms as well. Attempts have 
likewise been made to establish analytical 
relations between E and r. 

The curves in Fig. 126 are in close 
accord with the so-called double-bond- 
character curve introduced into the theory 
of chemical bonds by Pauling. The term 
“double-bond character" signifies the de- 
. , / , S ree to which a bond between a given pair 

of atoms (carbon atoms, for instance) approaches a double covalent 
bond. In the case of two carbon atoms, the degree of the double- 
bond character of an isolated single C—C bond is assumed equal to 
zero and that of an isolated double bond, to unity. In the benzene 
molecule with its six identical carbon-carbon bonds, each of which 
may be considered 50 / 0 single and SO 0 /, double, the degree of double¬ 
bondedness is assumed equal to one half. Finally, "in the case of 
graphite, the valence scheme of which may be represented (schema¬ 
tically) by the following structure: 



Fig. 126. Relationship be¬ 
tween energy (E) and bond 
length (r) in different mole¬ 
cules 
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\ / \ 

c=c c= 


c=c c=c 

/ \ / \ , 

=c c=c c= 

\ / \ / 

c=c c=c 

/ \ / \ 


t e degree of double-boudedness will, obviously, be equal to one- 
thu-d because here, on the average, every third bond is double. The 
-bond-character curve plotted from these four points is shown 
in Fig. 127; the abscissa is the degree of double-bondedness x, the 



Fig. 127. Double-bond-character curve 


ordinate is the distance between carbon atoms in ethane (1 543 A) 
graphite (1.42 A) benzene (1.387 A), and ethylene (1.353 A).’ 
According to Pauling, the double-bond-character curve may be ap¬ 
proximately represented by the following formula 

„ 3x . , 

Fl — 2x-f-l < - 1 ' 1 ~ r 

where r, and r 2 are the distances between the given pair of atoms 
in isolated single and double bond, r is the distance between these 
atoms in the case of a bond intermediate between double and single. 
On the basis of the curve in Fig. 127 and similar curves plotted 
for other pairs of atoms, one can judge the nature of the respective 
bonds, and this is of great interest for elucidating the nature of 
bonds in general. 


50. Vibrational Frequencies of Molecules 

Relations between vibrational frequencies. The vibrational fre¬ 
quencies of molecules are the next important molecular constants 
after the dissociation energy and the energy of chemical bonds. As 
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may be seen from (37.8) (p. 354), we have the following approximate 
relationship between the heat of dissociation of a diatomic molecule 
D and the vibrational'frequency co: 

(50.1) 

From this equation it follows that the greater D the greater should 
be the vibrational frequency. Experiment shows that this relation¬ 
ship is qualitatively fulfilled in practically all cases. 

One of the most reliable and exact methods of experimental de¬ 
termination of the vibrational frequencies of molecules is the spec¬ 
troscopic method, developed for the study of the structure of rota¬ 
tion-vibration (infrared) and electronic spectra, and also Raman 
spectra. Very important for analysing the vibrational structure of 
the spectra of complex molecules (due to the great comlexiiy of 
these spectra) is the possibility of theoretically establishing defi¬ 
nite relationships between the separate frequencies of a given mole¬ 
cule (toj) and also between the frequencies co; and those of the cor¬ 
responding diatomic molecules. To illustrate, we take the case of 
linear vibrations of a symmetric triatomic linear molecule YXY. 

To establish a relationship between the frequencies of this type 
of molecule, one has to solve the problem of smail vibrations of 
the molecule. Its potential energy U may be given approximately 

3S 

U(q I , q 2 , q,) = L(q 1 )+f 1 (q I ) + f I (q,) 


where q,, q 2 , and q s are the relative displacements of the atoms. 
The functions f,, t,, and f, represent the interaction energy of atoms 
Y and Y (f,), Y and X (f s ), and X and Y (f 8 ). Disregarding the 
interaction of the end atoms (Y and Y) due to the great distance 
between them and expanding the functions f, into a Taylor series in 
powers of qj, we get (to a first approximation) 


U(q) = U( 0 )+i -(5 


q 2 2 + 


(**) 


By virtue of the symmetry of the molecule, obviously, 



and, hence, 


✓U = U(0) + y(q’4- q s). (50.2) 


Then writing the expression for the kinetic energy of the vibrations, 
T = -L (mvj -f- Mv 2 -{- mvj) 
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where v„ v 2 , and v 8 are the velocities of the atoms Y, X, and Y, 
m is the mass of the Y atom and M is the mass of the X atom, 
and introducing the relative velocities of the atoms 

q 2 = :V i— v 2 and q, = v 2 —v 
and the velocity of the centre of gravity of the molecule 

_ mv 1 +Mv 2 + mv 2 , 
c M + 2m 1— 


-^V, (50.3) 


we can transform the expression for T to 

T __l_ f m (M + m) , 2m 2 • • 1 

2 [ M-f-2m M-f 2m 

Further, combining expressions (50.2) and (50.3) to form the Ha¬ 
miltonian function 

H = T + U 

and finding the momenta p 2 and p s that correspond to the coordi¬ 
nates q 2 and q 8 , 

_ dH _ _ m (M -f- m) • , m 2 ^ 

Pa ~ dq 2 ~ M + 2m ^ ' M + 2m q2 ' 
and 


n _ m (M-f m) • , 

Ps dq s M + 2m ^ ~T 


M + 2m 


we obtain the canonical equations of linear vibrations of the mole¬ 
cule 


m (M m) ^ 
M + 2m ^ 
m (M -(- m) 

M + 2m 43 


fw+2m q 3 + k q 2 =o. 

M + 2m q2 + k q3 = 0. 


Solving these equations by substitution of q 2 = q^e 2 ” 1 "' and 
q 3 = q »e^“‘ we get (eliminating q 2 and q 8 ) 

k = M + 2m ( M + m ± m) (2 jtco) 2 . 

From the latter expression we find the frequencies co, and co 8 : 

1 t/T m 4-2m 

“‘“21 K k mM (° 0 - 4 ) 

and 



(50.5). 
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It will be noted that the frequency of asymmetric vibrations co 1 in 
which all three atoms participate depends on the masses of all‘the 
atoms, whereas the expression for the frequency of symmetric 
vibrations performed only by atoms Y involves only the mass of 
the latter. 

From (50.4) and (50.5) we get the following relation between the 
frequencies co, and co s : 

M + 2ra 

V ~ m— ( 50 - 6 ) 


Using this relation it is possible to calculate one of the frequencies 
of the given molecule if the other frequency is known. The degree 
of accuracy of this calculation may be judged from the following 
data. Obtaining from (50.6) the relation of frequencies of the mol¬ 
ecules C0 2 and CS 2 , we get 1.92 and 2.52, whereas experiment 
yields 1.83 and 2.32, respectively. It is also possible to establish 
relationships between the individual frequencies similar to (50.6) for 
more complex molecules, thus greatly simplifying the analysis of 
their vibrational terms. 

The co 2 frequency of the YXY molecule that corresponds to bend¬ 
ing vibrations cannot, of course, be derived from a consideration 
of linear vibrations due to central forces. To calculate this fre¬ 
quency, it is necessary to introduce a certain constant A, similar to 
the constant k and characterising the quasi-elastic forces that arise 
in the deformation (bending) of the molecule. Using the constant A 
we can express the frequency co 2 by the formula 

“• = 2S V (50.7) 


Experiment shows that as a rule the constant A is less than con¬ 
stant k by one or two orders of magnitude. 

Let us consider the case of a symmetric triatomic molecule of 
triangular structure, such as H 2 0, C1 2 0, S0 2 . In this case, solution 
of the problem of small vibrations of the molecule leads to the 
following equation for frequencies aq, co 2 and o s : 


mX 

“F 


! 2m . 2 & 
— 1 — TvT sin 6 

^ mX 


^ mX 
t k 


2 (£ + t- 


i m 2 &\ mX , 2 k , 

+ M C0S 6 )l7 + MF( M + 2m ) 


k 
k 

ms 2 6 




where k and k are constants of a quasi-elastic bond between the 
atoms Y, Y and Y, X, respectively; m and M are the masses of 
atoms Y and X, and 26 is the angle YXY. Equation (50.8) has 
three independent roots X 29 and X v which yield three vibrational 
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frequencies co^ co 2 , and to 3 that are determined from the relations 

(50.9) 

The molecular vibrations corresponding to these three frequencies 
were displayed in Fig. 83 (p. 352). it will readily be seen that these 
vibrations pass into the vibrations of a linear molecule (Fie. 821 as 
the angle 26 increases to 18CE, 

It will be noted that the triangular molecule YXY has three mo¬ 
ments of inertia (three rotational degrees of freedom) and, hence, 
the number of its natural frequencies is 3N — 6 = 3. This is the 
number given by the previous calculation. 

We shall illustrate the possibility of calculating the vibrational 
frequencies of a complex molecule from the frequency of a diatom¬ 
ic molecule in the case of halogen compounds of zinc, cadmium, 
and mercury. The Raman spectrum, the dipole moment and other 
properties of these molecules as well as electronographic measure¬ 
ments show that they are linear in the gaseous state and in nona- 
queous solutions. Consequently, the frequencies of valence (linear) 
vibrations of these molecules (w, and ffl s ) may be expressed by the 
formulas (50.4) and (50.5). For the frequency of the diatomic 
molecule YX we have the expression 

1 M 4- m 

ffl== 2SK k oW- (50.10) 


From a comparison of (50.4), (50.5), and (50.10) it follows that 


to. = CO 


v 




and 


to. 


= CO 


Vi 


M -|- m * 


(50.11) 


k 0 M -J— m 

[n order to make use of Formulas (50.11) it is necessary to know 
the relationship of the constants k and k w . Comparing expressions 
(oOJO) and (50J), we can put k fl proportional to the heat of dis¬ 
sociation of the YX molecule (D {} ). Assuming a similar relationship 
m the case of triatomic molecules, we put constant k proportional 
to half the heat of atomisation of the YXY molecule. 

Consequently, jj-, and equations (50.11) transform to 


6) 


_ /~ D M —j— 2m j i f~ D yj 

1== “ V 2D7 and V 2D7M+lfi ■ (50-12) 

Since the vibrational frequencies of diatomic molecules ZnX, 
CdX, and HgX (X = C1, Br, I) are known from their spectra,* 


CO, 

cm 1 

co, cm 1 

(o, cm 

— I 

ZnCl 

350.5 

CdCl 330.5 

HgCl 

291 

ZnBr 

— 

CdBr 230 

HgBr 

186 

Znl 

223.5 

Cdl 178.5 

Hgl 

126 
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just like the corresponding quantities D 0 and D (see Table 30, p. 303), 
it is possible, from (50.12), to calculate the frequencies o> 1 and co 3 
of molecules ZnX 2 , CdX' 2 and HgX 2 . These values of ©, and co 3 , 
together with their measured values, are given in Table 61. 

Tab! e 61 

Vibrational frequencies of molecules 2nX 21 
CdX 2r and HgX 2 (X=CI 5 Br, I), measured and 
calculated from the vibrational frequencies of 
diatomic molecules ZnX, CdX, and HgX (in 
cm 1 ). The calculated values are given in 
parentheses 


Molecule 

ua lt cm 1 

w 2 , cm -1 

(i>3 f cm” 1 

ZnCl 2 

516 (507) 


- (348) 

ZnBr 2 

413 

__ 

_ 

Znl 2 

340 


_ 

CdCl 2 

427 (471) 

— 

- (357) 

CdBr 2 

315 

— 


Cdl 2 

265 (250) 

— 

137 (138) 

HgCl 2 

413 (413) 

70 

355 (355) 

HgBr 2 

293 (294) 

41 

220 (220) 

Hgl 2 

237 (237) 

33 

155 (157) 


It is seen that the calculated values are in satisfactory agreement 
with the measured values. In the case of HgX 2 the agreement is 
practically complete. Apparently, this is due to "the high accuracy 
of D 0 and D in this case. 

It may be noted that an analogous calculation of the frequencies 
of valence vibrations of the molecule C0 2 from co co = 2168 cm -1 , 

Deo = 256.1 and yD C o a = 190.9 keal/mol yields co 1 = 2350 cm'' 

and co s = 1230 cm" 1 in place of the observed 2350 cm" 1 and 1286 cm" 1 . 
The worse agreement of quantities ro, should be attributed here to 
Fermi resonance (see p. 360). 

Characteristic frequencies. Measurements of the vibrational fre¬ 
quencies of different molecules show that molecules containing a given 
pair of specifically bound atoms or a given group of atoms have 
■close frequencies. This permits speaking of characteristic frequencies 
of individual groups (called chromophoric groups). 

To illustrate, Table 62 gives the characteristic frequencies in the 
homologous series of mercaptans RSH, nitriles RCN, and amines 
RNH, (R is the alkyl radical). From this table it is seen that for 
homologous mercaptans we have a characteristic frequency close to 
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2570 cm ', for nitriles, 2240 cm" 1 , and for amines, frequencies 
3320 and 3370 cm" 1 . 


Table 62 


Characteristic frequencies in homologous series 
(in cm -1 ) 



Mercaptans 

Nitriles 

Amines 

CH a 

2572 

2249 

3372 3315 

c 2 h 5 

2570 

2243 

3369 3310 

C,H, 

2575 

2244 

3377 3320 

c,h 9 

2575 

2240 

3371 3319 

C.H„ 

2573 

2242 

— 3320 


Common to all homologous mercaptans is the presence of an SH 
group. It is therefore natural to assign a frequency of 2570 cm" 1 
to this group. This is confirmed by the fact that of the three fre¬ 
quencies of the H 2 S molecule, one (2611 cm" 1 ) is close to the 
characteristic frequency of the mercaptans. That frequency 2240 cm" 1 
(which is characteristic of nitriles) belongs to the CN group is 
confirmed by the fact that all molecules containing this group have 
frequencies close to the characteristic frequency of nitriles (for 
example, C1CN has a frequency of 2206 cm" 1 , BrCN, 2187 cm" 1 , ICN, 
2158 cm" 1 , C a N,, 2149 cm"etc.); finally, a frequency close to the 
characteristic frequencies of amines is observed in the case of NH 
(3337 cm" 1 ). 

Table 63 gives the characteristic frequencies of various atomic 
groups. 

The fact that the frequencies which correspond to a given bond 
or a given atomic , group have close values for different molecules 
is a simpie reflection of the approximate constancy of energy of the 
same bonds that follows from the approximate proportionality be¬ 
tween the quasi-elastic constant k (which determines the vibrational 
frequency) and the bond energy. 

Since the expressions for vibrational frequencies of molecules 
involve both the quasi-elastic bond constant and the masses of the 
vibrating atoms, the vibrational frequencies may be regarded only 
as conditional characteristics of the bond energies in a molecule. 
For example, due to the difference in mass of hydrogen isotopes 
the vibrational frequencies of the H a O and D s O molecules are equal, 
respectively, to m, =3693.89 and 2758.06 cm -1 , to, = 1614.50 and 
1210.25 cm" 1 , to, = 3801.78, and 2883.79 cm", i.e., they exhibit 
a very substantia! difference, whereas the bond energies in (he Hp 
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Table 63 


Characteristic frequencies yf various atomic groups in cm* 1 (after Herzberg) 


Group 

Bond-stretch¬ 

ing 

vibrat ion 

Group 

Bond-stretch¬ 
ing vibration 

| Group 

Bo.nd-bend- 
, ing vibra¬ 
tion 

ill 

n 

1 

X 

3300 

Lee- 

2050 

Uc - H 

700 

— C — H 
! 

3020 

>c=c< 

1650 



yC — H 

2960 

7 C - c \ 

900 

-c< H 
— ^ < H 

1100 

-O — H 

3680 ! 

7 c -f 

1100 

... H 

-C^H 

X H 

1000 

— S — 11 

2570 

yC-Cl 

650 

> c <iS 

1450 

X 

1 

X 

A 

3350 

^C-Br 

560 

/: H 

-C- H 

X H 

1450 

O 

II 

u 

A 

1700 





i 

n 

III 

z 

2100 

7 c -i * 

500 < 

Z — C=C 

300 


and D t O molecules are practically identical. This frequency differ¬ 
ence is great also in other instances of bonds with the H and D 
atom And in other cases, too, it always occurs to one degree or 
another, ror this reason, it is not the frequencies but the quasi- 
elasttc bond constants calculated from them that represent the true 
characteristic of the strength of chemical bonds in molecules. 
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